
The Rules of Natural Deduction

The only axiom is

Γ ` φ where φ ∈ Γ.
The structural rule is weakening:

Γ ` φ
W

Γ,Σ ` φ

The logical rules are:
Γ ` φ Σ ` ψ∧

I
Γ,Σ ` φ ∧ ψ

Γ ` φ ∧ ψ∧
EL

Γ ` φ

Γ ` φ ∧ ψ∧
ER

Γ ` ψ

Γ ` φ∨
IL

Γ ` φ ∨ ψ
Γ ` φ ∨ ψ Σ, φ ` θ Υ, ψ ` θ∨

E
Γ,Σ,Υ ` θ

Γ ` ψ∨
IR

Γ ` φ ∨ ψ

Γ, φ ` ψ
→ I

Γ ` φ→ ψ

Γ ` φ→ ψ Σ ` φ
→ E

Γ,Σ ` ψ

Γ, φ ` ψ Σ, φ ` ¬ψ
¬I

Γ,Σ ` ¬φ
Γ ` ¬¬φ

¬E
Γ ` φ

Γ ` φ[y/x]
∀I

Γ ` ∀xφ
Γ ` ∀xφ

∀E
Γ ` φ[t/x]

Where y does not occur free in Γ, φ Where t is substitutable for x in φ
and is substitutable for x in φ

Γ ` φ[t/x]
∃I

Γ ` ∃xφ
Γ, φ[y/x] ` ψ Σ ` ∃xφ

∃E
Γ,Σ ` ψ

Where t is substitutable for x in φ Where y does not occur free in Γ, ψ, φ
and is substitutable for x in φ

Equality adds a new axiom:
Refl

Γ ` t = t
and a new family of rules:

Γ ` s = t Σ ` φ[s/x]
Equiv

Γ,Σ ` φ[t/x]
where s and t are both substitutable for x in φ.
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