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These typewritten notes were transcribed from the handwritten notes used

by Doug Allan during early development of separable nonlocal pseudopoten-
tials and norm-conserving pseudopotentials that laid part of the foundation
for the OPIUM and ABINIT codes for pseudopotential generation and elec-
tronic structure calculations. See opium.sourceforge.net and www.abinit.org
for more information.
Thanks to Tingting Qi, Kate Murphy, Ethan Alguire, Myung- Won Lee, Miguel
Angel Mendez-Polanco, Joseph W. Bennett, Vicky Doan-Nguyen, Wes Baker,
and other members of Andrew M. Rappe’s research group for typesetting the
notes in their present form.

Given atomic Z, nlm’s, occupation numbers and initial guesses for eigenval-
ues, and various control parameters, can compute:

1. All electron result, storing core charge for program core calculations.
2. Non-norm conserving psp.

3. HSC psp.

4. “Extended” HSC psp.

5. Reading in one of above core potentials, will compute new configura-
tions of occ number.
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1 The big picture

1.1 Atomic structure with all electrons (AE)

We initially aim to solve a one-electron Schrodinger equation derived vari-
ationally from a local density functional approximation to the atomic total
energy. This amounts to solving for eigenfunction ;(7) moving in some

self-consistent field (SCF), V(7)

(=V2+ V(7)) i) = e (T) (I-1)
(Rydberg energy units)

We ignore angular variations and use a spherically averaged V (r), allowing
the usual separation into angular and radial equations. We are ignoring
particular orbital configurations of open shells by averaging over occupation
of various m in Y.

~

Using Ynim = Yim (0, @) - Ru(r)
and Ry (r) = - Ru(r)

the resulting radial equation is

<—j_:2 + V(T) + l(l:; 1)> Rnl(r) = SnZRnl(T) (1-2)

The details of obtaining V' (r) and solving for the spectrum of core and valence
en and R, (r) are presented later.

For any given all electron (AE) SCF calculation, some fixed set of occupa-
tion numbers w,,; are provided. These tell how many electrons occupy orbital
R, which is needed for building up the charge density from the {R,,;}. Each
AE caclulation for a given Z will have a different spectrum of eigenvalues
{eu} resulting from particular choices of {w,;}

1.2 Soft core psp

“Atomic core” = nucleus + core electrons



The psp Vis(r) mimics the influence of the atomic core on the valence
states. A nonlocal psp:

VNL Z

acts with different functional forms V{(r) on different components of the
angular momentum (F; is a projection operator onto angular momentum /).

In some reference state (i.e. for some reference choice of {wy,}, e.g. the
ground state of the atom) the psp is designed to give the AE V (r) outside of
some chosen core radius r,,., and to reproduce exactly the valence eigenvalue.
A useful soft core psp form is that of HSC,

Vi = v (1= 1 (2)) +er (£) (13)

> is essentially a smoothed cutoff function which behaves like

where f<
-6z

-
) for © = step function.

A
BHS use f (Z) — (%) , A~ 3.5.
¢ is merely adjusted to reproduce the AE eigenvalue using V;(r) in place of
V(r). Since Vi(r) — c as r — 0, it is evidently soft core. We have removed
a —2Z/r singularity which was present in V (r).
Since Vi(r) — V(r) as r > r., the pseudoeigenfunction w;(r) o< R,;(r) but
need not equal R, (r) at r > r..
After normalization, wy(r) would be greater or less than R(r) for r > r,
depending on how ws(r) turns out for r < r.. For this psp we have no
control over the behavior of wi(r) inside r < re.

1.3 Norm-conserving psp (HSC)

To reproduce R,;(r) exactly outside the core (r > r.) HSC chose to “cluge
up” wi (r) inside r < r.. Thus,

ws(r) =7 (wl(r) +orttly (;)) (I1-4)

where v is adjusted to make

wo(2ry) = Ru(2r,,) where r,, is r at which R,; has last max



and 0 ensures,

/ w3 (r)dr =1
0

A final “norm conserving” psp is obtained from ws(r) by inverting the Schrédinger
equation.

The advantages of the resulting potentials are discussed in references
1, 2,4, and 9.

1.4 Extended norm cons psp

See reference 9.

1.5 Unscreening and the core potential

The pseudopotentials described above include screening by the valence elec-
trons. The actual core or “ionic” psp used for applications other than triv-
ially reproducing the reference configuration has the screening terms sub-
stracted off. The Hartree and the exchange and correlation terms of V(r)
are computed using the pseudowavefunctions and subtracted off Vi,s(r), yield-
ing V52*(r). Since the exchange-correlation (excorr) term varies with density
as pl/ 3 the approximation of subtracting off the ezcorr term commits an er-
ror by linearizing p'/3. See reference 10 for a tractable scheme for avoiding
this error. This becomes important when core and valence charge densities
overlap much, or when SPIN POLARIZED CALCULATIONS are desired.
After the frozen core error of the psp approximation, this linearization error
is the largest remaining error (in my experience).

2 Mathematical details
2.1 All electron HFS-SCF

2.1.1 General equations of atomic problem

Consistently use Rydberg atomic units (also used by programs).
Density functional (Hohenberg and Kohn - see reference 4) ground state
total energy variationally minimizes

Elpl = [ o)+ Fly (11-1)
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where v(7) is the external potential; —27/r for us.

Reformulate F[p] as,

1 [ 2p(F)p(r
Flo] =5 / Mdgrd%/ﬂ@o[p] + Eyelp] (11-2)
| v — ~—— =
[\ ~ / KE2 EC3
H-C!

Make a local approximation,

Evlp) =~ / P()exe (0(7)) dPr (11-3)

where ¢,. is a function of p, parametrized in a variety of ways from calcula-
tions on electron gases.
To solve variationally,

Bl = [ ( o) Fenl) + e (pm))p(fadf‘r LT )

—27
7]

where .
. 1 20(r’
() = & p(r')

2) | 7=

d*r’ (11-5)

is the Hartree energy density. Take variations.

5F = / 6p(F>{v<F) + 5(’5’?) + 5('((’;’“’) + 5(5TpO) }d?’r =0 (I6)

subject to

d(pen) . S Oen(r!) o deu(r) 1
=+ [ G
— e+ | d3r'p<r'>w_1;| — 24 ()

I “Hartree” direct Coulomb interaction energy
2 Kinetic Energy of a noninteracting electron gas of density p(7)
3 “Exchange-correlation” energy



0

= pu(7) = G (pen) = 2en(7) (I1-7)
For excorr,
L e ) — ¢ 3 / 55wcp )
e o) =l + [ k) S
— cuoplr) + (1) )< )
o 1ael) = 2 (p2aelp)) = 2aelolr) + p(r) ) (11g)

op(r) op

Uz can be evaluated given some choice of €,.(p).
In terms of definition (II-7) and (II-8), we must solve

/5p(7’) (U(F) + pp (7) + fae(7) Io ) dr=0 with/d3rp(r) = N.

5
op(r)

To obtain the correct (p(r)) we can solve the non-iteracting system (ki-
netic energy (7,) subject to a potential of the form

V() = v(F) + pu (F) + prac(7) (11-9)

To implement [ d*rp(r) = N, use p(r Z 1, (r))? (with [ |W;(r)[2d3r =

1) and introduce Lagrange multipliers &;. Express variations in p, dp(r), by
dW*(r) to obtain an unconstrained variational problem.

s {Bb == [ @} <o (1-10)

The resulting variationally derived equation is the desired Schrodinger
equation

=V + 0(F) 4+ () + pxe(F)] Wa(F) = £,0,(7) with p(7) = 3 [1(7)]?
(I-11)

By using (II-11) and forming the quantity
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Eps = Z £ / U (r) U, (r)d®r = Z £ (11-12)

one can compare with total energy expression (II-4) to obtain

Eror = Z& /dSTP ™ {en — pu + exc — pxc} (II-13)

Z occ

(after convergence of self consistency puy = 2ey).
VARIATIONALLY CORRECT ITERATIONS

Although convergence is usually fast and cheap for atomic total energies,
it is interesting to explicate the variationally correct iteration scheme which
is used by my programs. Errors in Eror are second order in the density er-
rors 0pY) = pi(r) — pPXACT () when the equations are properly formulated.
(See ref. 5 for some discussion of errors in Eror). Thus as p?(r) for iteration
j converges toward the exact p(r), Eror converges much faster.

ITERATION SCHEME

(0)

v 1(0) = p(O) = 6H ug(xoc) <also MH)JJJiOc))

VO = given = v e
= EO = /d3r <v(7“) +e0 4 5&?) PO+ 10

VO = o(r) + iy (r) + p(r)

1 1 1
= UM e = p® = e O (1))

(2 xC’

= E0 = /d3r( (r) + &% +4)pM + TV

But S e = 7 4 /Up(1>+/d3m(1) u® +u(°)}



Hence E( Z £ /dgTP(l) {Sﬁ) Mg) + Eg:c) Ng?}

And the variationally correct general scheme is

Efhr=> e+ / drp(r) {sﬁf,) PG o) G- 1>} (I1-14)

1=occ

Details of implementation are given later.
REDUCTION OF SE (II) TO A RADIAL EQUATION

If V() were spherically symmetric we would use

nlm(F) Yzm( )Rnl(r)
Define wy;,, = electron occupation of state ¥, (evidently 2,1, or 0).
Then

F) = Z U}nlm|\:[jnlm<77)|2

nlm
l
= Z(Rnl(r»z Z wnlm’}/}m|2
nl m=—1

We now spherically average by assuming uniform occupation among vari-
ous M’s, Wyym' = Wyim. Recall (ha ha) from the addition theorem of spherical
harmonics

Z i = 21+1

m=—I

implying the spherically averaged result

1 .
= > R (r)? (I1-15)
nl
If p(r) is spherically symmetric then so is V(7). The radial SE is obtained
by substituting )
Rnl(r) = TRnl(r) (11—16)

10



which leads to equation (I-2),

<—;d—:2 + V( ) l(l:; 1)> Rnl(r) = E‘:TLZRnl(T) (II_17)

It is useful to define a “radial” charge density ps(r) to accompany R(r),

ps(1) = dmrip(r Z wp R%(r) (s denotes spherical) (11-18)

Note [;° R2,dr =1 and [} ps(r)dr = N.
ANGULAR INTEGRATION OF HARTREE POTENTIAL
From Eq. (II-7), the Hartree potential

st (F) = 22 1(7) = / ﬁp )

(also see (II-5)) in Rydberg units. Plug in spherically averaged p(r) from
(I1-15)

~ 1
u(r) = Qanl/ r2dr( Ry (r'))? yo /(r + 12 — 2r1' cos 0) "Y2d cos 0 dr

-~

The bracketed angular term is fairly easily integrated to give

L_ (L& >
-] 4 r'<r
T

= uy(r) = Qanl {% /OT dr'R2,(r') + /TOO %dr’} (11-19)

where R = rR. Recalling the spherically averaged “radial charge density”

ps (Eq. 1I-18),
() _2{% /0 ") + / N ”Sffl)dr’} (11-20)

The final result is easy to obtain numerically on a radial grid.

11



2.1.2 Exchange and correlation (excorr)

Consider excorr potentials pi,.(r) and excorr energy densities e,.(r) (Egs.
(I1-3) and (II-8)).

Aim: To develop some version of £,.(p(r)) which reproduces the com-
puted exchange correlation energy of an electron gas at various densities.
The resulting e,.(p(r)) is then simply taken over to the solid or atomic prob-
lem. We review several classes of ... For an extensive review see Ref. 11.
The following notes were copied in part from notes of C.D. Gelatt.

In place of p(r) use electron density parameter ry where

o (mim)m

We consider only non-spin-polarized excorr.

EXCHANGE

The pure exchange energy density ¢, is by definition the HF value for a
non-interacting uniform electron gas.

3

1/3
el =-3 (5 ) PRy

9 \'*1
_ 3 (3%2) - (11-21)

To obtain p,(rs) note that

0 -1 4m 50
— = —ry—T
ap 3 73 *0r,

Thus the pure exchange potential is always (Eq. 11-8)

B At ! —rsdm 4\ Ogq
pe(rs) = €u(rs) + (?@) <??Ts> o

= == (3) =)

(11-22)

12



9 \?1
— 4 (3%2) - (11-23)

CORRELATION

(1) Simplest early attempt is Slater “Xa” which uses

3 1/3
Mge = —6a (_> p1/3

&
9 \3
= —6a (3272> r;t (11-24)
and
.3
xrc 4,LLJ?C

Restrict % <a<Ll. a= % is pure exchange, o > % supposedly adds some
correlation.

(2) Another simple popular form is Wigner interpolation. This is one of
the simplest attempts to fit accurate correlated electron gas results.

In the high density regime (r; = 1) Wigner obtained the numerical result

0.88
o(rs=1)~ ——Ryd
eelrs =1) = ——=Ry
At low density (rs — o0) the electrons condense into a Wigner electron

solid. He obtained

3 3
Esolia = _’I“_S + _TS/Q
~ _ (9m\2/3 1
The HF energies are Ey;, = (%) %,

13



3 /9r\'*1
E, = o (Iﬂ) —, and
7T s

61
E .= —-—— Ryd
pot 51y ¥

1 1
rs

T's

At low density therefore (to order rg 3/ 2)

Eecorr = Esolia — Egr ~ _O'ii?’?
~er={ T8 T )
elre) = _Tsofi.s
Thus (Wigner)
el = _rsofi.s
fe ™ (%) Ee (11-25)

The pure exchange is the usual €,,u, given in (II-21) and (II-23).

(3) A class of formulas results from an interpolation scheme developed by
Hedin and Lundqvist (J. Phys. C. 4, 2064(1971)). By considering numerical
electron gas calculations they noticed that

Ape(Ts) _ dpie(7s)
R (Y

gives a function 7(rs) which is nearly a straight line. y(ry) is fit well by

Bx Ts

5:1 5
yrs) =1+ —w=+

14



Integrating,

1
,uxc(rs) = ﬂx(rs) —Cln (1 + ;) (11—26)
with C = B\, uxe(rs) = =2 (Eq. 23), and
/1Y
)= - = 1.221774 Ryd. (11-27)

Integrating again,

Xz

Ee(Ts) = x(rs) — C { (1+2°)In (1 + i) +5- 2? — %} (11-28)

with ¢, = 3 e = — 3)‘

Others fit the numerlcal calculation with A=21 a.u. (Bohr), C = 0.045
Ryd.

The asymptotic limits of e, < e, — &, are e.(rs — 0) — +C'Inr, and

3A 3 (AN\? 3 (AN’
€c(7’s—>00)——C{ZT—S—E< ) +1_8(r_5) (11-29)

BB o (3]

(actually used to facilitate numerical evaluation)

3CA
4 Ts

Ulf von Barth: To obtain agreement with exact electron gas results in
limits r¢ — 0 and ry — oo modify equation for (r,) by including a second
set of A’s and B’s

= le(rs) = — ZCln(lJr ) ;‘S

[

.

15



eu(ry) = — ici {(1 +2,)ln (1 + xi) + % - %} (I1-30)

=1

ge(rs = 0) = +(C1 4+ Cy) Inrg
3C1A; + (A,

Ec(rs — 00) — —1 o

To choose parameters compare with

(a) RPA result for rs — 0

Ec = (%)(1 —1In(2)) In(rs) — .096 + O(rsIn(rs)) Ryd

T

[ J/

0.06218

(see p. 166 of Fetter and Walecke)

(b) binding energy of BCC electron lattice is
E = —1.791862/r, Ryd

von Barth chose parameters

A1 =32.5 au, A2 = 0.8 au
C1 = 0.0352 Ryd, (5 = 0.0270 Ryd ’

ge(rs — 0) — 0.0622 In(ry)
3
()\ + ClAl + CQAQ) = —1790531/7“5

s

giving

exc(rs — o0) — —

Gelatt has computed Cu (d'%s) non-spin-polarized total energies using
HL and vB schemes:

EfY. = —3275.4391 Ryd
BB, = —3275.6392 Ryd

16



A brief note on spin polarized local exchange and correlation (see Ref. 11
for discussion):

pT _ pl
(1O + (19 2
) SUE
then exc(rs,&) = exc(rs,0) + g(&)[exc(rs, 1) —exco(rs, 0)]
where  exc(rs,0) = ex(rs) — Cof(rs/ro)
)
)

Define polarization ¢ =

= 24/35)( (Ts) - le(rs/rl)
= (1+y)In(1+1/y) +y/2—y*—1/3.

This is the Hedin-Lundqvist type of expression seen before.

A sampling of spin-polarized parameterizations.

& [p] d]
/) 39.7 11.4 30 21

Cp | 0.0461 0.0666 0.0504 0.045
r1 | 70.6 15.9 75 52.9
Cy 1 0.0263 0.0406 0.0254 0.0225

[a] Rajagopal, 1977 (Ref 11).
@ O. Gunnarson and BI Lundqvist PRB 13, 4274 (1976).
Hedin and Lundqvist 7 See Ref 11.

@ See Ref 11.

Perdew-Zunger Parameterization of Ceperly-Alder Electron Gas (PZCA)*
See Ref 6. (UNPOLARIZED)

v
Ec = 11-31
T 1 B+ o (11-31)
re d
S>17 fng 1——
s = He = (L= 39-)ec

4BHS, Ref 2. They misprint the value of 7.

17



1+ I61y/Ts + 30ars

ho = e B, e+ (52
At high density (rs < 1) leading terms are
ec(rs) = Aln(ry) + B + Crgln(rs) + Dr (I1-33)

1 2 1
pe(rs) = Aln(rs) + (B — gA) + 5Crn(ry) + 52D = C)rs. - (I134)
From RPA result,

A = %(1—111(2)) Ryd

B = —0.09 Ryd.

For Perdew-Zunger:
v = —0.1423 Hartrees = —0.2846 Ryd
fr =1.0529 , B, = 0.3334
C =0.0040 Ryd , D = —0.0232 Ryd

Finally PZCA excorr is

—_— ire > 1
$) = ; 14a2+/Ts+a3rs » S = 11-35
exolrs) = ex(rs) + { —b1 + (by + bsrs) In(rg) — byrs 5 7rs <1 ( )
Continuity = ; +a‘;1+a3 =0+ 04 .
Check: pimtoggsi = 0-11926 5 by + by = 0.096 4 0.0232 = 0.1192.
dgC — (1+a2\/%+a3rs)2<2f’/% + a3) ’ TS 2 ]‘ (II—36>
drs —bs + (g—i +b3) + bsIn(ry) ;ry <1
Continuity = m(% +az) =by+b3—,

Check: LHS = 0.042974 RHS = 0.04298

PZCA (Parameters in Ryd):
a; = 0.2846 b, = 0.096
0y = 1.0529 by = 2(1—1In(2)) = 0.06218
as = 0.3334 b3 = 0.0040
by = 0.0232

18



PZ have a similarly parameterized spin-polarized version. See ref. 6.
SUMMARY

We have mentioned several schemes for putting in correlation beyond the
local exchange energy density ey (r,) = —32

A7y
1. Slater Xa with a > 2/3 for correlation
2. Wigner interpolation formula
3. The Hedin-Lundqvist class of formulas
4. Extension of HL by von Barth
5. Perdew-Zunger

This last is the most accurate, although it is not obvious that an accurate
fit to the electron gas is worth it.

2.2 Pseudopotentials (all soft core)
2.2.1 Non-norm conserving

Choose a reference configuratioin (e.g. the ground state) for the atom and
solve the self-consistent all-electron problem for V(r), R, (r), and &,;. Let
R; represent a given valence state of angular momentum /.

R = (V(r) + l(l; b _ €l> R (I B-1)

Fr/r) =e G A~ 35 (see ref 2) (11 B-2)
Vig(r) = (1= f(r/re))V(r) + Cif(r/re) (IT B-3)
wy, = (Vu(r) + l(l; b _ él> wi . (II B-4)

19



Adjust C; to make &, =¢; .

{How this is done: First guess a C;. Then use PT

=0 & <w|0V|w >=<wi|f(r/r.)0Clw; >
(0C) < wi|f(r/re)|wr >= 6CQ.

Q = [ wi(r)f(r/rc)dr is easily computed for a given C”. Thus one
adjusts C? by 6C® given by 6C® = (g, —£®)/Q® until the difference gets
small enough. It usually converges in 6 or fewer iterations }.

From (II-9) note that V; 1(r) — V(r) for r >> r.. Thus it must hold that
ywi(r) = R(r) for r >> r.. Usually v ~ 1 but v # 1 (we assume both w;
and R are normalized).

V1,4(r) is the nonlocal non-norm-conserving psp.

2.2.2 Norm-conserving

(Refs. 1,2,9)

Idea: make the wavefunction identical to AE result R(r) for r >> r..
Thus define a wy(r) = ywi(r) = R(r) for r >> r.. To keep [7 w3(r)dr =1,
need to change core region. Define v such that

ywi(2rm) = R(2r,), (IT B-5)

where 7, = radius of last maximum in R(r).

wo (1) = y(wi(r) + or' f(r/r)). (IT B-6)

The r'*1 gives wy(r) the core behavior as r — 0. Evidently wy(r >>
r.) = R(r) as desired. Now adjust § to solve

/ h wi(r)dr =1 (I1 B-7)

wa(r) is the norm conserving wavefunction for the following reason:

/w%(r')dr’:/ R*(r)dr’  for 1 >>r,. (IT B-8)
0 0

20



One consequence is that the amount of charge in the core region is the
same for real and ps wavefunctions. The most ingenious part of the improve-
ment relates to the logarithmic derivatives of the real and pseudo wavefunc-
tions. Since the wavefunction R(r) is exactly reproduced outside the core,
so is the logarithmic derivative

dIn(R 1dR
B(r.e) = —n<d£r’ ) _ R

at the particular eigenenergy . [((r,e) over a range of energies actually
describes the scattering properties of the potential.

(I B-9)

For V% to mimic VAF and to be transferable to other systems, 7% must
track B4F over same range of energies of interest (see Refs. 1,2, ) We will
now show that the slope % is also matched exactly as long as Eq. (II B-8)
is satisfied.

R' I(l+1) In(R) (dn(R)\”
(1) = f = 7"2 + V(T) — & = d?”2 + ( dr >

d [ In(R) [dIn(R)\? 1 d (_,ddn(R)
:’d—g{ ar? *( ar ) = ﬁa(%—g ar >—‘1

N jos (m(za))

— / R*(r', e)dr’ (IT B-10)
0

T,

Therefore. & 4nw2)) _ d (dln(R)

) de dr |7"z-: = 4 ar )‘7"5 for r >>Te.

Solving (II B-7) for 4:

{14 26ay + 0%as} = 1, where

ay = wy () f (e fr)dr

3

a, = 2l+2 —2( r/rc) dr

S— 55—
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Evaluate a numerically for a given wy (r).

re \N2431_ (2143

(since [~ 2 te r"dx = ﬁ,u*”/pf(y/p).)

So=—2 [(%Y—l_—wl " (Il B-12)

Qy

for smaller root § (I assume as > 0). As expected, y =1= 0 =0.

After § is obtained, one has ws(r) from Eq. (II B-6). The norm conserving
psp Va(r), of which wy(r) is an eigenfunction, is obtained from the SE.

Va(r) = “’—2+e—“1j”:v1+<“—2—”—1)
wy = W] + 8T ()
" I(l+1

YW, = <V1+ ( 5 )—8) (wQ—’y&"le(r))
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2A—2
b (Prcvr) = W+  (r\TTN
dr? 72 Te r2

A2
[ AA-1) n 2(0+ 1A L —(r/re)
Te 2 T2

— (w_Q _ W_l) _ 9 {Tl—i-le—(r/rc)’\ [Z(ZJF 1)

Wy Wi Wy r2

L o ()]
— bt/ {m(r) + l(l; o 5} }
(g {6

— (AN =1+ 2X\(1+ 1)) (ﬁ)A

C

Notice that this “norm conserving correction” term only changes V'
in the core region, because of the factor e~/ re), Investigate correction
as r — 0. We know w;(r) a vt as r — 0; say wi(r) ~ Qir'™'. Then
wo(r) ~ ¥(Q1 + §)r*l. The terms with r2*/r? and 7*/r? are at least O(r),
while Vi(r — 0) = C Eq. (II B-3). Thus

wg w/ll o)
———|r——=(E—-C) a r—0.
(Wz Wl) 7(Q1+5)( )

This is evidently not singular unless ()1 + 6 ~ 0.

Finally the screened norm conserving psp is given by

Va(r) = Vi(r) + 6 <ﬁ> e (r/re) {i [)\2 (1)2A (11 B-13)

Wy r2 Te

— AN =1+ 2\ + 1)) (1)A

c

+8—V1(r)}

For each angular momentum [ a separate calculation gives a V5,(r). The
resulting pseudowavefunctions ws (1) are used to generate a (valence) charge
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density, which is then used to obtain the Hartree and excorr screening po-
tentials. These are then subtracted from each V5,(r) to obtain ionic or core

psp.
2.2.3 Extended norm conserving
(see Ref. 9)
We have carried the matching of logarithmic derivatives 3(r, &) = £ (In R(r,¢))

one step further by discovering an identity which lets us match second energy
derivatives:

92
de?

82
e

€1

B (r,€) B (r,€)

el

for r > r. and ¢; = eigenenergy.

Differentiate again the line above Eq. (II B-10) to get

9 |dImR (dinR\? .
0% | dr? dr B
O PR (00mR\"  OlmR & InR _
0e?  Or? de Or or 0e2 or

L 10 (@ ORY (0 9mR\
R?Or 0g? Or B dJe Or

o (. ,0°0mR\ __,(00mR\"

As long as R(r) # 0 (for a pseudowavefunction ws(r)) Eq. (II B-10) =

0 (OlnR 1 e N
a_( or )“R2<r>/o BA(rdr

Combining with Eq. (II B-14),

’ 2
2 / Wb Bt (1 B-15)
= — r _
re 0 R(r')
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as long as R(r') # 0.
Eq. (II B-15) is the analog of Eq. (II B-10).

If R(r) has nodes then division by R?*(r) is disallowed. Thus for the real
all-electron R(r), evaluate the LHS of Eq. (II B-15) directly from

—2Q'(r) = R*(r, 5)% { - fOTRizg;/?)dT/}

where R*(r,e’) = £ (25f)

(11 B-16)

e'=¢

8/

for r > any nodes; that is usually r > r..

An extended norm conserving wavefunction ws(r) will be required to sat-

isty ,
[ <—f0 “’f?(r")dr") &' = Q) (11 B-17)
0

ws(r")
for r > r..
ws(r) must also satisfy norm conservation, Eq. (II B-18). For such a
wavefunction, Eq. (II B-15) shows that

(’9_2 Olnws
02 Or

0> OlnR

T 92 or

€

Tl

for r > r. and e=eigenvalue.
IMPLEMENTATION

@' (r) is obtained numerically (take energy derivative by differences) for
some particular r > r. using Eq. (30). wy(r) is found as in the methods
described above. Then, using a HSC type of scheme,

r\A
ws(r) = y[wi(r) + (672 + nr®) ri+t o= () ] (IT B-18)
—_—
chosen to keep vs(r—0) finite

As before, « is fit to make ws(r) = R(r) for r > r.. § and n are fit
to satisfy overall normalization and Eq. (II B-17). Solving Eq. (II B-17)
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gets a bit messy because of the indefinite integral of ws(r). The following six
functions are needed on the radial grid:

al) = [ et

as(r) = / 49 frdr’
0

ag(r) = /0 Lo f (r)dr'

as(r) = /r r/(26) 2 (30 gy !

0

as(r) = /7”(2”7)f2(7”)dr’

0

ag(r) = /r'(2l+8)f2(r')dr'

0
A
where f(r) = e (),
Then for a given value of 1, normalization requires ¢ such that

V2[1 + 20ag + 2nas + 6%ay + 26nas + n*ag) = 1

where each a; is evaluated at some r > r. (effectively r — 00).

As a function of 7,

N

as + na
(G2 mas
Qy

6(n) =

(az + 77@5)2 n*ag + 2naz + (1 — ,Y%)

aq ay

To implement Eq. (I B-17), define
Wi(r) 2/ Wi (r)dr' = ~*lay(r)+20as (r)+2nas(r)+6as(r)+20mas (r)+n°as(r)]
0

where d=4§(n) as above.
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Use Eq. (II B-18) to define ws(r) as a function of  and §(n) and secant
or other methods to solve for 7 such that

[ (&) r=a

Having 6 and 7, the extended norm conserving wavefunction is known
and the accompanying psp is obtained as before, from the SE. For reference
(not because it is interesting) I include the algebra for the solution for V3(r).

for some r > r..

Let g(r)=r
and h(r) = (6 + nr)r?

= wy(r) = y(wi + h(r)g(r))

wy = (W) + h"g + 20 g + hg")
I(1+1)

= (Vi + =5 —)(ws — 7yhg) +(h"g +21g" + hg")
/= |00 = AP ot
7= M4 0 ) - 00— 1+ 230+ )P | )
(25 = T 22 1M (O A= 1420 1)) b =)
where y = (£).

o

To keep V3 (r — 0) finite (soft core), must require r’\@, %, and h"(r)
not oo as r — 0.
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For A > 2 = h(r) may have a constant term (as in h(r) = § for HSC
norm-conserving psp). h7/ disallows a linear term.

Our choice above was h(r) = 0r? + nr®, which satisfies those restrictions.
h(r) = & + nr? also works, but not always.

As mentioned earlier, sometimes ()7 + 6 — 0 for better choice, leaving
V3(r) singular or awfully large at r = 0.

Plug in A’ = (20 4 3nr)r and h” = 26 4+ 6nr and use

to finally obtain extended norm cons psp.

V5(r) is usually small near r» = 0, like V(r) but can tend to have sharper
variations than V5(r) and be less easily used in a plane wave crystal calcula-
tion. See Ref. 9.

SUMMARY

We have presented three nonlocal psp based on cutting off the -% part
of V(r) in the core region and replacing it with a constant ¢ or nearly a
constant. These were:

1. Non-norm conserving V;. Remains const ¢ in core, but pseudowave-
function wy(r) # R(r) outside r..

2. Norm conserving V,(r). Cluge up core to make ws(r) = R(r) for r > r..

3. Extended V5(r). Cluge some more to satisfy some conditions on where
the core charge is located.

Each version successively improves the logarithmic derivatives over energies

near the eigenvalue. This presumably improves the transferability of the
resulting psp.
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2.3 Frozen core calculations

I identify what terms contribute to a frozen core calculation of eigenvalues
and total energy. Recall AE result (Eq. II-14)

o
Blop= S el + / drpi(r)Ey — 1t + e — 1]

j=occ

where T use ps(r) = 4nr?p(r), so that the angular integrals are already in-
cluded.

To “freeze the core” means to not allow core state wavefunctions to adjust
self-consistently. Thus we select a reference state, carry out the SC AE calc,
then save the core charge density

core

pSC(T) - anlRil(T) (H C'1>

For any other arbitrary configuration (as always, specified by {w,} - in
this case only valence occupations can change), each iteration produces a
valence charge density

valence
PO = > wa(RY () (I C-2)
nl

so the total charge density for a given iteration j is

PO (1) = paelr) + pY) (1) (I C-3)
—Aside on nonlinearity of excorr (see Ref. 10). Note that Hartree potential

terms ug) are linear in p,(r),

1 (1) = puae(r) + pigg, (r)

but excorr is not linear,

/L:?n'c 4 “,U:ECCO’)” + “Uwcv<7’)”
where fizee(r) = pize(fse(1)) ete.

Unless p. is somehow saved and used in conjunction with psp’s, the psp
approx usually linearizes fi,.(r). The frozen core approx does not linearize
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this term, as will be shown.

Define core and valence eigenvalue sums:

core valence

Bl = enwn Bl =Y Entn (11 C-4)
From the discussion leading up to Eq. (II C-4),
Egl. =T + / pivdr + / P (g + e )dr

Separate out terms which are truly fixed when the core pg.(r) is frozen
— call that term Er = Errozen. (see Ref. 5 for more discussion of these
separations. )

1
E’.%OT: /pscy+/psc #HC +MS‘]IU ))+/pgi)ugcc ))
+(TD + /psvwr/psv ua Y 4l ))+/p§3)u§fc )
1 1
- / (02 + PN () + D) — uG D — pl D 4 eld) — pla-v)y

from
(Eggc) + (Eggv) + /p8<€H — UH F €rc — ,u:rc)

Then

TOT {Tc /Pch+/Psc€Hc}
+ {/pschv+/psv€Hc+/<psc+psv>5xc}
+ {Tv+/psvy+/psv5Hv}

The only part which remains frozen is

EFET0+/pch+/psc€Hc



= B = B+ / epls) — / P (™ + uY) (IT C-5)

The remaining adjustable part of Eror is

E(]) = E;éT_EF - /pscy—f_/psqu) 2€Hc+€H3)) +/pg]) (r]c)
where I have used [ psccrry = [ psvne-

Since Est = Tv + fpsvy + fpsv(,uH + Ma}c);

B0 =B+ [ om0+ [ 00 e

(2e . is frozen if FC calculation)

Summary of this part:

ETOT = EBs + /ps<5H — MH + Exc — N/xc)

E - EBSU + sv(gH — UH + Exe — ,uzc) + /(SH’U + 6:vc)psc

EF == EBsc + /psc<5H — UH + Exe — ,U:cc) - /(gHv + €xc)psc

In computing E as in Eq. (II C-6), three kinds of terms enter.

J . valence
L. Est - Z wnlg

nl

2. Egv = fo sc 8Hv + 8?):c>d

nl

3. Bl = [ plu(eh +el, — (it + pdot))dr

Taken together we call these Eq. (II C-7).
(I choose the names carefully to be suggestive of the variables in the FOR-
TRAN programs.)
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In the reference (to-be-frozen) AE calculation, save the following quanti-
ties: (assuming that the nth iteration is conv)

P (r), B BY, B EM BN and VI (r) = pir () + s ().

{It is interesting (Ref. 5) that quantities 1, 2, and 3 named above will
separately have first order convergence in errors Ap(r) while their sum (the
total energy) has only errors o< (Ap(r))?.}

Then in FC calculation, only compute the E part, leaving out core terms.

EF

FC (AE ~
E’.S”OT) —( TOT)( ef) — ref) +E"¢

or the change in Eror is simply EFC) — E(AE),

I generally denote the electron screening or coulomb part of V(r), made
up simply of Hartree + excorr, as

Vo) = pig ) + 0 (r) (I C-8)

Then the contribution £ e = ,Osv ( +el) - Vc(oil( )) dr.

To keep the frozen core calculations variationally correct, I save Vcoul( )
along with pgz) (r). Thisis all performed automatically in HFSE and SCPOTD.

Aside regarding accelerated convergence:

Convergence in the self-consistent screening term V., is improved by
various schemes which mix values from different iterations. My programs
incorporate “Pratt accelerated convergence” (Ref. 8). This generally takes
a form

V() = a(r) |y V() + p )] + (1= al) VEVE) (11 Co)
where 0 < a(r) < 0.5 and «a(r) is optimized in some way. I can still use
By = B+ [ o () 4+~ V) ar
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and be variationally correct. If v(r) is the nuclear potential on core psp, then
for the first iteration I use

1 _
Vc(‘O)UL("’) = VS(C)REENED —v(r)

for whatever screened starting v(r) is given.

3 Numerical details

Kleinman psp — PRL 48, 1425(1982).
HSC: R
Vs = > [Yig > 6Vi(r) < Y
1

KB:

VNL _ Z |0Vit Yo >< Yo 0V
7 < Yiot|6Vi|Yioth >

1 = atomic pseudowf

wnlm = ¢nl<T)Y2m(67 ¢)

< q|Vsrld >= Z47r(2l + 1)P(cos Qqq/)/ r2drj(2mqr)51(2mq r)oVi(r)
p 0

<qVnild > = Z47r(2l + 1)P(cos b4y ) (/00 7’2drjl(27rqr)1pl(r)5vl(r)>
; 0

o ([ raririnumsie)) /([ o avio)

0 0

= 4m(20 + 1) Pi(cos byq) fillal) fi(lg']) /mi

/

q-q
lql|q|

1
Py(xz) =1 P(z)==x Py(z) = 5(3x2 —1) o8 Oy =
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q-q

3cos?6,, — 1 cosl,, = ——
(oot =) " Tl

()

= (191)* + (©280)* + (0305)* + 2(q1924, & + 2030505 + G30105q7)

Assuming ¢ in cartesian coordinates (otherwise need G™¢"):

[=0:

4—7Tf0(CI)fo(CI,)
Mo
l=1: B .
127 q o d
(f1(|q|)’q‘ ﬁ(!qpm)
[=2:
207 3 : ,Lag ) 20 1
T (Zﬁ al) e - Foll r>%) w5 () Al D)

These could be computed in atomic programs on a standard radial grid:
= [ () Vi)
0

fila) = / " Rdr (2 (r)Vi(r)

>0 V(q,4)¥(d') requires
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> folldDv(d)

. }jﬁ!w (|q> ¥(¢) 3 terms
o ng 17l) ( |,(|2) )wm’) 6 terms
and

> flldhe(d)

for every n, k.

Each [ has only one function:

ﬁmw—Awﬁmm@mmmvwwv>

where 1;(r) is atomic pseudo wf in reference state.

Roberto Car, prior to the rediscovery of the Kleinman-Bylander form de-
cribed above, had suggested replacing the radial integrals with a quadrature

sum with as few terms as possible:

/ r2drj(2mqr)51(2mq )6 Vi (r) an reg1(2mqr,) 127w g, ) Vi (ry)
0

would need }_ , ji(27r,,q" )1 (¢) for each n, 1.

[=0:
4 Z W20V (1) jo (2770q) Z Jo(2mrng ) (q)

ql

127r2wn7’ V()7 27T7’nq Z]l 21rq’) | ,| ¥(q')
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KB removes necessity for Z and storage thereof.

n

If not separable:

§Vi(a,d")

™~

> <qlVsLld > () =D 4m(214+1) )  Pi(cos byy) / r2drji(2mqr) ju(2mq'r)6Vi(r) ¥ (q)
q 0

l q'

47 Z Vico(q,d)v(d)

q/

127r‘—| Z(SVl 7,q) ﬁ
q

Nonlocal operator in real space: (spherically symmetric atom)

Jo R0V (1 )by (") dr
fooo Py (r)oV (') (r')dr

Viet(r) = wz( oV (r)

Hence V0 (r) =: 6Vi(r)¥?(r), reduces to HSC.
Norm-conserving psp transferability:

(all-el, atomic units)

1 d%y l+1
52 ( >w+Vw—€w—O
"d2] dl 2 (l+1
;x%: d;%( djfﬂ) _ <; )y o (Vi) —e)

d (@lny  [dny)? 1d [ ,ddni
—_— = —_— _— :—2
:>da<dr2 +(dr> der<wda dr
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d dIn
de dr

= V*(R)

= —2/ VAdr
R

U 4 Vieeaw ()0 (r) + Vptb(r) — etp = 0

Psp
_1d% (l+ 1)
C2.dr?

v l(l+1) . Virb(r) _
R +2<V( e 5)

i () =2 (i o+ 5 () 1)

fooo @DO(T/)(SV(T/)%:)CZT/
Jo~ 0oV

d% <VNL1/1(T)> - YO(r)oV(r)

1 d [ ,ddng\ 1y [V [ g0sy e
Wdr (¢2d—€7) = -2 <1+ 07 de Ww (r)oV(r) — fz woavzzowo( r)oV(r)

—2{/ WOV (¢ b (r" ) dr /w(r')(?V(r’)%g/)dr’

_/0 w0<r)5v<7~)d—€dr /ORchSV;b}

/] R

By construction §V (1) — 0 for R > r., which is where " (r) = =< (r)
ete.

Hence additional terms add to 0 for R > r..
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.. Kleinman-Bylander psp is equally transferable.

L= Z k)Y CéuiComn Z e 2 G-y (k+ Gk + G)

GG’

w(k) is the weight of the k-pt for Brillouin zone summation.

4
Va(k + G,k + Gr) = _ng<|k + Gk + G

127r(k:+G) (k+ &)
Tk ok Gl G i+ )
+20_7r 3 Z(k+G)@-(k+G)jfa(|k+Gl)(k+G’)k(k+G’)z
s |2\4g  Ik+GP [k + G

1
- k4 O k4 6
(Last term is 0 if Vipocar = Viea = 0Vj—o = 0, or if | = 2 not included)

NATOMS

3E . S A
NL _ Z Z —27rzTa~(G—G )Va(lf + G,k + G/)CG’nk )

gy (n, k) =Y ™ fo [k + G'|) Camp

G/
-, k+G")
o Lk = 2miTe -G’ pa k G/ C " ( 14
91 (na mu) EG/ e fl (‘ + |) G'nk ‘k‘ + G,‘
a _ 2TiTa-G' ro ! (k + G,)H<k + G/)V
92 (n7 k,u,V) = §G, e f2 (|k+G’)CG'nk |k+G/|2

ga(n7 ]{3) = Z€2m7—a.G/f2a<|k + G/|)CG’nk

G/
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NATOMS

aENL(l - 0) W(k‘) —2miG T o o a
G = oy U 2 ISRk + Glgg (k)

a=1

OENL(I=1) w(k) } : —2miG- 2 : (k+ G)u tri
— 12 TG To metric o e
acénk QO ( W) e ’k’ G| fl (’k+G|>GuV 91 (n7kvy)/771

(e

OENL(l =2) _ w(k) —27iGTo
acE 0, (207) Ze

«

3 k:_I_G k+G metric metric o
(52( |k>j(G|2 ) 2 Ik + GGG g8 (n, K, A, 6)
HUUAS

- I+ Gl (o) )

For k in reduced coordinates,

3
= > kG'k,

H,r=1
met — Ap | AP
GW _G“ G?

éﬁ = reciprocal lattice primitive translation

3.1 Coordinate derivatives
T, = atom location in terms of primitive transl. ﬁf ,RP. ]3%3 .
1 4m o
Eni(l=0) =5 Zw(k) > o 90 (nk))" (g5 (nk))
0

«

w(k)

e
(593_(”’“)

OTap

) = Z(27TiGu)62ﬁi?a'éf€(|k + G|)CGnk
G
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G, is also in reduced coords.

Similarly for [ =1,

3
1 127 « * yme [}
ENL(l = 1) = Q_OZMU{;)Z na Z (gl (TL, k?ﬂ)) Gw/t<gl <n7 k7 V))
nk « 1 w,r=1
Gt =Gy -Gl

Gf = primitive reciprocal lattice vector; p =1,2,3

1 00
eg in cubic cell ™' =% | 0 1 0
“\o o1
ag?(n’ k? /~L> . 2miG- (k + G)H
— 2 T To (6%
R zg:[ TiGye f (|k+G|)—|k+G| Conk
OENL(I=1) 127 . g (nkv)
— k 2R [ met 1
() = s, St | S Gk G 252
For [ = 2,
ENL<Z = 2) -
1 20 |3 . \\* ~ymet me o
o 2w o [5 > (g5 (nkif))” GR' Gt (g5 (nkkl))
nk o 12 ijkl
1 5 o
= 5 (g% (nk))" (g(nk))
dg5 (nkij) o . 2miG-Ty pau (k+G)i(k + G)j
aTa/\ - ;[27T2G>\]€ f2 <|k + GD |]C + G|2 CGTLk

dg°(nk)
8Ta)\

= Z[Q?TZ’G)\](?QMG’T]CQQ(V{? + G|)ank
G
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8ENL(Z = 2) - 207

Zw(k)?Re

aTOc)\ B 77390 ke
3 o - \\* ~ymet ymet agg(nﬂ k? l7p) 1 « * aga<nk)
5 ijzlp (95 (nkij))” Gy Gjp 7o 5 (9%(nk)) o

If special k points are used then %E—;Vf must be symmetrized. Let S express

the symmetry operation in terms of the primitive translations éﬁ .

Define atom ST<a) by 7_-iS”T(oz) = ST<7_:04 - 7_—;Lonsymmorphic) + Rtransl.
It can be shown that

(8ENL> _ 1 ZS ( 8ENL )
87—0‘/‘ symmetrized Nsymm S g 8TST () unsymm

3.2 Length scale derivatives

a) = length scale of primitive cell translations ﬁf s A=1,2, 3.

Reciprocal lattice primitive vectors can be written GX = g\/ay where g\
is dimensionless.

Hence the reciprocal space metric is G, = g, - o/ a,a..
The cartesian coordinates of k are
K¢ = kigi/ar + kaGo/as + ksgs/as
where k = (ki, ko, k3) in reduced units.

‘k‘2 = kC ’ kc = Zkuklle/
nv

In terms of k and G, taking into account that

G G
8aA a ay (5M)\ + 61//\)

41



the derivatives of |k|> wrt length scale ay is

ok 2
a—a/\ - _a/\k/\;G)\Vku
okl 1k
8ENL(Z = O) ENL(Z = O) 1 |: *893(71]{)
_t = —— 4+ — w(k —2Re “(nk e—
aa)\ ay QO ; ( )Z 770 (90( )) 8@)\
ag(?(nk) 211G 7o, a|k + Gl

where the derivative fg/(\k: + () is obtainable e.g. from spline fit to f§(|k +
Gl).

It is similar but messier for [ = 1.

aENL(l = 1) o ENL(Z = 1) 1 127
8a)\ a Qay + Qo ZW(k) o %

nk a Th
o gy (nkv
{QRQ Zgl (nkﬂ)Guu%/\)] -
Qv
2
—Re
ax

Z g?*(nk)\)G,\l,gf(nk:y)] }
G

(last term uses Oy — _ (50 + 0u0) and Gy = Gop.)

day ay

ag(lx o 2miTe G a|k—i_G| <k+ G)M
0, = Ze { "Ik + Q) o Cenk TENE

— STk + G)Con

%+GM8W+G
|]€+G|2 8a>\

[ = 2 is left as an exercise (!).

Symmetrlzmg ENL in general for a special k point scheme is also a little
messy.
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