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Abstract

We investigate whether and how individuals who stand to gain from favor-trading can best
form cooperative relationships in an environment with private information about each agent’s
ability and willingness to do favors. For agents with a low discount factor (low types) cooper-
ation is not incentive compatible, for agents with a high discount factor (high types) it is. Both
types receive privately observed opportunities to do favors with positive probability each pe-
riod. We focus on a strategy for separation that involves designating one of the agents to do the
first favor. We show high types are always able to separate from low types using this strategy
and that separation is implementable as soon as the designated high type agent receives a favor
opportunity. We also compare these types of equilibria to symmetric strategy equilibria from
a companion paper, Kalla [7], that do not involve designating one of the agents to do the first
favor.
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1 Introduction

This paper and its companion paper, Kalla [7], study whether and how individuals who stand to
gain from trading favors can best form cooperative relationships in an environment with private
information about each agent’s ability and willingness to do favors. Previous models in the favor-
trading literature focused on optimizing favor-trading relationships under complete information.
This paper introduces incomplete information about player types. The central question addressed is
whether cooperation can be maintained in favor-trading relationships after the introduction of non-
cooperative players into the pool of potential trading partners, and if so how can the cooperative
players separate themselves most efficiently from the non-cooperative types.

For the purposes of this paper favor-trading is considered to be non-monetary trade in goods,
services or opportunities, and favors are assumed to be efficient. The model contains a positive
measure of players with a low discount factmw type$ who do not find cooperation beneficial,
and a positive measure of players with a high discount fadtigh(type$ who do. Players re-
ceive opportunities to do favors for each othavor opportunitiesaccording to either a mutually
exclusive or independent distribution, but these opportunities are private information.

As an example, consider a firm with several parallel divisions that function independently under
separate managers. Suppose two new managers have been recruited to head the marketing and
finance divisions, respectively. Each manager’s job is to maximize productivity within her own
division, but occasionally one of the managers receives a new idea or opportunity that would be
beneficial for her division but even more beneficial for the neighboring division. Monetary side
payments are not allowed, but reciprocation in similar favors can provide a basis for mutual gains if
both managers are sufficiently patient. However, the managers do not know each other’s discount
factor, which in this example could be interpreted as the likelihood of staying with the firm long-
term. So how should the managers proceed?

The main result in this paper is that by designating one of the agents to do the first favor,
or designated first favor maker (DFFM}rategies, high type players are always able to separate
themselves from low type players at the time of the first favor opportunity received by the des-
ignated agent. Separation can be achieved by the use eduality matching (EMjnechanism.

EM simply means that each agent waits for reciprocation for a previous favor before doing the
next one. Strategies for separation that do not involve designating one of the agents to go first, or
symmetric separating (SSirategies, are analyzed in a companion paper, Kalla [7]. In the present
paper, we compare the DFFM and SS equilibria. We show with numerical examples that either
one can dominate the other depending on the parameter values.

For purposes of the present analysis the distribution of favors may be set aside because when
one of the agents is designated to go first she does not receive any informative signals from the
other agent regardless of the favor opportunity distribution. For the mathematics in this paper we
use the mutually exclusive distribution, but we maintain that our results would hold even were the
analysis repeated with an otherwise equivalent independent favor opportunity distribution.

The rest of the paper is organized as follows: Section 2 describes the model and our equilibrium

IKalla [7] addresses the significance of the favor opportunity distribution in detail. It is shown to play an important
role in the effectiveness of SS strategies.



concepts including how key concepts from Abdulkaditoand Bagwell ABfor short) [1] translate

to our streamlined version of their model and how other favor-trading literature relates to this paper.
In section 3 we analyze the case of a patient agent facing an unknown type. We show that for this
case separation into an EM game is always possible as soon as the unknown type receives a favor
opportunity {(mmediate separatignwe construct bounds on the discount factors that show when
immediate separation into more efficient equilibria, in particular HSSGL equilibria, is possible,
and we prove that even when these bounds are violated, high types may still reach a HSSGL if
they separate and play an EM game for a sufficient number of periods first to discourage the low
types from mimicking them. In section 4 we analyze the case of two unknown type agents and
how they can form a cooperative favor-trading relationship using a DFFM strategy. Section 5
compares DFFM from the previous section to SS equilibria from Kalla [7]. Section 6 concludes.
An appendix follows and references are at the end.

2 The Model

Consider the earlier motivating example: A firm has several parallel divisions that function in-
dependently under separate managers. Suppose two new managers have been recruited to head
the marketing and finance divisions, respectively. Each manager’s job is to maximize productivity
within her own division, but occasionally one of the managers receives an opportunity to help the
other division at a cost to her own. The ability or opportunity to help is private information, but
when possible the cost is known to be less than the benefit. Monetary side payments are not al-
lowed, but reciprocation in similar favors can provide a basis for mutual gains if both managers are
sufficiently patient. But the managers do not know how patient the other is, or how likely she is to
stay with the firm long-term. To address whether and how they can form a cooperative relationship
we analyze the following formal model.

Two agentsg andb, are randomly picked from a population witly € (0, 1) of high types
with discount factow’ and1 — u, of low types with discount factof”. Each agent has utility
functionu(xz) = x. They play an infinitely repeated stage game with the following structure. At
the beginning of each period nature allocates an opportunity to do a fiawar @pportunity as
follows: Either agent: or b receives a favor opportunity with equal probabilitye (0,1/2), or
neither does with probability — 2p. Favor opportunities are private information. An agent who
receives a favor opportunity may either keep it private and incur no cost, or do a full or partial favor
of sizex,y € (0, 1], for agents: andb, respectively, at a cost equal to the favor size. The benefit
to the recipient iy or kx, for agents: andb, respectively, wheré > 1. For example, if agent
does a favor of size, flow payoffs to(a, b) are(1 — z, kx). Favors, including their size, are public
information. The stage game is repeated in each subsequent period.

To see how favor-trading works consider the following game catpehlity matching (EM)in
EM of level z € (0, 1], one agent is calleadvantagegdthe othedisadvantagedThe disadvantaged
agent is said to owe the advantaged agent a favor ot:sif¢he disadvantaged agent does a favor
of sizez, she becomes advantaged and the other disadvantaged. If she does no favor, she remains
disadvantaged. Favors of size other thaare not part of equilibrium play and are deterred by the
threat of Nash reversion. When= 1, the game is calletull equality matching



For the moment, consider a game of full equality matching between two high types in a com-
plete information environment. Suppose ageld disadvantaged, advantaged. Letu,,,, ten)
denote the average discounted payoffs expected by agemis or more generally by disadvan-
taged and advantaged agents, respectivelyoL.etu,, ., tiem) = (0%, (te,, tem), 02, (U Tem))

denote the EM strategy profile that implements the payoff @aif, i..,). Undero.,, the payoffs
are

Uppy = POl + (1 — p)oTu,,,, 1)
U = p (1= 6" + 6™ ter) +p (1= ")k + 6"u,,,) + (1 — 2p) 0" e, (2)

The first equation consists of two events: (i) with probabitityggenta receives a favor oppor-
tunity, does a full favox = 1), and becomes the advantaged agent; that is, agsnpromised
continuation payofti.,,, (ii) with probability (1 — p) agenta receives no favor opportunity so her
flow payoff is zero and her continuation promise remaiy)s along with her disadvantaged status.
The equation for payoff.,, consists of three possible events that occur with probabijitiesand
(1 — 2p), respectively: (i) agenit receives a favor opportunity, does no favor and thereby receives
a flow payoff of1 and her continuation payoff remains,, as she is still advantaged, (ii) agent
receives a favor opportunity, does a full favar = 1) so agent receives a flow payoff ok, but
her continuation payoff drops tg,, because she now owes agenhe next favor, and (iii) neither
agent receives a favor opportunity, so agéstflow payoff is zero and her continuation payoff
remainsu.,,. The two previous equations contain two unknowns, and.,,, solving for these
yields

_dTpP(14-k)
Ue, = 1 — 5H(1 . 2p)7 (3)
_p(l—(SH(l—p))(l—Fk:)‘ @)

fem = TSH(T — 2p)

For the simple EM strategy profile to beNash equilibrium (NE)n each stage game, neither
agent can have a profitable deviation available to them. It is trivial that the advantaged agent has
no profitable deviations as she just waits for reciprocation, but does no favors. Public (observable)
off-equilibrium path deviations, such as the advantaged agent doing a favor or one of the agents
doing the wrong size favor, are deterred by threat of autarky (no more favors). Therefore, we only
need to check that it is not profitable for the disadvantaged agent to not do favors. As usual, it is
enough to consider a one-shot deviation. Agésdiscount factor has to be high enough that the
incentive compatibility constraint below is satisfied.

100 Mg, >1— 6% +6%u,,,
= e — Uy > (1—0") /6™,

€m



Using equations (3) and (4C'C¢,, may be written as

p(1-6"(1-p)) (k) sHp2(14k)  1_gH

1—-6H (1—2p) 1-6H(1—2p) ~  6H

— W‘M (0" p(k —1) — (1 - ")) > 0.

>0

It follows that 6" must satisfyd”p(k — 1) — (1 — §%) > 0 for ICC%, to hold, or rearranging

terms: 64 > m = 0*. We use this boundary discount factor to define high and low type
agents.
1
Condition (5): >0 =——— > b 5
®) - 1+ p(k—1) ®)

It is also easy to verify that,,, = p for 6% = §* so the individual rationality constraints
of enm,u,,, > p are satisfied. Therefore, this EM strategy profile is a Nash equilibrium. In
fact, we could use the stronger equilibrium concepgbutlic perfect equilibrium (PPEpllowing
Fudenberg, Levine and Maskin [4]. A strategy for ageat{a, b} is public if it depends only on
her current period private information, in this case whether or not she received a favor opportunity,
and the public history, which consists of favors up to and including the last period. A PPE is a
profile of public strategies that form a Nash equilibrium for each period and the corresponding
public history.

Since the payoff paifu,,,, %) IS enforceable (implementable), it follows by symmetry that
(Uem, Ue,,) IS @lso enforceable, and therefore any utility pair on the line connectifg, e, )
and (tem, u,,,) i1s enforceable with the use of a public randomization device. AB [1] aptly call
these PPE with current and continuation payoffs restricted onto a symmetrisymejetric self-
generating line (SSGlgquilibria. The details of SSGL and the corresponding equilibria will be
explained in more detail in the next two subsections. For now it suffices to say that AB solve for the
highest such line; thkighest symmetric self-generating line (HSS&hd they show that condition
(5) is exactly the right bound necessary to implement HSSGL equilibria. In fact, the simple EM
mechanism is a HSSGL equilibrium féf’ = §*. Whends? > §*, we may use the additional
wiggle room to obtain a higher total payoff (and thus a higher SSGL) by requiring the advantaged
agent to do further small favors while she waits for reciprocation from the disadvantaged agent.

Observe that for the first-best outcome both agents would have to exhibit full trust in terms
of z andy. AB [1] (p. 12) callz + y the level of trust Agenta (b) is said to exhibitmore
trustif x > y (y > x). However, if both agents exhibit full trust every period regardless of
history, neither agent has any incentive to do costly favors. Thus the first-best outcome cannot be
achieved. However, on the HSSGL line, the level of trust is maximized subject to the restriction
that continuation payoffs are picked from the same HSSGL.

It is perhaps natural to wonder if it is incentive compatible for low types to trade smaller favors,
that is, to cooperate on a lower SSGL. It is not. Decreasing the size of favors and repeating the
analysis for the EM mechanism shows that discount factors above or eduar®still necessary

2AB also constructed other types of equilibria that may lead to higher or lower total payoffs than HSSGL equilibria
depending on the parameter values. However, we concentrate on HSSGL equilibria because they always exist if
condition (5) is satisfied, and loosely speaking outperform other types of equilibriapibert very high.



to sustain cooperation. Furthermore, cooperation on a lower line would be less efficient. The
discount factor required to support EM equilibria is independent of favor size because agents have
linear utility functions. They are effectively risk-neutral with respect to the size of favors. In terms
of the mathematics, the lower cost of smaller favors is directly proportional by factor one to the
resulting lower continuation payoffs. A formal proof will follow after we first introduce additional
notation. For future reference, let,, ., denote the EM strategy profile when the size of exchanged
favorsisz € (0,1]. Letty(.) andu,,, ) denote respective continuation payoffs for advantaged
and disadvantaged agent. Unless otherwise noted, we use EM to refer to matching of full favors,
or simply full EM.

2.1 Summary of notation and structure

The notation that follows is necessary to formally define the equilibrium profiles we will use in the
forthcoming sections, but we present it in a format intended to be useful also for reference. Payoffs
are in average discounted values.

Model parameters:

i,j € {a,b}: Agents, wherg # i.

we{L,H}: Agenti’s type; L = low, H = high.

p€(0,1): Probability agent € {a, b} receives a favor opportunity.
Opportunities are either mutually exclusive or independent.

k>1: Benefit per unit of favor.

6 € (0,1): Discount factor of agente {a, b}.

o € (0,1) : Fraction of high type agents in population.

Beliefs:

pie 0,1 : Agenti’s belief at timet that ageny is a high type
(see definition 1 for details).

Actions:

xz,y €[0,1] : Size of favor by agents, b, respectively.

Payoffs:

(u,v) : Current payoffs to agents, b).

(U, V) : Continuation payoffs t¢a, b) when no one does a favor.

(ug, v;) - Continuation payoffs t¢a, b) when: € {a, b} does a favor.

Table 1: Summary of notation

Information structure: Lett = 1,2,... denote the time index. Let! = 1 if agenti receives
a favor opportunity in period and 0 otherwise. Agentprivately observe$V; = {wi}tzzl. Let
7. = (z,y) denote favorgz,y) € (0,1]* agentsa andb, respectively, do in period If neither
agent does a favor, then let= 0. Both agents observé = {r.}!_,. Private history of agent
and public history up to and including periodre denoted by = W} € Hi andH; = T; € H;,
respectively. A strategy for ageitdenoted by, consists of a favor making decisiafj, for each
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period based ofis type, her private history up to periggdand public history up to periotd— 1.
More formally,I; : {H, L} x Hi x H,—1 — [0,1] s.t. I} = 0 whenw; = 0.

Definition 1 p =y, = (uf, 1b) wherep)) = p, and i : H; x H,—1 — [0, 1] represents agents
belief. That isu! is the probability assigned bito the event that the other agent is a high type
based on’s private history up to period and public history up to period— 1.

Sometimes we drop the time index for conveniefice= ;) . The domain of the belief function
consists of agents private history up to the current period and the public history up to the last
period because it refers to ageist belief at a point in period wheni has observed her private
signal (her favor opportunity is 0 or 1) but not the public signal (petiddvor, if any, is still
pending). That isy: captures agents updated belief in periodat the point in time when she has
either received a favor opportunity and is deciding whether or not to do a favor, or she has received
no opportunity and is waiting to see if the other agent does her a favor.

2.2 Strategies and equilibrium concepts

For our solution concept we usrfect Bayesian equilibrium (PBEPBE consist of a strategy
profile (¢ = (07, 0%)) and a belief systerfy, = (1, 1)) such that is sequentially rational with
respect tq: andyu is consistent witly. That is, the strategies are optimal at every stage of the game
given the beliefs, and the beliefs are updated according to Bayes’ rule from equilibrium strategies
and observed actions. We should, strictly speaking, also specify beliefs for off-equilibrium path
actions, however, these actions are deterred by the threat of autarky play, which is always an
equilibrium response, so it is understood that beliefs consistent with autarky exist and would be
straightforward if burdensome to specify. Therefore we generally leave out off-equilibrium path
beliefs from our belief functions. But this brings us to the following two definitions.

Definition 2 (Autarky strategy) Leto? , be such thaf; = 0, Vt.

aut

Definition 3 (Public on-equilibrium path histories) Let H; be the set of all public on-equilib-
rium path histories up to and including periad

For example, in a full equality matching game, any history that includes a favor by the advan-
taged agent or a partial favor by the disadvantaged agent would notHge iHowever, histories
that include only private deviations, that is, a disadvantaged agent does not do a favor when she
has the opportunity, would still be iH;. Next, let us define EM formally.

Definition 4 (Equality matching (EM)) An EM strategy at levet € (0, 1] for agenti, denoted
byl Or simplyo;,, whenz = 1, is such that
ol = if agenti is disadvantagedy! = 1 andh;_, € H;_,,
£ 1 0 otherwise.



Lemma 5 (Necessary and sufficient condition for EM)§? > 6 = m IS necessary and

sufficient to implement,,,.), Vz € (0, 1] in a complete information environment.
Proof. In appendixm

While EM is generally not the most efficient way to trade favors, the first-best outcome is not
enforceable, and in AB’s model [1], the second-best outcome may be intractable. Presumably
that is why AB focused on PPE restricted to symmetric lines rather than to the whole space of
feasible and individually rational payoffs. While our primary interest is to implement separation
efficiently, rather than to optimize subsequent endgames, we do argue that after separation into
an EM game, high types can achieve equilibria of higher value. To this end, we explain AB’s
HSSGL equilibrium concept as it applies to our version of their model. While we do not repeat
their proofs, we do provide a basic explanation of how these results were obtained because our
model is sufficiently different that a direct transition of results from AB would not be immediate or
even possible. Later we show formally that a pair of high types can move to a HSSGL equilibrium
after equality matching for a sufficient number of periods to deter the low types from pooling with
the high types.

Definition 6 A self-generating line (SGL) is a line in the payoff space such that any pdyoffs

on the line may be implemented using some act{ong) and continuation payofféu,, u, u,,

Va, Uy, Vo) SUbject tou, + v, = T andu; + v; = T for i € {a,b}. A symmetric self-generating line

is a SGL such thatu,u) — (u,u), and the highest symmetric self-generating line (HSSGL) is a
symmetric SGL such thdtis maximized [1] (p. 12).

The HSSGL equilibria are PPE restricted to symmetric lines. As is normal in the literature,
AB [1] use the recursive approach introduced by Abreu, Pearce and Stacchetti (APS) [2]. Let
operatorB produce the largest self-generating set of PPE valiés,Then for any sett c R?,
let B(V) = {(u,v) € ¥ : I (u;,v;) € U, i € {a,b}; (uyv,) € V; x,y € [0,1], s.t. (6)-(10)
below are satisfied[1] (p. 10-11). In autarky each agent’s payofpisso the individual rationality
constraints are the following:

IR : u,ug, Uy, Uy, V, Vg, Uy, Vg = P. (6)

The relevant incentive compatibility constraints for agentndb state that when the agent
has an opportunity to do a favor, the flow payoff, which reflects the cost of the favor, and the
continuation promise for doing the favor exceed the flow payoff without cost and the continuation
payoff when neither agent does a favor:

ICCY: (1—6") (1 —2) 4+ 6"ue > (1= 6%) + 6"u,, (7)
ICC’;’:(l—(SH) (1—y)—|—5HUb2(1—5H)+5HUO. (8)

The current period payoffg andv must be consistent with the flow payoffs and the continu-
ation promises consisting of three possible outcomes: either ageogives a favor opportunity



and does a favor for agent agent; receives a favor opportunity and does a favor for ageaot
neither agent receives a favor opportunity:

u=p ((1 — 5H) (1—x)+ 5Hua) +p ((1 — 5H) ky + 6Hub) + (1 — 2p)6*u,, (9)
v=p ((1 — 5H) (1—1y) +5Hvb) +p((1 — 5H) k:m+5Hva) + (1 — 2p)6™w,. (120)

By restricting their analysis onto symmetric lines, AB [1] essentially reduce the problem to
starting with the full EM profileg.,,,, and solving for the highest enforceable favor by the advan-
taged agent, that is a favor that makes her incentive compatibility problem bind, and all continua-
tion payoffs must be chosen from the same symmetric line. That way the value of the game remains
the same regardless of who, if anyone, does a favor. In particular, AB [1] (p. 24-25) provide the
equivalent of the following characterization of their HSSGL equilibrium, which implies that the
corner payoff pair(u, u), can be implemented wittx, y, u, uy, o, V4, vy, v, ), SUCh that

r=1y= g’[j%gi, (11)

Uo = u+ (1+y) 55 =4, up = u, up = u+ysh-, (12)

Vg = U, Uy = U, vozﬂ—ylg—g}[, (13)

u=p+ypk—1)+1)=p+ 575t (14)
2(1-5")

u=pk—-—y=u+ (15)

oH 6% -
and by the threat of autarky if one of the agents publicly deviates off-equilibrium path. The other
corner payoff pair(u, u), can be implemented symmetrically. It then follows that any payoff pair
(u,v) between(u,u) and(u,u) may be implemented with a public randomization device at the
start of the game. Call this strategy profilg,,,(u, v).
AB [1] further calculate a deterministic algorithm to enforgg,, (v, v). From the corner so-

lution we know the total trusty; + y = % and the total payoffl = v +v = 2p + Q%HHP—L’}*”
Va,y,u,v on the HSSGL. We also have the corner point valgesy;) and(, u), defined by (14)

and (15), that are necessary for use as maximal rewards to implement any HSSGL equilibria. In
fact, we know that, = u + (= + y)lgfIH = u,uy, = u,v, = uandv, = u. The incentive com-
patibility constraints must also bind, so we can use these identities, along with (binding) equations
(7)-(10) to calculater, y, u, andv, required to implement any payoff p&jt, v) on the HSSGL

defined by(u, ) and (i, ). Our equivalents of AB'’s equations are stated below without ptoof:

* v— 1—5H * u— 1—5H
x:fi’gH[ = >p—u],y:ff§,,[ (- >p—4, (16)

3A strategy profiler(u, v) that begins at time € N, denotes a strategy profibethat implements expected payoffs
(u,v) at that time. Howevery will not implement(u,v) every period aftet. The payoffs to be implemented each
period depend on the history aad For exampleg;,ssqi(u, @) att = 1, denotes a HSSGL strategy profile that at the
beginning of period is expected to generate payofis ). If neither agent does a favor in the first perieg,,; is
expected to yield payofféu, (u, @), v, (u, %)) at the beginning of period, whereu, andwv, are given by equation
(17) foru = v andv = a.
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2.3 Related literature

Mobius [12] first investigated the type of two-player favor-trading games we study (2001), albeit
with complete information and continuous time. He focused on an intuitive “chips mechanism.”
That is, each player begins wifki chips, and each time an agent does a favor, she receives a chip
from the other agent. If one agent accumulateg Allchips, she suspends favors until reciproca-
tion. EM is effectively a chips game with only one chip held by the advantaged agent. Hauser and
Hopenhayn [6] continue Bbius’ favor-trading research by allowing partial favors (first draft in
2004). Consequently, they let the cost of favors vary based on public history of favor exchanges,
notably including time passed since the last exchange. They characterize a set of Pareto optimal
PPE, and show numerically that partial favors lead to significant efficiency gains aseius/

chips mechanism. Their findings display similar characteristics to HSSGL equilibria formulated
by AB [1] in discrete time (first draft in 2004). Both Hauser and Hopenhayn and AB use PPE
as their solution concept and allow partial favors. Both find equilibria that call for larger favors

to be followed by unlimited smaller favors until reciprocation. This is in contrast édilks who
assumed favors were all the same size, and an agent would suspend favors whenever she was owed
2K favors. Both Hauser and Hopenhayn and AB discover what the former call “debt forgiveness.”
That is, the value of favors owed declines; debt is forgiven, unless “interest” in the form of small
favors is “paid” by the advantaged agent.

Therefore it seems that favor-trading in a complete information environment is robust to the
model’s timing structure (continuous versus discrete) and the arrival process of favors (independent
versus mutually exclusive). We show that with incomplete information, immediate separation by
high types into the more efficient equilibria characterized by multiple consecutive favors may be
precluded by the presence of low types, but can always be achieved over time.

A notable difference between Hauser and Hopenhayn [6] and AB [1] is that AB include op-
portunities for immediate reciprocity with private information. However, AB show that immediate
reciprocity is unnecessary for HSSGL equilibria, which is why our streamlined version of their
model does not include it. Furthermore, AB describe favor opportunities as income shocks, and
favors as investments. We dropped this terminology because favor-trading precludes side pay-
ments, and we felt that using monetary language to discuss the topic confused the issue. We also
normalized payoffs to average discounted values for convenience.

More recent favor-trading research includes essays by Nayyar [13] (2009) that provide a dis-
crete time version of the Hauser and Hopenhayn [6] model, and further extend some of their anal-
ysis within this setup. A very preliminary paper by Lau [9] (2010) looks at favor-trading when
benefits and costs are stochastic.

Outside of the favor-trading literature, Watson [18] studied the sustainability of cooperation us-
ing a two-player infinitely-repeated prisoner’s dilemma model with incomplete information about
agents’ types. However, in his model deviations from cooperative behavior are publicly observ-
able, whereas in favor-trading games only cooperative actions are observable, and deviations are
private. Still, both models have the broad characteristic that agents start cooperation with small



stakes, but form more profitable relationships over time if each agent proves her willingness to
cooperate.

3 One-sided incomplete information

For the rest of this section, we suppose there is one agent whose type is knsvanhigh type,

and one agent whose type is unknowns a high type with probability:,, and a low type with
probability 1 — u,. Subsection 3.1 establishes that under this kind of one-sided incomplete infor-
mationimmediate separationhat is, separation at first possible opportunity, to an EM endgame is
always possible. Subsection 3.2 extends the analysis to endgames of greater value, in particular to
HSSGL endgames. Ultimately we are interested in the case of two-sided incomplete information
(neither agent knows the other agent’s type), but when one of the agents separates in that scenario,
we are back to one-sided incomplete information. The main point of this section is to show that
once the agents reach this stage they can always further separate into an EM or HSSGL endgame
and how that is achieved.

3.1 Separation to an equality matching (EM) endgame

A low type agent facing a high type agent would prefer to be seen as a high type in order to
receive favors fromu even though she would not reciprocate. The high type wants to separate
herself from the low type as soon as possible to exchange favors with agditte question is
whether a separating equilibrium exists, and if so, how quickly and efficiently can a high type
separate?

The answer to the first part is clear looking at the EM strategy prafilg;.) (aem(z), gem(z)),
discussed in section 2. Recall that the necessary and sufficient condition fob &gbenefit from
EMis §® > §*. It follows immediately that a high type may separate as soon as she receives a favor
opportunity by doing a favor of size Lemma 7 formalizes this intuition.

Lemma 7 (Separation with one-sided incomplete information)A strategy profiléo, 1) defined
by equations (18)-(21) is a PBE ferc (0, 1].

Ua ::O-Zm(z) (ﬂ‘em(z)7gem(z)) ) (18)
o (a U ) ifw=H

ot =3 Tem(z) (Mem(z): Uemz) ! (19)

' ob . ifwb =L,

py =1, (20)
0 if H,_1 ¢ H;_, (off-equilibrium path move),
1 elseifan < ts.t.7, = (0,z),

fi =9 pl else ifw® = 1, (21)

i 0720) - iherwise

1—(1+p¢_, )p

Proof. The proof follows immediately from lemma 5 as longaais consistent withu. In this case
1 was constructed from by Bayesian updating, so consistency follows. Recall that part of the EM
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strategy is to stop doing favors (switch to autarky) if anyone deviates publicly from the equilibrium
path. Thereby such moves are deterred. Consequently off-equilibrium path beliefs are moot (first
row of ). On the equilibrium path, three possibilities exist: (i) agedbes a favor of size, in

which case: believes is a high type (second row @f?). This belief is consistent with because

only a high type would do a favor pet (ii) If agent a receives the favor opportunity,does not
because favor opportunities are mutually exclusive,sbelief about does not change (third row

of xf). This is trivially consistent withy. (iii) Agent a receives neither a favor opportunity, nor a
favor fromb. Either agenb did not receive a favor opportunity (neither did agent), or she received
the opportunity but did not do the favor perbecause she is a low type. In this case, agémnt
updated belief per Bayes’ rule is

P(wP=HNm=0Nw=0)
- P(1t=0Nnw¢=0)

pf =P (w’=H:{n=0nuw}=0})

_ Hg—_1(1-2p) _ g, (1-2p)
i (1=2p)+(1—pg_ ) )(p+1-2p) — 1—(1+ug_,)p’

Figure 1 depicts paths to events that agentay observe and her subjective equilibrium beliefs
along these paths. For brevity we usgto denote the periotifavor opportunity recipientm

Agenta’s belief about’s type

Prior:

Type:

Probability:
Opportunity (w;):
(private info)

Observed Favor Opportunity| | No opportunity
event: received received and no favor

Posterior a_
belief: pi =1

Figure 1: Bayesian updating of beliefs

a __ ,,a a __ ug 4 (1-2p)
e = He—q et = Tprui_p

3.2 Separation to a highest symmetric self-generating line (HSSGL)
endgame

Next we investigate whether or not high types can separate immediately into a HSSGL equilibrium
profile. If 7 = ¢*, full EM and HSSGL equilibria coincide. This was shown in section 2.
Therefore, suppos&’ > §* for the rest of this subsection. As before we assume agisn high
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type and agent is an unknown type.

For the moment, suppose agerd strategy is to wait for a favor of size € (0, 1], and ifb
does such a favoug, will respond with HSSGL play witth as the advantaged player. The point of
the exercise is to find out if a HSSGL equilibrium can be directly implemented after separation.
To this end, we may set = 1 without compromising the generality of the result. This choice of
z minimizes the incentive for low types to mimic high types, yet is incentive compatible for high
types per subsection 2.2, in which AB’s HSSGL equilibrium results were adapted to our model with
complete information. In particular, equations (12)-(15) detail the incentive compatible HSSGL
strategy profile to support a corner solution. That is, the continuation payoffs necessary to support
a full favor by a disadvantaged high type agent, and a partial favor by the advantaged agent. Recall
that each high type agent’s incentive compatibility constraint binds in a HSSGL equilibrium, or
else we could use the available slack to move to a higher line. Therefore, we cannot lower the
continuation promise to ageto deter low types further unless we deter the high types as well.

In summary, it is enough to calculate if a low type agemtould be willing to do a full favor
in return foroj _ , (u, ). Equations (16) and (17) specify all actions by agerendb follows the
autarky strategy after the initial full favor. Therefore we may calculate the expected payoff to agent
b and verify that for some parameter values she would have incentive to pool with high types. The
lemmas below formalize these claims.

Lemma 8 (HSSGL payoff to advantaged low types)The expected payoff to a low type agént
under strategy profile = (oy.,,,, (v, @),0%,,) is

ot (611 +6*—25L5*)
Uo =p+pk (GH1+67)(0H—3L5*(1—p)) " (22)

Proof. In appendixm

The next proposition defines a strategy for ageat doing no favors unledsdoes a full favor
first. If the favor is received; will play according to HSSGL strategy profile that implements the
corner payoff paifu, u) favoring agenb. Given such a strategy, the proposition will prove that
condition (5) alone does not guarantee that high types can separate immediately into a HSSGL
endgame, and a stronger condition is required.

Proposition 9 (Immediate HSSGL separation 1)Consider HSSGL payoffs, «) defined by (14)-
(15) and lett* denote the first time agehidoes a full favor. Then for strategy

R aut
7= Ohssgr (W, W) starting att = t* + 1 (HSSGL play if agerti does a favor)

wheret” :=inf{t e N: 7, = (0,1)} andinf {0} =

" { od for t < t* (no favors untilb does a full favor)

immediate separation is enforceable onlyifis low enough o6’ is high enough. The technical
condition they must satisfy is

51k p(1+(k—1)p) (1-26C+5 (14(k—1)p)) S 1-o"
(140" (14+(k—1)p)) (6" (14+(k—1)p)—6=(1-p)) = oF ~

(23)

12



Proof. Givenc?, a low type ageni will only do a full favor if the following incentive compatibility
constraint is satisfied:
ICCY, sl > 1 — 6% + 6"p. (24)

Substituting in fors? from lemma 8 and simplifying yields condition (23k
Lemma 10 (Simple lower bound foré”™) Lets” be defined by (25),

o < 6t = Z_ < 6 (25)
. . 4a(B+p(k—1))
B\ B
whereB=1+a(1—p)+pk anda=s+/5H.

thens” > 6% := 1/ (1 + pk).

Proof. The expression fof” is derived in the appendix. The continuation promise for a low type
that mimics a high type is in HSSGL i§ = p (k + 1) because with probability she receives a
favor of valuek from the other agent and with probabilityshe receives the favor opportunity of
valuel. Substitutingiy = p (k + 1) into ICCY,, , (inequality (24)), assuming it binds, and solving
for 6% produces solution” = 1/ (1 + pk). Therefore it suffices to show thaf < p(k+1).

Rewriting} from lemma 8:

5t (67 + 0%) — 20" 5L6*
O (0H + %) — (1 — p) (61 4 0*) §Lo*
O (H £ 6%) — (1 — p) (6 + 6*) 6L6*
- ( ) — (1 —p)( )
SH (SH 4 6%) — (1 — p) (0H + 6%) 6Lo
28H L > (1—p) (§H +6*)6L6* <= 2>(1—p)(1+5* /6H)

= vy <p(k+1). (26)

vy =p+pk

1
1

— ol ¢ (@7—1%&71)) = (6",6").m
~ The point of presenting lemma 10 was to demonstrate thait farge,s” — ¢* and therefore
6L — §*. Suppose that” ~ U (0,5*), then the subpopulation of low types with incentive to
mimic high types in a game involving separation into HSSGL is bounded from above-by”
per lemma 10. As a fraction of all low types

1 1

D
5*—6L  14p(k—1) " 14pk _ (1+pk)(1+p(k—1))
o 1 - 1

1+p(k—1) 1+p(k—1)
= m — 0 ask — oo.
The discount factor bound§; andés”, are directly proportional to the expected continuation payoff
from (02, (Uep, Tem) , 02,) @nd (a2, (u, @), 0%, ), respectively. Since the difference betweien

ands” is generally speaking small, it follows that the low type would generally not stand to benefit
greatly from HSSGL play over EM play. The reason is that in EM the advantaged low type is

13



guaranteed a favor worth as soon as agentreceives a favor opportunity, whereas in HSSGL
play, low type agent will only receive a full favor if agent receives a favor opportunity the

very next period afteb gains the advantaged status. After that the size of the fa®owned

keeps decreasing unles&eeps doing small favors to remain fully advantaged, and even then her
continuation payoff would depreciate each period when neither agent received a favor opportunity.

As for condition (23), we can writé” = (1+p(271))2 — 1+p(1kfl)' It is then easy to see that

6" — 0 ask — oo. The exception to this rule is jf — 0 at a faster rate thah/v/k. That is,
condition (23) is generally violated only ifis significantly smaller tha® in relative terms. The
reason whyd is even a factor in the low types incentive compatibility constraints is because of
the way HSSGL equilibria are calculated; namely, the size of partial favors are chosen so that ICC
of a high type binds. The higher the high type’s discount factor, the greater the favors. We have
now established conditions under which low types would not mimic high types. Next we use these
results to formally define an equilibrium profile that implements immediate separation iftaigent

a high type and” < 6.

Proposition 11 (Immediate HSSGL separation 2)Supposes” < §” as defined by equations
(25). Lett* := inf {t e N: 7, = (0,1)} whereinf {#} = oo, and consider strategy profiler, 1)
defined by equations (27)-(30).

a. ) Tou fort < t*,
7= { Ofrssgl (u,u) fort=1t"+1, (27)
b = ; 3 capyb H b _
b { Thssl (@,u)  starting fromt = inf {seN:wl=1}ifwb=H, (28)
o otherwise,
g =1, (29)
0 if H,_1 ¢ H;_, (off-equilibrium path move),
1 if H,_y € H;_,and3n < ts.t. 7, = (0,2),
Hi =9t ifw? =1, (30)
Moo Gtherwise

17(1+uf_1)p
Then(o, 11) is a PBE profile.

Proof. Sinceoyss, (u,u) is a PPE profile (restricted to a symmetric line) with complete infor-
mation, it is also a PBE profile post separation since beliefs become trivial at that point, and
ohssgl (u, @) implements a Nash equilibrium at each stage of the game that followst Fot*,

p® = p® = 1 on the equilibrium path, so the beliefs are consistent with,; (u, @). And giveno?,

it is incentive compatible for a high type agénto do a full favor(y = 1) when she first receives

a favor opportunity per subsection 2.2 and equations (11)-(15) in particular. The belief gystem
clearly consistent witlr, and giveny” < 4%, low types would not try to mimic the high types per
proposition Om

The next step is to consider what happens if low types have discount factors bétnsrey*.
We know immediate separation can always be implemented with an EM endgame per lemma 7, but
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not with a HSSGL endgame per proposition 9. However, sirids the threshold discount factor
required for equality matching to be incentive compatible, &hd< 6* by definition, it follows

that EM is strictly not incentive compatible for low types. Suppose we promise an agent a payoff
T periods from now preceded by full EM. This strategy profile would be incentive compatible for
high types for anyf” in the absence of low types, so we can makaufficiently large that low types

are deterred by the prospectBiperiods of EM play prior to the promised higher value payoff.

Proposition 12 (From EM to HSSGL) Supposef” € (6%,6*). Lett* := inf{t € N : 7, =
(0,1)}, whereinf {(}} = oo, and considefo, 1) defined by (31)-(34).

0% (Uem, Upy,) fort <t*+T,

—em

0" = { Ohgsq (U 1) starting att = t* + 7' if a advantaged, (31)
Ofrssgl (U U) starting att = t* + 7' if b advantaged,
( b - _ Capb —
o (o t) if w’ = H starting att = inf {seN:wl=1}
em em for T" periods,
o’ =1 0p g (U, u) starting att = t* + T if a advantaged and® = H, (32)
Opgsqr (U ) starting att = t* + 7T if b advantaged and® = H,
[ o ifwb =L,
(0 if he_y & H |,
1 ift >t*andh,_, € H; 4,
My =4 ue if w =1, (33)
M U22)  otherwise,
( 1=(1+ngy)p
pb=1. (34)

Then(o, 1) is a PBE forT" € N large enough.

Proof. In appendixm

There are several other methods to deter low types before a move to a HSSGL endgame Some
of these methods may be more efficient in some circumstances. For examiple;ifé*, there
exists some slack in the high type agéstEM incentive compatibility constraints, that could be
used to implement a lower first return favor by agenGiven a large enough difference between
ot andé?, this tactic might deter the low types after just one round of favor trades, alliéit at
expense. Another method would be to play according to a HSSGL equilibrium profile for some
5 e (5*,5H). In particular, if the optimal time required to deter a low type were measured in
continuous time, then it would land on7Ta € N with probability 0. That is, a small inefficiency
is generated by the discrete time structure of our model, which necessitates rounding off to the
nearest integer. Such inefficiencies could be removed, at least partly, by playing according to a
HSSGL equilibrium profile, in the last period @f, for an appropriately chosene (5*, 6H). In
short, refinements are possible.
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4 Two-sided incomplete information:
Designated first favor maker (DFFM) equilibria

When incomplete information is two-sided, a high type agent may attempt to separate herself from
the low type by doing the first favor. Denote such a favorzpwt period:. If the initial favor
necessary to trigger cooperation between high types is sufficiently large, it will deter low types
from mimicking high types, providing a way for high types to separate themselves. After an initial
separation, we are back to the one-sided incomplete information case described by the results in
the previous section. The question is, can we find a sequence of sufficiently large initial favors
to deter the low types from pooling with high types, but still low enough that high types would
have incentive to do the favor and risk not receiving reciprocation if the other agent turns out to
be a low type, instead of just waiting for the other agent to go first. Recall that in AB’s EM and
HSSGL equilibria [1], advantaged and disadvantaged designations are determined exogenously, so
there is no first mover problem. In this section we take the same approach. We investigate DFFM
equilibria in which one agent is designated to do the first favor. Such a strategy takes care of the
first mover problem. Subsection 4.1 proves the existence of a DFFM equilibrium. Subsection 4.2
describes DFFM characteristics and solves for the optimal first favor in DFFM equilibria.

4.1 DFFM equilibria: Existence

Consider a strategy of designating an agent at the beginning of the game to do the first favor of pre-
agreed size while the other waits. In separating equilibridnas to be high enough to deter low
types from pooling with high types. If the designee does a favor of:sigke earns the advantaged
status in an full EM game that follows, provided of course the other agent is a high type. A formal
description of this strategy, and a proof are below. For now, suppose without loss of generality that
agenta is the designee. At this time we abstract from how the agents determine the designation,
but for some later results we will assume agents can randomize, at least with even odds (coin flip),
to see who is to do the first favor.

Proposition 13 (Existence of DFFM equilibria) Lett* := inf {t € N: 7, = (2,0)} and consider
strategy profilg o, ;1) be such that

e (u i ) if ht—l c Hf_l,w“ = H and
em(z) \Hem(z): Hem(z) t<inf{seN:w’=1},

ot = 0 /- starting att = t* if (35)
Oem (Uemaﬂem> hyy € Hf |,w*=H,
Ot otherwise,

b 0l (Uom, Ugyy) starting att = ¢* if iy, € H; ,wb=H, (36)
ob . otherwise,
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(0 if hy_y ¢ H} |,
1 if hy_1 € Hf yand3n <ts.t.7, =(0,1),
o =4 Ho if hy_y € H ;andPn <ts.t.7, = (z,0), (37)
[ if hy_y € Hy , andw? = 1,
ia072) - oiherwise,
\ 17(1+“?—1)p
(0 if hy—y & Hf |,
\ 1 if hy—y € H ;and3n < ts.t.7, = (2,0),
[ = ui’gl if hy_y € Hf | andw? =1, (38)
\ % otherwise
S [g, Z] = [%, min {1, Moiiggfi);iizx;l) }} . (39)

Then(o, 1) is a PBE profile.

Proof. Off-equilibrium path beliefs do not need to be consistent in a PBE, so they are moot. Dur-
ing publicly observable equilibrium path play, agétielieves: is a high type with probability 1 if
she receives the pre-agreed initial fagoin the meantime she grows more pessimistic according
to Bayesian updating when she receives neither a favor froor a favor opportunity during the
same period. Her beliefs remain unchanged when she receives the favor opportunity because op-
portunities are mutually exclusive so there is no new information about the other agent. However,
even though agerit grows more pessimistic over time if she does not receive a favor, this does
not affect the equilibrium outcome because she is not called upon to do any favors untihagent
separates first.

Agenta’s beliefs on the other hand remain unchanged until she does the first favor unless there
is a public off-equilibrium path action by one of the agents. After the first favor, agbatieves
b is a high type once the favor is returned according to (full) EM matching. Until such time her
beliefs are updated according to Bayesian updating when she receives neither a favor opportunity,
nor a favor fromb. Agenta’s beliefs remain unchanged when she is the one to receive the favor
opportunity. These beliefs are clearly sequentially rational on the equilibrium path so it is enough
to solve forz such that the incentive compatibility constraints hold for each agent.

The incentive compatibility constraints obviously hold for aglesince she simply waits until
the other does a favor and then plays the EM strategy starting as the disadvantaged agent if she is
a high type, and the autarky strategy otherwise. A deviation (favor) on her part would clearly no
be profitable because it would cost her today and result in autarky play.

For a low type agent we need to solve for the largest size favor, cali,ishe is willing to
do to mimic a high type. Similarly we need to solve for the largest size favor, callathigh
type agent: is willing to do to signal her type and begin a full EM game as the advantaged agent
provided agent is also a high type. If noy receives the autarky payoff instead. Boundsndz
can be computed from the incentive compatibility constraints for the low and high type ofagent
respectively. To end the proof, we show thatz] # (). We show that is increasing i andz in
5 (as well as all other arguments), so usitg= 57 = §* we obtain the maximum value for the
lower bound and the minimum value for the upper bound, each of whigh islence|z, z] # 0,
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and in particulary, € [z, z] for any values ob’, 5%, p andk. The calculations to prove this are
essentially straightforward but tedious and have therefore been relegated to the apmendix.

4.2 DFFM equilibria: Characteristics

Suppose for the moment that agens still, without loss of generality, the designated agent in a
DFFM game. Ifa is a low type, no favors will be exchanged on the equilibrium path, and both
agents simply receive their autarky payoff, However, ifa is a high type facing a low type, her
expected payoff would be

upt =p((1=6")(1 = 2) 4+ 6"p) + (1 — p)6"up”

p((1=6")(1—2)+6"p) 1-6H
R S (=R (40)

and the corresponding payoff for the low type agewould be

ng =p ((1 — 5L)k:z + 5Lp) +p ((1 — 6L) + 5ngL) +(1- 2p)5ngL

p((1=6%)(1+kz)+5"p) 14"
e e N L =i (41)

and if agent is facing another high type, then after the initial favor, her continuation payoff will
be.,, instead ofp, so her payoff would be

ulH? = p ((1 — M1 —2) + (5Hﬂem) + (1 — p)oTul®

_ p(U=6) A=) aem) g _sH st _ 16",
1-6H(1-p) ~ Py T P

and the corresponding payoff for the high type agenbuld be

R — ((1 — M kz + 5ngm) +p (1 —oH 4+ 5Hv§H) + (1 — 2p)§HoiH
_p((l—éH)(1+kz)+5ngm) 1=+ My, (1—6%)k

1= 0f(1—p) Py TP )

The following table summarizes the results with pay¢ffsv) for each type combination.

a, b waw? wwb
w W u v

LL P P

LH P P

1—6H 1-6%)k
HL P~ Pismap? P P
10" 46" Gem, 1—61 10" +06"u,,, (1-6M)k
HH | p 55ty — Pt ? | P s+ Pisiiip
The total value of the game is
Tp = (1= 1) 20 + 1o (1 = p1o) (up®™ +vp") + pil (up™ + vp) (42)
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_ 5L 1-6L)k
= (1= 410) 2p + 1o (1 — pto) (21? ~ Pttt Pl(_aL—(1>_M>

2 1-6H 45" ac,, 1—H 450y, (1—67) (k—1)
—|—,LLO (p 1—6H (1—p) +p 1—6H (1—p) +p 1-37(1—p) zZ .

Substituting in the values fat,,,, and ., from (3) and (4) and taking the derivative with
respect taz, the initial (separating) favor, yields

oTp (10" )k 1-6H (1-07) (k1)
9, Mol ((1‘M0> (1_5L<1—p> T Ty ) T He T | >0
_sL
(1(_15;212];) _ 1_§g‘gf_p)) > ( and other are terms clearly positive

1-6L 1-6H .. sL H
<: 1_5L(1_p) > 1_5H(1_p) . (5 < (5 andk > 1

In words, the total expected payoff in a DFFM equilibrium is increasing in initial favor size
(z). This should not be surprising since doing favors is efficient. Of course, increasingeases
the cost faced by the designee, agento elicit a full EM response from agent provided that
b is a high type, whilex’s continuation promise remains unchanged at ji, e, + (1 — ,)p-
Naturally, agent would benefit. But suppose the agents do not know ahead of time whether or
not they will be designated to do the first favor, and instead the designation will be determined by
a fair coin flip at the beginning of the game. Would the high types waatbe high or low now?

We are interested in this question because each agent who plays this game is either a high type
or pretends (at least passively) to be a high type, so any strategies espoused by these agents pre-
separation should conform to the high types’ interests when those interests are unambiguous. For
example, if the agents (claiming to be high types) decide to match pennies to decide who is to do
the first favor, and if they choose the size of the initial faver [z, z], they should both purport to
favor the optimak for high types, or else they would reveal their type.

Proposition 14 (Optimal favor size in DFFM equilibria) Let(o, ;1) be a DFFM equilibrium pro-
file consistent with proposition 13. Then an initial favor of size

ModLPk

T(l—p) |f /.Lok < 1,
i — ) anypoint in[z, z] if uok =1, (43)

. pod T pl(1-61 k45" p(k—1)] .
min {1, AT (=37 (1=2p)) if pok > 1,

maximizes expected payoff to a high type agenbvided that the designee is chosen randomly

with even odds.

Proof. The expected payoff a high type agentwho will be designated to do the first favor (that
is, to assume the role of agenbf proposition 13) with probabilityl /2, or to wait for the other
agent to do so (role) otherwise, is

up = (1= o) up® + poupy™) /24 (1 = o) + povp™) /2
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1 164 167461 e 16
- 9 [(1 — o) (p _pl—éH(l—p)z> T Ho <p 1—6;(1—19) _pl—éH(l—p)Zﬂ
1 1-6H 16Hu, (1-07 )k
T3 [(1 ~Ho) P o (p =37 (1—p) " Pismap)”
1 1-6H 16Hy, 1-6H 4 6Hy,
Y [1—MO+MOW+1—MO+M0W] (44)

J/

~\~
=K

+ %p [0S — (1= o) by — morbitisy | 2
P (1 — 5H)
2(1—o0H(1—p
p(1 — ") (pok — 1)
2(1—6"(1—p))
Oup _ p(L = 0")(pok — 1)

p— > >1-
o: T a(l i1 _p)) <0 T k2

)) [_ (1 _Mo) _lj“o‘f‘:uok']z

:K/—i—

Since total welfare of high types is either increasing or decreasing, the optimal choice of the initial
favor size is one of the endpoints of interyalz], the set of favors consistent with DFFM equilibria
H
of proposition 13. The only exceptionigk = 1 = 8;—5 = 0, for which case a favor of any size
in [z, z] will do. m

Proposition 14 applies to DFFM equilibria consistent with proposition 13. That proposition
implemented a full EM endgame post-separation. However, we showed in section 3 that high types
can always move from the full EM line to the Pareto optimal HSSGL line either immediately, or
after sufficiently many periods of EM play. For DFFM equilibria beyond proposition 13, in partic-
ular for equilibria that implement a HSSGL endgame, proposition 14 does not apply. However, it
stands to reason that since low types would have more incentive to pool with high types, the high
types would have more incentive to choose a higher initial favor to deter the low types, and in par-
ticular, to cut down the number of periods of EM play necessary to move to the HSSGL endgame
in instances where immediate separation to HSSGL is not possible.

5 Comparison of DFFM and SS equilibria

In this section we compare these types of symmetric strategies for separation from Kalla [7] to
the designated first favor maker strategies from section 4. The appeal of the SS equilibria is that
if both agents are high types then separation is twice as fast as in DFFM equilibria conditional
on it occurring before the agents become too pessimistic about each other’s type to separate. In
particular, ignoring a cutoff period for separation that is part of SS strategies when favor opportu-
nities are mutually exclusiVethe average number of periods to it under DFFM and SS strategies

4The details regarding the cutoff period are available in Kalla [7].
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respectivelyl’¥/™ andT* , can be calculated using geometric series:

sep sep?

TII™ = 1p+2(1 —p)p+3(1 —p)°p + ...

e}

—p)Y t(1—p)'=1 and (45)
TS5, = 1(2p) + 2(1 — 2)(2p) + 3(1 — 2)*(2) + ..
=2p> 0 t(1—2p) ! = 2ip. (46)

But SS equilibria do not guarantee separation and the value of the post-separation endgame
depreciates over time during the initial separation phase unlike with the DFFM equilibria. The
expected payoffs for the latter have already been examined, but for the former the expected payoff
for a high type at the start of the game would be
uZ/m = (1 — o) Ugﬁz + :uougfm
whereu!! andul!  are the expected payoffs undewhen facing a low type and a high type,
respectively. From Kalla [7:

ulll — p— 57 whereST = p (1 —6") S22, (6" (1 = p))' 2144, and

sym

ugfn = p+ S5 whereS; = p (k—1) 372, (6" (1 — 2p))i (1 =6") 2145 + p6"'m (2144)) -

In the last step we used thdt+ B = p(k — 1), whereA and B are defined by (56) and (58),
respectively. Then

usHym = (1 - Mo)(p - SI) + p“o(p + S;)
=p =574+ 1, (ST +5S3) . 47)

Next we will go over two examples, the main point of which is that depending on the parameter
values either SS or DFFM equilibrium may dominate the other.

Example 15 (SS dominates DFFM)Consider a game with two unknown type agents. Suppose

p =045 6L =06, 6 =08, k =2, u, = 0.7. Thens* = m =0.690 = § <5 <
6,

Consider a DFFM equilibrium first and suppose that the agents randomize evenly over who is
to be the first favor maker. Singgk>1, this means that should be maximized per equation (43),

1o p((1-01 k+6" p(k—1))
(1-6H)(1—-61 (1—-2p))

SOZ = min {1, } = 1. And plugging in the values to? from equation

(44) yieldsutl = 0.583. Assuming the designated first favor maker is a high type, separation will

Sufll andullf are symmetric ta’Z andu® X’ from the proof of proposition 102¢) in Kalla [7], except that,

sym sym

starts fromz; instead ofz; ;.
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take on average.22 rounds but it happens for sure and the endgame will be a full EM game if
both agents are high types.

Now compare these results to the SS equilibrium. From a proposition in Kalla [7] we have an
upper bound for the number of periods that separation may take

po (1 —2p)"" 1"
T = teN: > ) 48
sup { Lo (1 _ Qp)t—l + (1 . M(;) (1 . p)t—l = SHBM ( )

Given the parameters, the right-hand side of supremum functi@gi84 while x§ = 0.7 and
ud = 0.2979 soT = 1. ltis then straightforward to verify that = (1,0,0,0,...) maximizes
the agents’ ex-ante payoffs. In a pure EM game with no designated first favor maker neither agent
would make the first full favor by choice, however, the difference in this example is that if the agent
who receives the favor opportunity does not do the favor, the chance to separate is lost for ever, so
in essence she became the disadvantaged agent as soon as she received the favor opportunity, and
that is still better than an autarky continuation payoff for the given parameters.

So in this case separation occurs with probability 6fconditional on both agents being high
types and will lead to an endgame of full equality matching. The incentive compatibility constraint
is satisfied and the expected payoff from (47) is

ull o =p—p(1=0") 4+ pop (1 —6") + (k—1) (1 -0 (1 —p))) =0.599.

So in this example the SS equilibrium is clearly better than the best available DFFM equilib-
rium, which makes sense since separatioiddikely during the first period instead of just45
likely, and the endgames are the same conditional on separation.

Example 16 (DFFM dominates SS)Consider two agents of unknown type who wish to play a
favor-trading game. Suppose= 0.1, 6* = 0.9, 67 = 091, £ = 2 andu, = 0.45. Then
0 = m =0.9091 = o < §* < 46X,

Consider a DFFM equilibrium first and suppose that the agents randomize over who is to
be the first favor maker. Since,k < 1, this means that should be minimized per (43), so

z= % = 0.4263. And plugging in the values te% from (44) yieldsu, = 0.1103, which

is just above the autarky payoff pf= 0.1. Assuming the designated first favor maker is a high
type, separation will take on average rounds but it happens with probability 1 at some point,
and the endgame will be a full EM game if both agents are high types.

Now compare these results to the SS equilibrium. From (48) we have an upper bound for the
number of periods that separation may take. Given the parameters the right-hand side of supremum
function 51551\{4 = 0.4232 while p§ = 0.45 andu{ = 0.4211 assuming no favor opportunity, and
no favor was received, sBb = 1. That is, separation has to occur during the first period or not at
all. It is then straightforward to verify that = (1/M,0,0,...) = (0.4263,0,0, ...) per condition
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(49) maximizes the agents ex-ante payoff.

So in this case separation occurs with probability @fconditional on both agents being high
types and will lead to an endgame of full equality matching. The incentive compatibility constraint
is satisfied and the expected payoff from (47) is

ull =p—p(1—6") 4 pp (1 —6") + (k—1) (1 -6 (1 -p))) = 0.1037.

In this example the DFFM equilibrium is clearly better than any SS equilibrium, which makes
sense since separation is possible with ényprobability in the latter case whereas in the DFFM
equilibrium it happens with probability sooner or later and the agents are fairly patiernt’at=
0.91.

6 Conclusion

We have shown that using a simple EM mechanism, immediate separation can be implemented
in the favor-trading games with one-sided incomplete information without the need to impose any
conditions on the discount factors or parameters of the model. We also describe the necessary con-
ditions for immediate separation into more profitable HSSGL equilibria, and prove that even when
these conditions are not met, HSSGL equilibria can be achieved later on in the game by playing an
EM game sulfficiently many periods. We also constructed and characterized a DFFM equilibrium
that provides a robust way for high types to separate in a favor-trading game with two-sided incom-
plete information. We compared the payoffs from DFFM equilibria to SS equilibria analyzed in a
companion paper, and showed that either one may dominate depending on the parameter values.

From Kalla [7]: In equilibrium,z; andm (z;) satisfy the following relationship,

— _ L _
mz) o 1=00=p) (L) wen, (49)
Z 10 pk fo
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7 Appendix

Proof. (Lemma 5: Necessary and sufficient condition for EM)Suppose we start the game with
agentb as the advantaged agent and the level of trustds(0, 1], that is agent. does a favor of
sizex = z if she receives a favor opportunity, and then does no further favors until the other agent,
in this case agertt, reciprocates by doing a favor of sigze= z. It follows that in terms of average
discounted payoffs

—em z) p ((1 B 6H) ) + 5H'L_l,em(z)) + (1 o p)(sHuem(z)
(1 5H) 1— Z +5 uem<z>

1-6H(1 p)
(

(]- - 5H) uem (2) )
((1 - 5H) kz+4 uem(z)) + (1 - 2p)5Hﬂ’5m(z)

(1 —oH )1+kz +5 U (z)
1-0H (1-p) ‘

uem

+
SIS L S B S

The two equations above are in two unknomm(z) andii., .. Solving for these yields,

—(1-6")+6" p(k—1)

Uem(z) = P +p 1-6H (1-2p) < (50)
B _ —(1-6")+6"p(k—1)

_ —6M)k+6" p(k—

Tem(s) = P + pPU= o=t (52)
. _ (1=6MYk+5Hp(k—1)
= p+ BzwhereB=p*——m3—57— (53)

For > fixed, asd” ranges from* to 1, u,,,(,, ranges fromp top + +p(k — 1)z @and e,y from
p+p(k—1)ztop+ ip(k — 1)z. In particular, for any” € [6*, 1),

Uem,(2) + Uem(z) = 2p +p(/€ — 1)2, or
=p(k+1) forz = 1. (54)

Agenta’s incentive compatibility constraint is
¢ H Hg H H
ICC, 0+ (1= 06") (1= 2) + 6"tz > (1= 0") + 011,
(1=¢")

<1:> 7TL@’I’VL(Z) - Qem(z) - §H ¥ Z 07

which using equations (55) and (57) is equivalent to

(1—6H)k+5H (h=1) —(1-01)+6"p(k—1) (1-5")
p+p 1,5H(1712)p) —p—D 16" (1-2p) z = sH %

solving for6”? — < 6",

(k 1)
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1 . - . .
Recall that* = 5= sod* < § is necessary and sufficient to implement any simple EM
p p—
strategy profilex = y = 1 ensures the greatest gains from cooperatmn.

Proof. (Lemma 7: Separation with one-sided incomplete information)Suppose we start the
game with agent as the advantaged agent, and the level of trustds(0, 1]; that is agent: does

a favor of sizer = z if she receives a favor opportunity, and does no further favors until the other
agent, in this case agehtreciprocates by doing a favor of sige= z. It follows that in terms of
average discounted payoffs

—em z) ((1 - 6H) ) + 5H'L_l,em(z)) + (1 - p>5ngm(z)
(1 5H) 1—z)+6H Uem(z)
1=0H(1-p)
( 1—5H) +5Huemz)
(
(1-0

Uem (
(1 - 5H) kz + d uem(z)) + (1 - 2p)5Hﬂem(z)

1— )1+kz V+6Hy
1-6H(1-p)

Zem/(z)

+
SIS L S B S

The two equations above are in two unknomm(z) andii.,(.). Solving for these yields,

—(1-6")+6" p(k—1)

yem(z) =p+p 1-6H (1-2p) < (55)
B _ —(1-6")+6"p(k—1)

_ —6M)k+6" p(k—

Uem(z) = P + p(l 1,2;?&1,@;’; L < (57)
. _ (1=6"Yk+5Hp(k—1)
= p + Bz whereB=p 1_5H(1_§p) : (58)

For > fixed, asd” ranges from* to 1, (., ranges fromp top + +p(k — 1)z @and ey from
p+p(k—1)ztop+ ip(k — 1)z. In particular, for any” € [6*,1),

Uem,(2) + Uem(z) = 2p +p(k’ — 1)2, or
=p(k+1) forz=1. (59)

Agenta’s incentive compatibility constraint is
¢ H Hg H H
ICC, 0+ (1= 6") (1= 2) + 6™tz > (1= 0") + 011,
(i)

<1:> 7TL@’I’VL(Z) - Qem(z) - §H ¥ Z 07

which using equations (55) and (57) is equivalent to

(1—6H)k+6H (h=1) —(1-01)+6"p(k—1) (1-5")
p+p 1*5H(1f2)p) RTP T PT i 2p) A= A F

solving for6”? — < 6",

(k 1)
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1 . - . .
Recall that* = 5= sod* < § is necessary and sufficient to implement any simple EM
p p—
strategy profilex = y = 1 ensures the greatest gains from cooperatmn.

Proof. (Lemma 8: HSSGL payoff to advantaged low types).etvZ denote agerits continuation
payoffs periods after the game starts conditionabaot having received a favor yet. Let denote
agent)’s continuation payoff periods after she has received a favor. Andrleandzx, denote the
favors as specified by (16) and (17) that agentill do following states associated witi{ and
vk, respectively. From equation (11) we already know that= 1 andz, = g,ﬁfg Given the
notation, we may write agents expected payoff as follows,

EOL—p((l—(SL)kfo—l—éLyg)—I—(l—p)((l—(SL)1 +5L ‘)
=p(1—6%) +pdtvy +p(1—6") kZo + (1 — p) 6"
=p(1—6") +ps" vl +p (1 — ") kzo

+ (1 - p)(SL( ( —5L)+p5Lv0L+p(1—5L) kfl—i-(l—p)éL@g)
=p(1-06") (1+ (1 —p)d") +ps"vg (14 (1 —p)s*)
+p(1—6")k(To+ (1 —p)otz) + ((1 —p)éL)Qﬁg
=p(1-6")(1+d+d+..)+psvf (1+d+d*+..)
+p(1—5L)k(To+d_1+d2@+ .) whered = (1 — p)é*
—p1d+mﬂh+pﬂ—ﬁLk§:J (60)
t=0

To proceed further, we need to calculafeandz; .
Claim 8a: Let u (¢) denote the HSSGL continuation promise to an advantaged agenbds
since the last favor in a game of complete information. Then,

(67)"" (1—6%)+ (187 ) (57)1
(5H)t5*(5H+5*) )

§H 4 (5% /61 ) 6

Proof of claim 8a: By (14) and (15),
—u+- e — Pt s s T S

FH(1—5*)+ (16" )6* _
=p+ 5*(5H<+5*) ) =u(0).

u(t) =p+ (61)

Suppose (61) holds for some= N, then by (17),

a(s)—(1—6H w(l—5*
ﬂ(8+1>:(5*( (s) g}q )p+(15*5)>
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e (67)" (1-57)+(1-67 ) (5%)°*! 1_gH sH_ s 1\ 1_s*
=9 (5_H (p+ (67)° 5+ (6H +o7) —pE T <p+5H+5*5_*> 5

o (1 1-6H | 1-6* s (67) 7 =5m)+ (1-67) (6% o SH_5* 1

= 5 6_H_ oH + §* )p+6_H (5H)56*(6H+5*) +(1—(5 )(SH+§*(5_*
SHY (160 )4 (1-61 ) (5%)°H2

=Pt : (5H)5+15*((5H+52) =u(s+1).

Given that equation (61) holds fer+ 1 if it holds for s, and we know it holds fos = 0, then
by induction (61) must hold for ad € N. Last, it is a straightforward computation to verify that
if we apply (16), the equation to compute HSSGL favors from payoffs, to (61), the hypothetical
payoff to a high type, and simplify, formula (62) resuliill]

Claim 8b: Letwu (¢) denote the HSSGL continuation promise to a disadvantaged agenods
since the last favor in the complete information game. Then,

(61)"" (1-6%)— (16" ) (6%)!*}

(SH? 5*/5H té*
x, = % (64)

Proof of claim 8b: By (14),u = p + gﬁ;g: L = u(0). Suppose (63) holds for somsec N,
then by (17)

o [ue=(1=")p w157
u(s+1)=94 ( ST + =5
5 SH) T (1—%)— (1-6H ) (5%)* |t SH g s
=" (p+ ) (5H)55*(5<H+5*)) — S pt (p+ 5H+5*5i*> S

—5 (L — =02 1_6*> + %<5H)S+l(1‘5*)‘(1—5}1)(5*)3“ 51 g% 1-6*
5

5H 5H 5 (3H ) 5% (6H +5%) + e

1) (1-6%)4 (161 ) (5%)+2
(857 o+ (31 +5+)

Given that (63) holds fos + 1 if it holds for s, and we know it holds fos = 0, then by induction
(63) must hold for alls € N. Last, it is a straightforward computation to verify that if we apply
(16), the equation to calculate favors from payoffs, to (63), the hypothetical payoff to a high type,
and simplify, and simplify, formula (64) resultd]

Claim 8c: Letd = (1 — p)dL, then

of =p+pk(1—d) d'z, (65)
t=0
Proof of claim 8c: Proceeding as before.

v = p (1= 8%) kg + 6%0F) +(1 = p) (1= 6%) 25 + %o}
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P (1 — 5L) —|—p5LQOL +p (1 - 5L) kxy + (1 — p)6Lyf
=p(1—06%) +pdtvf +p (1 —6") ka,
(1-—

+(1=p)= ((1 —5L)p+p5LyoL+p(1—5L) kzy + (1 = p)otuy)
=p(1=0") (14 (1 =p)o") +pstug (1+ (1-p)")
+p (1=0") k(20 +(1— p)d"z;) + (1= p)") v
=p(1=6") (1+d+d+..) +pdtvf (1+d+d* + ...
+p(1—6") k(2o + dz, + d’z,+...) whered = (1 — p)é*
_ 2()

+ &vo +p (1 -5 kX d',
=p+ pk:( - )thodtlt

This proves (65)[H]
We can now return to equation (60) fgf and substituting in fop from (65) yields,

vgzp(ijffhw (p—l—pk (1—d Zdtxt> +p(1-06%) kZdt
:( +2 p2k5LZd@t+p(1—5L)kZdtft

=p+pkY_d (pdtz,+ (1-6")T)

Using (62) and (64) for, andz,, respectively, we can write the last equation as

ok — g (gt () £y 350515
Yo —p+pk2d ( 0 oH 46+ (1_6 ) SH 5%
t=0
t+1

. 5H 1 5L( p))+(6*)t+1<l—5L—5Lp)
_p+pk2d (GH) (5H+0%)
B ¢ 1—-6% (1—p)+a!+1(1-5L—5Tp) T
—p+pk,‘2d e wherea = 5
t=0

(1—-p) 1-5-—6Lp)
= P+ P (s + Pk rayiad

Next we substitute = (1 — p) 6% anda = §* /67 back in,

L 1—6L (1—p) (6 /51) (1-6F—5Tp)
Uy = P+ PR s s er) T PR s -5 a=p)eh)
ot (611 +6* 25 5*)
=P+ PR grsner—ste o)
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This concludes the proom

Proof. (Lemma 10: Simple lower bound foré*) Suppose agertis a low type, ther's incentive
compatibility constraint to do the first favor is

ICCY, i 6"0f > (1= 6%) +6"p
Substituting in fors from equation (22) yields

L ot (61 46+ —25L5*) L <L
) (p +pk(6H+6*)(5H76L5*(17p)) > 1—90 + ) P (66)

The above inequality implicitly defines the exact upper bound necessary to deter low types from
pooling with high types. Call this bountt. Canceld“p on both sides of inequality (66), multiply
what is left on the right side by the denominator of the left side, take everything to the left side and
write the inequality as a polynomial 6f, then

5% (=61 — §* + 6% p + 6"p — 287 pk) (6%)”
+ (0" +6%) (67 + 6" = 6*p+ 0"pk) 6" — 67 (6" +6%) > 0

5+ (61 +6*—oH p—5*p+26Tpk) , p\2 | (6+46*) (67 +6*—6*p+otipk) o
- §H (§H 4-6%) (5 ) + OH (§H 4-6%) 0"=1>0
=A =B
" a(l4a(l— k—1)) 2 7 a N
e -l D) (55)° + (14a (1—p) +pk)s*—1 > 0 (67)
wherea=6+/5H
Let@ (6%) == (5L)2 A+ 6"B — 1 for A and B defined above. (68)

If the inequality (67) binds, expressions (67)-(68) define a quadratic equation for the upper bound
of 6% with the following two solutions,
5 = ’
B+ VB?2+4A

(69)

where A and B refer to expressions from equation (67). First we need to verifyiat 44 > 0
so that our solutions are real numbers

2 A a(l+a(l—p)+p(2k—1))
B*+4A=(1+a(l —p)+pk) —4 v >0

= =(l—a- o + o® + 2ap — 2a°p + 2kp — 4akp)
+ &?kp + o*p*+a’p? — 20kp* —20%kp? + k*p? + ak®p?) > 0
= HLQ ((1 — oz)2(1 +a)+2(1 —a)(a(l +a)

+k(1—a))p+ (1+a)(k— a)’p®) >0,

the above expression is positive since every term in it is clearly positive. In addition, 0,
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B > 0, so the denominator, and hence both roots defined by (69), are also real and positive.
SinceA < 0, we know the quadratic equatiap (6”) defined by (68) is strictly concave with two
positive, real roots. Since we are interested in the least upper bouéid thie appropriate solution

toQ (0*) = 0, or alternatively, the left side diC'C}.,, , (the deviation), exceeds the right side after

if 6* is greater than

(SL

(70)

2
B4+ VB 144

whereA and B are defined in expression (67i.

Proof. (Proposition 12: From EM to HSSGL) If a low type does a full favoy = 1, then for the

nextT periods it will be optimal for her to play the autarky strategy instead of exchanging favors
according to the simple EM mechanism as was shown in section 2. Therefore we may ignore favor
opportunities she receives during thd@seeriods as far as the incentive compatibility constraint is
concerned because she would have received these opportunities had she chosen not to deviate by
doing a favor of sizgg = 1. However, we do have to calculate the expected amount she will receive
in reciprocation from agent. Namely, in the first period after separation agemtill receive a

favor opportunity with probabilityy and do a full favor wortht, but she will not do any further
favors during the rest of tHE periods since agehtdoes not reciprocate. With probability — p)p

agenta will not receive a favor opportunity during period 1, but will do so in period 2, and thus
does a full favor, but no more until reciprocation for the rest of thperiods. And so forth for

the otherI” periods. Lety” be her expected payoff from deviating minus the (autarky) favor costs
saved during the first’ periods,

oF = (1= 6%) (pk+85(1 = p)p+ (%) (1 = p)ph + ...

(0 T a- p)T‘lpk) + () -+ (1) (1 - (1 -p)T) ok,

where the((SL)T-terms are the continuation payments affgperiods pass. With probabilityf —
p)T agenta did not receive income during any of tiigperiods and was thus not able to reciprocate
which is why agent remains advantaged and receives the continuation prarhis®@therwisea
has reciprocated and is currently the advantaged agebig sontinuation promise is”.

Note that the above equation contains a geometric series that can be written more compacily,
and using the fact that" <o” we know

o < (1= 65) pk Lt (6% = 65p) + (6%) (1= p)To" + (7)ot — (6%) (1 —p)To"
(1=6%) pkXg ) + (51" (6") 7" - (s")"

=) (e )

The incentive compatibility constraint for the low type not to poafis’ < 1 — §* + (5L)T+1p.
Note that both sides of the inequality exclufiderms after the initial favor by agehtsince they
cancel each other out. Then according to condition (71) it is sufficient to show that

5L(175L)pk(17(6L—5Lp)T) N (5L)T+1 ob <16l <5L)T+1

1—6L(1—p) p.
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Since(l — (6F - 5Lp)T) <1 andvt<p (k + 1) by (26) from the proof of lemma 10 it is enough
to show that

I (M) PR < (16 + (69

R G L T T

1=5C(1-p)
L pk < 6L T+t 2
<~ 0 i) 1 — 5%k (72)

To enforce the inequality we need to construct’ aufficiently high that it holds. To this end
observe that sinc& < §* there exists > 0 such that

8_(5* pk

5L
1— 5L 1 —p) — @rp(—1)(A-0E(1-p))"

st +
ChooseT to be the least integer such that (5L)T+l /(1 —0") < /2. Simplifying the last
expression, it is straightforward to show that

pk < pk -1
(I+p(k—1))(1=6%(1-p)) (14p(k—1))(1=6*(1—p)) ’

so we have that the left-hand side of (72) is strictly thare and the right-hand side is greater than
1 — /2, therefore (72) holds, which implies that the incentive compatibility constraint is satisfied
and therefore the low type will not pool for this choicelof m

Proof. (Proposition 13: Existence of DFFM equilibria) Consider the agent designated to do the
first favor of sizez. Letu” andu’ denote the expected payoffs, respectively, for a high type who
did and did not do the initiat favor. Similarly, for a low type let.L andu’, = p denote the
analogous payoffs. The latter payoff is equabithe autarky payoff, since we are considering just
one shot deviations and if the low type does not deviate in the given period by mimicking the high
type then she just falls back to the specified equilibrium autarky strategy. Then for the specified
equilibrium to work the incentive compatibility constraints for the designated high and low types,
respectively, require that

ICCH: (1—6")(1—2)+6"ull >1— 67 + 67l (73)
ICCH: (1=0")(1—2)+d0"ul <1-06"+6"p (74)

and the continuation payoffs?, u”/_ andul can be expanded into the component when facing a
low type and the component when facmg a high type. Namely,

5 = (1 - :u0>p + Nouema (75)
uH = (1 - MO) —Z _|_ /‘1/0 —Zz 7 (76)
= (1= po) p + poul™. (77)

As beforeu.,, denotes the equality matching payoff expected by an advantaged high type facing
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another high type. So for example, if a high type does a favor of sites period, then her
continuation payoff is just the autarky paypfivith probability (1 — y,) since that is the likelihood

he is facing a low type that will not return any favors, and with probabilityhe is facing another

high type agent so her continuation valueijs,. Payoffsu”Z andu’_ denote the continuation
values for a high type agent who didn’'t do the favor this turn (i.e. deviated from the proposed
equilibrium strategy), but will at the next available opportunity when facing a low type agent and
a high type agent, respectively, since we are just considering one-shot deviations. Fifally,
denotes the expected payoff for a low type who mimicked a high type by doing a favor of, size
namely the expected value of a one-time full favor from the high type agent at the next available
opportunity combined with the agent’s own favor opportunities for the rest of the game. In other
words

WP =p((1-6")(1—2)+8"p) + (1 —p)o"ut
(1-67)(1—2)+6"p

1-6f(1-p)
(1 =6") (1= 2) + 6™tten) + (1 — p)™uH

p

p

p —z

p(l e ter, (79)
p

p

(78)

(1=0")k+6"p) +p(1—06"+6"ul™) + (1 — 2p)o-ul”

1—65) (k+1)+65p
( 1?%( o (80)

To find the lower bound fok, substitute the expression fof from (77) and substitute it into the
incentive compatibility constraint for the low type given by (74), which yields

(1=0")(1—2)+6" (1 — po)p+ pout™) <1—06"+6"p.

We use (80) to replace-”,

1-6%) (k+1)+6%
(1-0%)(1—2)+4" ((1 — o) P + Ho (p( 1_22(1)5 p)) <1-4"+dp.
And solve forz and simplify to obtain the following lower bound,

Z 2> Hgf(f’“p) =z. (81)

At first it might look like the above Iower bound could violate feasibility constraintskftarge
enough, but condition (5§ > 0% = m rules this out, which will be shown later, sincefas

grows large, the upper bound f&F grows proportionally small. So we need> z to deter the low

types from mimicking the high types. Next we need to solve for the highastiesignated high

type agent would be willing to do a favor in order to signal her type and become the advantaged
agent in an equality matching game if the other agent also turns out to be a high type. To this end
we need to substitute the expressions#d8randu”_ from (75) and (76), respectively, into the
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incentive compatibility constraint for the high type (73) which yields
(1 - 5H) (1 - Z) + 5H ((1 - MO)p + Moaem> >1- 5H + 6H ((1 - MO) ul—{zL + Mouljf)
Next substitute in expressions fof' andu’ from (78) and (79), respectively,

(1 _5H) (1 - 2) +5H ((1 _UO)p'f‘:uoﬂem) >1 _5H

I (1-67)(1-2)+6"p (1-61)(1—2)+6T e
+ 0 ((1 - Ho)p 1—6H (1—p) + KoP 1—6H (1—p)

And also substitute in fot.,,, from (4) to get

1—6H (1—p)) (1+k)

p(1-6 1-p)) (1+8)
I% (1-67)(1-2)+6"p (1—5H)(1—2)+5HT
+ 5 (1 - ,UJo) p 1—5H(1—p) + ll’op 1_5H(1_;))5 =

Finally solve for thez and simplify, which results in

- < min {1, )

(A—oH)(1-08 (1-2p)) =z (82)

The last step is to verify that > 2. To this end, we show thatfrom (81) is increasing id’ :

0z
L ,Uopk;
6L (1-6E(1-p))? >0
10" pk
:> < * — o <1 4~ - -
2 < 2lsrzg 1—=0E(1—p) |1t '

1+p(k—1)

So it is enough to verify that > pu, and incidentally this also proved that< 1.To show that
Z > u, proceed as before:

0z (1-67) k426" p(1-6" (1-p) ) (k—1)

gof ol (et 0

o B . (1=67 ) k+6"p(k—1)
= 22 Zlsi g = Hol Pa—my(a—s" (1-2p))

g ,u‘O'
1

Titpk—1)

In other wordsz > z, so this equilibrium is incentive compatible for both types for any pre-agreed
z € [z, Z| as specified by equations (81) and (3&)
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