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8057Zürich,Switzerland

Abstract

In 1986,TannerandMead[1] implementedaninterestingconstraintsat-
isfactioncircuit for global motion sensingin aVLSI. We reportherea
new andimprovedaVLSI implementationthat providessmoothoptical
flow aswell asglobalmotionin atwo dimensionalvisualfield. Thecom-
putationof opticalflow is anill-posedproblem,whichexpressesitself as
theapertureproblem.However, theopticalflow canbeestimatedby the
useof regularizationmethods,in which additionalconstraintsareintro-
ducedin termsof aglobalenergy functionalthatmustbeminimized.We
show how thealgorithmicconstraintsof Horn andSchunck[2] on com-
putingsmoothopticalflow canbemappedontothephysicalconstraints
of anequivalentelectronicnetwork.

1 Moti vation

Theperceptionof apparentmotionis crucialfor navigation.Knowledgeof localmotionof
theenvironmentrelativeto theobserversimplifiesthecalculationof importanttaskssuchas
time-to-contactor focus-of-expansion.Thereareseveralmethodsto computeopticalflow.
They have the commonproblemthat their computationalload is large. This is a severe
disadvantagefor autonomousagents,whosecomputationalpower is restrictedby energy,
sizeandweight.Hereweshow how theglobalregularizationapproachwhich is necessary
to solve for the ill-posednatureof computingoptical flow, canbe formulatedasa local
feedbackconstraint,andimplementedasa physicalanalogdevice that is computationally
efficient.�

correspondenceto: alan@ini.phys.ethz.ch



2 SmoothOptical Flow

Horn andSchunck[2] definedopticalflow in relationto thespatialandtemporalchanges
in imagebrightness.Their modelassumesthat the total imagebrightness
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representthe two componentsof the local opticalflow
vector.
Sincethere is one equationfor two unknowns at eachspatial location, the problemis
ill-posed, and therearean infinite numberof possiblesolutionslying on the constraint
line for every location
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. However, by introducinganadditionalconstrainttheprob-

lemcanberegularizedanda uniquesolutioncanbefound.
For example,Horn andSchunckrequiretheopticalflow field to besmooth.As a measure
of smoothnessthey choosethesquaresof of thespatialderivativesof theflow vectors,,.- �0/1� �� �32 -  4/1� �� 	.2 -  5/3� #� �32 -  4/�� #� 	62 - � (3)

Onecanalsoview thisconstraintasintroducinga priori knowledge:theclosertwo points
arein theimagespacethemorelikely they belongto theprojectionof thesameobject.Un-
dertheassumptionof rigid objectsundergoingtranslationalmotion,thisconstraintimplies
that thepointshave thesame,or at leastvery similar motionvectors.This assumptionis
obviously not valid at boundariesof moving objects,andso this algorithmfails to detect
motiondiscontinuities[3].
Thecomputationof smoothopticalflow cannow beformulatedastheminimizationprob-
lemof a globalenergy functional,7!7 � -  98 , -: ;=< >
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asin equation(2) and(3) respectively. Thus,weexactlyapplytheapproach
of standard regularizationtheory[4]:G�H �&I

y: dataH � GKJML I
inverseproblem,ill-posedN G�H ?OI N  �8 NQPRN �TS!UWV

regularization

The regularizationparameter,
8
, controlsthe degreeof smoothingof the solutionandits

closenessto the data. The norm,
NYXZN

, is quadratic. A differencein our caseis that A
is not constantbut dependson the data. However, if we considermotion on a discrete
time-axisand look at snapshotsratherthan continuouslychangingimages,A is quasi-
stationary.

L
The energy functional (4) is convex and so, a simplenumericaltechnique

like gradientdescentwould beableto find theglobalminimum. To computeopticalflow
while preservingmotion discontinuitiesonecanmodify the energy functionalto include
a binary line processthat preventssmoothingover discontinuities[4]. However, suchan
functionalwill not be convex. Gradientdescentmethodswould probablyfail to find the
globalamongstall localminimaandothermethodshave to beapplied.[

In theaVLSI implementationthis requiresamuchshortersettlingtimeconstantfor thenetwork
thanthebrightnesschangesin theimage.



3 A PhysicalAnalog Model

3.1 Continuousspace

Standardregularizationproblemscanbe mappedonto electronicnetworks consistingof
conductancesandcapacitors[5]. Hutchinsonet al. [6] showedhow resistive networkscan
be usedto computeoptical flow andPoggioet al. [7] introducedelectronicnetwork so-
lutionsfor second-order-derivativeoptic flow computation.However, theseproposednet-
work architecturesall requirecomplicatedandsometimesnegativeconductancesalthough
Harriset al. [8] outlineda similar approachasproposedin this paperindependently. Fur-
thermore,suchnetworks werenot implementedpractically, whereasour implementation
with constantnearestneighborconductancesis intuitiveandstraightforward.
Considerequation(4): \ � \ ���*�
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The Lagrange function
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is sufficiently regular (
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culusof variationthat thesolutionof equation(4) alsosufficesthe linearEuler-Lagrange
equations 8�] - ��?O�ihA���ihj�k 9�ilm#$ 9�onp�q� �
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The Euler-Lagrangeequationsareonly necessaryconditionsfor equation(4). The suffi-
cientconditionfor solutionsof equations(5) to beaweakminimumis thestrongLegendre-
condition,thatis \3t6umt6u�v �

and
\3t6w=t6w_v �+�

which is easilyshown to betrue.

3.2 DiscreteSpace– Mapping to ResistiveNetwork

By usinga discretefive-pointapproximationof theLaplacian
] -

on a regulargrid, equa-
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where

C
and� aretheindicesfor thesamplingnodes.Considerasinglenodeof theresistive

network shown in Figure1:
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Figure1: Singlenodeof a resistivenetwork.

FromKirchhoff ’s law it followsthatf ��� x z {� � �&��� � xWy L^z {  � x JMLcz {  � x z { y L  � x z {=JML ?Y~ � x z { �� 9�=x�� ��� � (7)



where
� x z { representsthevoltageand

� x�� ��� �
theinputcurrent.

�
is theconductancebetween

two neighboringnodesand
f

thenodecapacitance.
In steadystate,equation(7) becomes��� � xWy L^z {  � x JMLcz {  � x z { y L  � x z {=JML ?Y~ � x z { �� 9�=x�� ��� � �&��� (8)
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To createthefull systemweusetwo parallelresistivenetworksin which thenodevoltages� x z { and
� x z { representthe two componentsof theopticalflow vector
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. The input

currents
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arecomputedby anegativerecurrentfeedback loopmodulated
by theinputdata,whicharethespatialandtemporalintensitygradients.
Noticethattheinputcurrentsareproportionalto thedeviationof the local brightnesscon-
straint: thelessthelocalopticalflow solutionfits thedatathehigherthecurrent

� xW� ��� �
will

beto correctthesolutionandviceversa.
Stability andconvergenceof the network areguaranteedby Maxwell’s minimum power
principle[4, 9].

4 The SmoothOptical Flow Chip

4.1 Implementation
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Figure2: A singlemotion cell within the threelayer network. For simplicity only one
resistivenetwork is shown.

The circuitry consistsof threefunctional layers(Figure2). The input layer includesan
arrayof adaptive photoreceptors[10] andprovidesthederivativesof theimagebrightness
to thesecondlayer. Thespatialgradientsarethefirst-orderlinearapproximationobtained
by subtractingthetwo neighboringphotoreceptoroutputs.Thesecondlayercomputesthe
input currentto the third layer accordingto equations(9). Finally thesecurrentsarefed
into thetwo resistivenetworksthatreporttheopticalflow components.
Theschematicsof thecoreof asinglemotioncell aredrawn in Figure3. Thephotoreceptor
andthetemporaldifferentiatorarenot shown aswell astheotherhalf of thecircuitry that
computesthey-componentof theflow vector.



A few remarksareappropriatehere:First, the two componentsof theopticalflow vector
have to beableto take on positive andnegativevalueswith respectto somereferencepo-
tential.Therefore,a symmetricalcircuit schemeis appliedwherethepositiveandnegative
(referencevoltage)valuesarecarriedon separatesignal lines. Thus, the actualvalue is
encodedasthedifferenceof thetwo potentials.
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Figure 3: Cell core schematics;only the circuitry related to the computationof the
x-componentof theflow vectoris shown.

Second,thelimited linearrangeof theGilbertmultipliersleadsto anarrow spanof flow ve-
locitiesthatcanbecomputedreliably. However, thetuningcanbesuchthattheoperational
rangeis eitherat high or very low velocities. Newer implementationsareusingmodified
multiplierswith a largerlinearrange.
Third, considera singlemotioncell (Figure2). In principle,thiscell would beableto sat-
isfy thelocalconstraintperfectly. In practice(seeFigure3), thefinite outputimpedanceof
thep-typeGilbert multiplier slightly degradesthis idealsolutionby imposinganeffective
conductance

�$¨W©aª=«
. Thus,a constantvoltageon thecapacitorrepresentinga non-zeromo-

tion signalrequiresa netoutputcurrentof themultiplier to maintainit. This requirement
hastwo interestingconsequences:
i) Thereportedopticalflow is dependenton thespatialgradients(contrast).A singleun-
coupledcell accordingto Figure2 hasa steadystatesolutionwith�1x z {Z¬ ?i� n���� � � h­��� ��®�$¨W©aª=«3 9� -h ��� �  '� -l ��� � � and

� x z {¯¬ ?i� n���� � � la��� ����$¨�©
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respectively. For thesameobjectspeed,thechip reportshighervelocitysignalsfor higher
spatialgradients.Preferably,

� ¨�©
ª=«
shouldbeaslow aspossibleto minimizeits influence

on thesolution.
ii) On theotherhand,the locally ill-posedproblemis now well-posedbecause

�$¨W©aª=«
im-

posesa secondconstraint. Thus, the chip behavessensiblyin the caseof low contrast
input (small gradients),reportingzero motion whereotherwise,unreliablehigh values
would occur. This is convenientbecausethe signal-to-noiseratio at low contrastis very
poor. Furthermore,a singlecell is forcedto reportthevelocity on theconstraintline with
smallestabsolutevalue,which is normalto thespatialgradient.Thatmeansthat thechip



reportsnormalflow whenthereis no neighborconnection.Sincethereis an trade-off be-
tweenthe robustnessof the optical flow computationanda low conductance

�$¨�©
ª=«
, the

follower-connectedtransconductanceamplifierin our implementationallows usto control� ¨W©aª=«
aboveits smallintrinsicvalue.

4.2 Results

Theresultsreportedbelow wereobtainedfrom a MOSIStinychip containinga 7x7 array
of motioncellseach325x325

8 -
in size.Thechipwasfabricatedin 1.2 ° B technologyat

AMI.

1 2 3 4 5 6 7

1

2

3

4

5

6

7

1 2 3 4 5 6 7

1

2

3

4

5

6

7

1 2 3 4 5 6 7

1

2

3

4

5

6

7

a b c

Figure4: Smoothopticalflow responseof thechip to anleft-upwardsmoving edge.
a: photoreceptoroutput,thearrow indicatestheactualmotiondirection.b: weakcoupling
(smallconductance

�
). c: strongcoupling.
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Figure5: Responseof the optical flow chip to a plaid stimulusmoving towardsthe left:
a: photoreceptoroutput; b shows the normal flow computationwith disabledcoupling
betweenthemotioncellsin thenetwork while in c thecouplingstrengthis atmaximum.

Thechip is ableto computesmoothopticalflow in a qualitative manner. Thesmoothness
canbesetby adjustingthecouplingconductances(Figure4). Figure5b presentsthenor-
mal flow computationthatoccurswhenthecouplingbetweenthemotioncellsis disabled.
The limited resolutionof this prototypechip togetherwith the small sizeof the stimulus
leadsto a noisy response.However it is clearthat thechip perceivesthe two gratingsas
separatemoving objectswith motionnormalto their edgeorientation.Whenthenetwork



conductanceis setvery high thechip performsa collective computationsolvingtheaper-
tureproblemundertheassumptionof singleobjectmotion. Figure5c showshow thechip
cancomputethecorrectmotionof a plaidpattern.

5 Conclusion

We have presentedhereanaVLSI implementationof a network thatcomputes2D smooth
optical flow. The strengthof the resistive couplingcanbe variedcontinuouslyto obtain
differentdegreesof smoothing,from apurelylocalupto asingleglobalmotionsignal.The
chip ideallycomputessmoothopticalflow in theclassicaldefinitionof HornandSchunck.
Insteadof usingnegative andcomplex conductanceswe implementeda network solution
whereeachmotion cell is performinga local constraintsatisfaction task in a recurrent
negativefeedbackloop.
It is significantthat the solution of a global energy minimization task can be achieved
within a network of local constraintsolving cells that do not have explicit accessto the
globalcomputationalgoal.
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