
Definition 0.1. A sequent is a sequence of formulas σ0, . . . , σn ` τ , which we
write as σ0, . . . , σn ` τ . The list σ0, . . . , σn may be empty, which we write as
` τ .

The rules for the sequent calculus we are using are:

• Axiom:

– For any wff, α ` α is an axiom.

• Structural Rules:

– (Weakening) From σ0, . . . , σn ` α, deduce σ0, . . . , σn, τ ` α
– (Contraction) From σ0, . . . , σn, α, α ` β, deduce σ0, . . . , σn, α ` β
– (Exchange) From σ0, . . . , σi, σi+1, . . . , σn ` α, deduce σ0, . . . , σi+1, σi, . . . , σn `
α

• Logical Rules:

– (∧I) From σ0, . . . , σn ` α and τ0, . . . , τm ` β, deduce σ0, . . . , σn, τ0, . . . , τm `
α ∧ β

– (∧E) From σ0, . . . , σn ` α ∧ β, deduce σ0, . . . , σn ` α
– (∧E) From σ0, . . . , σn ` α ∧ β, deduce σ0, . . . , σn ` β
– (∨I) From σ0, . . . , σn ` α, deduce σ0, . . . , σn ` α ∨ β
– (∨I) From σ0, . . . , σn ` β, deduce σ0, . . . , σn ` α ∨ β
– (∨E) From σ0, . . . , σn ` α∨β and τ0, . . . , τm, α ` γ and υ0, . . . , υk, β `
γ, deduce σ0, . . . , σn, τ0, . . . , τm, υ0, . . . , υk ` γ

– (→I) From σ0, . . . , σn, α ` β, deduce σ0, . . . , σn ` α→ β

– (→E) From σ0, . . . , σn ` α→ β and τ0, . . . , τm ` α, deduce σ0, . . . , σn, τ0, . . . , τm `
β

– (¬I) From σ0, . . . , σn, α ` β and τ0, . . . , τm, α ` ¬β, deduce σ0, . . . , σn, τ0, . . . , τm `
¬α

– (¬E) From σ0, . . . , σn ` ¬¬α, deduce σ0, . . . , σn ` α
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Sample deductions:

1. α ` α (Ax)

2. ` α→ α (→I)

1. α ` α (Ax)

2. α, β ` α (W)

3. α ` β → α (→I)

4. ` α→ (β → α) (→I)

1. (α ∧ β)→ γ ` (α ∧ β)→ γ (Ax)

2. α ` α (Ax)

3. β ` β (Ax)

4. α, β ` α ∧ β (∧I from 2,3)

5. (α ∧ β)→ γ, α, β ` γ (→E from 1,4)

6. (α ∧ β)→ γ, α ` β → γ (→I)

7. (α ∧ β)→ γ ` α→ (β → γ) (→I)

8. ` ((α ∧ β)→ γ)→ (α→ (β → γ)) (→I)
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