Math 3A, Fall 2010 — Homework 5 [due Nov 1st] — Solutions

SECTION 4.4

3.

4%,

15.

16%*.

Differentiate the function with respect to the independent variable.

fl@) = (1= 32%)"

Solution. One can decompose f as the composition f(z) = fo(fi(x)), where fi(x) =
1 — 322 and fo(y) = y*. Using the chain rule we get:

f(x) = f5(f(x)) fi(z) = 4(1 - 32%)*(~6)

or after simplification
f(x) = —24z(1 — 32%)°

Differentiate the function with respect to the independent variable.
f(z) = (52% — 3z)°

Solution. One can decompose f as the composition f(x) = fo(fi(z)), where fi(x) =
522 — 3z and fo(y) = y3. Using the chain rule we get:

f'(@) = f(fi(@)) fi(z) = 3(52" — 32)*(10z — 3)

Differentiate the function with respect to the independent variable.
f(s)=s+/s

Solution. One can decompose f as the composition f(s) = fa(fi(s)), where fi(s) =
s++/s=s+s"Y?and fy(t) = V't = t'/2. Using the chain rule we get:

F(5) = SR ALs) = 55+ 85 72(1 4 2577)

or after simplification

2y/s+1
4y/sv/s+ /s
Differentiate the function with respect to the independent variable.
g(t) =2+t +1

Solution. One can decompose g as the composition ¢(t) = ¢2(¢1(t)), where ¢;(t) =
2+ VE+ 1T =12+ (t+1)Y? and go(u) = /u = u!/?. Using the chain rule we get:

f'(s) =

(1) = Ghlor gl (1) = 5% + (¢ + D)2t 4 (64 1))

or after simplification

dtvt+1+1
AVE+ 12+t + 1

g'(t) =



61.

62*.

69.

Assume that x and y are differentiable functions of ¢. Flnd 7 when iyt =1, % G =2
for x = 5, and y > 0.
Solutzon Observe that # = £ and y > 0 together with the equation give (3)? +y* =1,

ie y = ‘2[ Differentiating the equation z? 4+ y? = 1 with respect to ¢ and using the
chain rule we obtain

dx dy
20— +2y— =0
Ya TV
Plugging in x = %, Yy = 73, fl—f = 2 we get
d
2 _.2+2‘\/_§__y
2 2 dt
_ 2 _ _2V3
andthusd—y——jg——T.

Assume that z and y are differentiable functions of ¢. Flnd 7 when y? = 2% —at, Ccll‘f =1

forx— , and y > 0.

—_

Solution. Observe that x = % and y > 0 together with the equation give y? = (5)2 —
() =3 ey = \/Tg' Differentiating the equation y? = 22
using the chain rule we obtain

— z* with respect to t and

a -~ U at dt
Plugging in x = %, Yy = T3’ d—f =1 we get
3 d 1 1\3
2 2y ()
4 dt 2 2

1.e.

dy _ 1 _ /3
and thus dt—Tg—?.

Suppose that water is stored in a cylindrical tank of radius 5m. If the height of the
water in the tank is h, then the volume of the water is V = mr?h = 257hm?. If we drain
the water at a rate of 250 liters per minute, what is the rate at which the water level
inside the tank drops?

Solution. Differentiating V' = 257h with respect to t we get

av. 5 dh
a7
Since ‘?t/ = 250][n = 0.25 we get from above
dh 025 1
dt 25w 1007
and so the rate is [5o— 2 [meters per minute].

2



70%*.

75.

76*.

Suppose that we pump water into an inverted right circular conical tank at the rate of
5 cubic feet per minute. The tank has height of 6 ft and the radius on top is 3 ft. What
is the rate at which the water level is rising when the water is 2 ft deep? (Note that the
volume of a right circular cone of radius r and height h is V' = gwr?h.)

Solution. When the water level is h and the radius on top of the water level is r, we

can equal the proportions
h r

6 3
to get r = %h. Therefore the formula becomes

el

Differentiating with respect to ¢ gives
d_V _r h2d_h
dat 4 dt
av

Since <~ = 5 and we are interested in the moment when h = 2, we finally obtain

dh 5
dt — (m/4)22

o
s

and so the rate is 2

7 min °

Find the first and the second derivative of the function.

g(z) =24
Solution. Using the quotient rule we get:
l-(z4+1)—(x—-1)-1 2
P ECES | Gt | L S N
(x+1) (x+1)
and once again:
0-(x+1)22—-2-2(x+1 —4
iy VD2 2k 1
(x+1) (x+1)

Find the first and the second derivative of the function.

h(s) =

Solution. Using the quotient rule we get:

1
s242

0-(s*+2)—1-2s  —2s
(82 +2)?  (s242)2

h'(s) =

and once again, together with the chain rule for ((s* + 2)?) = 2(s% +2) - 2s:

h”( ) o <_2) : (52 + 2)2 - (—28) . 2(82 + 2) - 28 B 6s2 — 4
v (s? +2)* C(s242)3




83. Find the first 10 derivatives of y = 2.
Solution.
y = 5z*
y'=5-4-2%=202°
Yy =5.4.3. 2% = 602>
@ —=5.4.3.2.2=120z

Y

y® =5.4.3.2.1=120
y©®

Y7 =

y® =

y(9) =0

y19 =

84*. Find f™(z) and f"*V(z) of f(z) = ™.

Solution.
f'(x) = na"*
f”<$) =n(n— l)x”_2
FO(2) = n(n — 1)(n — 2)z"3
@) =nn—1)(n—-2)...3-2-1-2° = nl
f(n—i—l)(x) -0
SECTION 4.5

5. Find the derivative with respect to the independent variable.
f(z) =tanz — cot x

Solution.
f'(x) =sec?x — (—csc?x) = sec’ v + csc’ x
6*. Find the derivative with respect to the independent variable.
f(x) =secx —cscx

Solution.

f'(z) =secxtanx — (— cscx cot x) = secx tan z + csc x cot x



47. Find the derivative with respect to the independent variable.
_ 1
g({E) T cesc3(1-5z2)
1

Solution. It is convenient to use cscf = e and rewrite the function as

3
g(x) = sin®(1 — 52?) = (sin(l - 5x2)>
Now we apply the chain rule:

J(z) = 3<sin(1 - 5x2)>2(—10x) = 30z sin®(1 — 522)

48*. Find the derivative with respect to the independent variable.
h(z) = cot(3x) csc(3x)

Solution. We apply the product rule:
B (z) = —csc?(3x) - 3 - ese(3x) + cot(3x) - (— esc(3z) cot(3x)) - 3
and this result can be simplified as

B (z) = —3csc®(3x) — 3 cot?(3x) cse(3x)

63. Use the quotient rule to show that

d

—secx = secxrtanz
dx
Solution.
d d /1 0-cosz—1-(—sinx)
—secr = — = 5
dx dx \cosx cos?x
sin 1 sin
= o= . =secxtanx
cos?x  cosx cosxk
64*. Use the quotient rule to show that
—cscx = —cscxrcotw
dx
Solution.
d d( 1 ) O-sinz —1-coszx
—cscr = — | — = -
dx dz \sin z sin? z
—Ccosx 1 COS T
=— = —— - — = —cscxcotx
sin“ x sinxz sinzx



SECTION 4.6

1.

2%,

45.

46*.

Differentiate the function with respect to the independent variable.
flo) = e

Solution. Using the chain rule we get:

f/(x) — 633) .3 = 363$

Differentiate the function with respect to the independent variable.
fa)= e

Solution. Using the chain rule we get:

f(@) = 72 (<2) = e
Differentiate the function with respect to the independent variable.
fla) =2V

Solution. One can decompose f as the composition f(x) = f3(f2(fi(z))), where fi(x) =
2> =1, fo(y) = /¥, f3(z) = 27. Using the chain rule we get:

f'(@) = fi(fo( @) fo(fu(@)) fi(x) = 2V In2- %(xz )29

or after simplification
2V =1 1n2
fle) = 222
¢ —1

Differentiate the function with respect to the independent variable.
flz) = 477

Solution. One can decompose f as the composition f(x) = f3(f2(f1(x))), where fi(x) =
1—22%, fo(y) = /Y, f3(z) = 47. Using the chain rule we get:

75) = B @D RAE)AE) = 172t (1 - 2972 (~62%)

or after simplification
| =324V Ing

f@) = — ==




