‘We wish to find
dr.

/8x3+2x2+15x+1
(2z — 1)(422 4+ 9)

Long Division
This is not a proper fraction, since the degrees of both the top and bottom are 1.
So our first step is long division. We need to find the value of the denominator,
which is
(22 — 1)(42* +9) = 8% — 42% + 182 — 9.
Long division gives 1
823 —42? + 18z —9)  82° + 222 + 15z +1
—8x% +42% — 182 +9
622 — 3z + 10

So
8x3+2x2+15x+1_ 622 — 3z + 10

Qe D@2 +9) T @e—D@2+9)

Partial Fractions

We need to turn %% into its partial fractions form. We solve

622 — 3z + 10 A Bz +C

(22 — 1)(422 +9) 2x—1+4x2+9'

Multiplying both sides by (2 — 1)(422 + 9) gives
622 —32+10 = A(42?+9)+(Bx+C)(2x—1) = 4A2* +9A+2B2* — Bx+2Cx—C.

This turns into three equations:

6=4A+2B (1)
—3=-B+2C (2)
10=94-C (3)

If we double the (3) equation, we get

20 = 184 — 2C (4)
Adding (4) and (2), we get

17=184— B (5)
Doubling (5) gives

34 = 36A — 2B (6)



Adding (6) and (1) gives
40 = 404

So we have A = 1. Substituting into (1) gives
6=4+2B

so B = 1. Substituting into (2) gives

-3=-1+4+2C
so C = —1.
Therefore
622 — 3x + 10 1 n z—1
(22 —1)(422+9) 22 -1 42249’
Equating

Returning to our original integral, we have

/8x3+2552+15ac+1dm_/1+ 1 +x—1d$
(2z — 1)(422 +9) B 2z —1  4a2+9

1 T
— d I SO
x+/2x—1 x+/4x2+9 o

1
2z—1

Integrating

‘We make the substitution

u=2r-—1
du =2 dx

so dx = du/2, so

1
——d
/4x2—|—9 !

1 1 1 1 1
=— [ —du= -1 +C=_-In2z -1+ C.
/ dz 2/udu 2n|u| C 2n|x |+ C

20 —1
Integrating
We make the substitution

u=42>+9
du =8 dx

so dx = du/8, so

11, 1 1
/Ld g/adu:gln|u|+C:§ln|4x2+9|+C.

422+ 9 v



Integrating Wlw

We make the substitution

u= gx
-3
2
du = 3 dx
so dr = %d:c, SO
1 3 1 3 1
——d == | —————d == | ———d
/4x2+9x 2/4(§u)2+9“ 2/9u2+9“
31 1 1 1
=39 / mdy =5 arctanu + C =5 arctan(4x? +9) 4+ C

Putting it Together

/8x3+2z2+15x+1dx_x+/ 1 dm+/ x dm_/ L
(22 —1)(422+9) 27 — 1 422 +9 422+ 9

1 1 1
x+ §In|2x -1+ 3 In|4z? + 9| — g arctan(4z? + 9) + C.




