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Abstract

We investigate whether and how individuals who stand to gain from favor-trading can best
form cooperative relationships in an environment with private information about each agent’s
ability and willingness to do favors. For agents with a low discount factor (low types) cooper-
ation is not incentive compatible, for agents with a high discount factor (high types) it is. Both
types receive privately observed opportunities to do favors with positive probability each pe-
riod. We show high types are always able to separate from low types. We focus on symmetric
strategies for separation. Separation is implementable as soon as a high type receives a favor
opportunity if the opportunities are independent across agents. If they are mutually exclusive,
separation is only possible during a finite number of periods.
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1 Introduction

This paper and its companion paper, Kalla [7], study whether and how individuals who stand to
gain from trading favors can best form cooperative relationships in an environment with private
information about each agent’s ability and willingness to do favors. Previous models in the favor-
trading literature focused on optimizing favor-trading relationships under complete information.
This paper introduces incomplete information about player types. The central question addressed is
whether cooperation can be maintained in favor-trading relationships after the introduction of non-
cooperative players into the pool of potential trading partners, and if so how can the cooperative
players separate themselves most efficiently from the non-cooperative types.

For the purposes of this paper favor-trading is considered to be non-monetary trade in goods,
services or opportunities, and favors are assumed to be efficient. The model contains a positive
measure of players with a low discount factmw type$ who do not find cooperation beneficial,
and a positive measure of players with a high discount fadtigh(type$ who do. Players re-
ceive opportunities to do favors for each othavor opportunitiesaccording to either a mutually
exclusive or independent distribution, but these opportunities are private information.

As an example, consider a firm with several parallel divisions that function independently under
separate managers. Suppose two new managers have been recruited to head the marketing and
finance divisions, respectively. Each manager’s job is to maximize productivity within her own
division, but occasionally one of the managers receives a new idea or opportunity that would be
beneficial for her division but even more beneficial for the neighboring division. Monetary side
payments are not allowed, but reciprocation in similar favors can provide a basis for mutual gains if
both managers are sufficiently patient. However, the managers do not know each other’s discount
factor, which in this example could be interpreted as the likelihood of staying with the firm long-
term. So how should the managers proceed?

The main result in this paper is that the high type players are always able to separate themselves
from low type players at the first available opportunity by usingguality matching (EMinech-
anism if opportunities to do favors arrive independently. EM simply means that each agent waits
for reciprocation for a previous favor before doing the next one. In the case of mutually exclusive
favor opportunities, separation is still guaranteed for high types with probability one if one of the
players is designated to do the first favor, and separation will occur as soon as the designated player
receives a favor opportunity, assuming she is a high type. The designated player case is analyzed
in Kalla [7].

However, strategies that rely on designating a first favor maker induce separation only half as
quickly (roughly speaking) as symmetric strategies that call for the first player with opportunity to
do the first favor thereby signalling her high type. In this paper we analyze symmetric strategies
of this type. In equilibria based on such strategies, separation is guaranteed with probability one
if favor opportunities are independent of each other, but not if they are mutually exclusive in the
sense that only one, or neither, of the players may receive a favor opportunity in any single period.
The paper establishes a bound on the number of periods in the mutually exclusive favor opportunity
case during which the low types will never mimic the high types. An important consequence of this
result is that more information (mutually exclusive favor opportunities) leads to a worse outcome.

The rest of the paper is organized as follows: Section 2 describes the model and our equilib-
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rium concepts including how key concepts from Abdulkadivoand Bagwell [1] AB for short)
translate to our streamlined version of their model and how other favor-trading literature relates to
our model. In sections 3 and 4 we cover the case of two-sided incomplete information, that is, nei-
ther agents knows the other’s type. Section 3 analggesnetric separating (SShrategies when
opportunities to do favors are mutually exclusive. Section 4 extends the analysis of SS strategies
to the case of independent favor opportunities, and contrasts the results to the case of mutually
exclusive opportunities. Section 5 concludes. An appendix follows and references are at the end.

2 The Model

Consider the earlier motivating example: A firm has several parallel divisions that function in-
dependently under separate managers. Suppose two new managers have been recruited to head
the marketing and finance divisions, respectively. Each manager’s job is to maximize productivity
within her own division, but occasionally one of them receives an opportunity to help the other
division at a cost to her own. The ability or opportunity to help is private information, but when
possible the cost is known to be less than the benefit. Monetary side payments are not allowed,
but reciprocation in similar favors can provide a basis for mutual gains if both managers are suffi-
ciently patient. But the managers do not know how patient the other is, or how likely she is to stay
with the firm long-term. To address whether and how they can form a cooperative relationship we
analyze the following formal model.

Two agentsg andb, are randomly picked from a population witly € (0, 1) of high types
with discount factow” and1 — u, of low types with discount factof”. Each agent has utility
functionu(z) = x. They play an infinitely repeated stage game with the following structure.
At the beginning of each period nature allocates an opportunity to do a fiaxar (opportunity
according to either a mutually exclusive or an independent distribution. Under a mutually exclusive
distribution either agent or b receives a favor opportunity with equal probabilitye (0,1/2),
or neither does with probability — 2p. Under the independent distribution each agent receives
a favor opportunity with probability € (0,1). Favor opportunities are private information. An
agent who receives a favor opportunity may either keep it private and incur no cost, or do a full or
partial favor of sizer,y € (0, 1], for agents: andb, respectively, at a cost equal to the favor size.
The benefit to the recipient igy or kz, for agents: andb, respectively, whergé > 1. For example,
if agenta does a favor of size, flow payoffs to(a, b) are(1 — x, kz). Favors, including their size,
are public information. The stage game is repeated in each subsequent period.

To see how favor-trading works consider the following game catpehlity matching (EM)in
EM of level z € (0, 1], one agent s calleadvantagegdthe othedisadvantagedThe disadvantaged
agent is said to owe the advantaged agent a favor ot:sif¢he disadvantaged agent does a favor
of sizez, she becomes advantaged and the other disadvantaged. If she does no favor, she remains
disadvantaged. Favors of size other thare not part of equilibrium play and are deterred by the
threat of Nash reversion. When= 1, the game is calletull equality matching

For the moment, consider a game of full equality matching between two high types in a com-
plete information environment with mutually exclusive favor opportunities. Suppose agent
disadvantaged) advantaged. Letu,,,,u.,) denote the average discounted payoffs expected



by agents(a, b), or more generally by disadvantaged and advantaged agents, respectively. Let
Tem (Ueps Uem) = (02 (Ueps TUem )y T2, (Uerm s Uermn)) dENOte the EM strategy profile that implements
the payoff pain(u,,,, tem). Undero.,, the payoffs are

Uy, = PO U + (1 — p)dTu,,,, 1)
Tem = p (1= 67 + 60) +p (1 — 07V + 6" u,,,) + (1 — 2p)6 e 2)

The first equation consists of two events: (i) with probabilitggenta receives a favor oppor-
tunity, does a full favofz = 1), and becomes the advantaged agent; that is, agsnpromised
continuation payofii.,,, (ii) with probability (1 — p) agenta receives no favor opportunity so her
flow payoff is zero and her continuation promise remaips along with her disadvantaged status.
The equation for payofi.,, consists of three possible events that occur with probabijitipsaand
(1 — 2p), respectively: (i) agentreceives a favor opportunity, does no favor and thereby receives
a flow payoff of1 and her continuation payoff remains,, as she is still advantaged, (ii) agent
receives a favor opportunity, does a full faar= 1) so agent receives a flow payoff of, but
her continuation payoff drops to,,, because she now owes agerhe next favor, and (iii) neither
agent receives a favor opportunity, so agiéstflow payoff is zero and her continuation payoff
remainst.,,. The two previous equations contain two unknowns, andz.,,, solving for these
yields

B SHp? (1 +k)
_SH(1 _
_p(l o (1 p))(l—i—k‘). @

fem = T 5H(1 — 2p)

For the simple EM strategy profile to beNash equilibrium (NE)n each stage game, neither
agent can have a profitable deviation available to them. It is trivial that the advantaged agent has
no profitable deviations as she just waits for reciprocation, but does no favors. Public (observable)
off-equilibrium path deviations, such as the advantaged agent doing a favor or one of the agents
doing the wrong size favor, are deterred by threat of autarky (no more favors). Therefore, we only
need to check that it is not profitable for the disadvantaged agent to not do favors. As usual, it is
enough to consider a one-shot deviation. Agéstdiscount factor has to be high enough that the
incentive compatibility constraint below is satisfied.

100 . Mg, >1— 6" + 5"y,
= Uem — Uy > (1—67) /6™,

Using equations (3) and (4C'C¢,, may be written as

p(1-6" (1-p)) (1-+k) S p? (1+k)

1—6H (1—2p) 1—0H (1-2p)

_§H
== >0




It follows that " must satisfyd”p(k — 1) — (1 — 6") > 0 for ICC¢, to hold, or rearranging

terms: 64 > m = §*. We use this boundary discount factor to define high and low type
agents.
1
Condition (5): > =— — 5§k 5
®) = 1+ pk—1) ®)

It is also easy to verify that,_,, = p for 7 = ¢* so the individual rationality constraints
of enm,u,,, > p are satisfied. Therefore, this EM strategy profile is a Nash equilibrium. In
fact, we could use the stronger equilibrium conceptublic perfect equilibrium (PPEpllowing
Fudenberg, Levine and Maskin [4]. A strategy for ageat{a, b} is public if it depends only on
her current period private information, in this case whether or not she received a favor opportunity,
and the public history, which consists of favors up to and including the last period. A PPE is a
profile of public strategies that form a Nash equilibrium for each period and the corresponding
public history.

Since the payoff paifu,,,, u.,) IS enforceable (implementable), it follows by symmetry that
(Uem, Ue,y,) 1S @lso enforceable, and therefore any utility pair on the line connectifg, e, )
and (tenm, u,,,) i1s enforceable with the use of a public randomization device. AB [1] aptly call
these PPE with current and continuation payoffs restricted onto a symmetrisymejetric self-
generating line (SSGlgquilibria. The details of SSGL and the corresponding equilibria are cov-
ered in Kalla [7]. Presently it suffices to say that AB solve for the highest such lindtighest
symmetric self-generating line (HSSGird they show that condition (5) is exactly the right bound
necessary to implement HSSGL equilibria. In fact, the simple EM mechanism is a HSSGL equi-
librium for 6 = §*. Whends? > §*, we may use the additional wiggle room to obtain a higher
total payoff (and thus a higher SSGL) by requiring the advantaged agent to do further small favors
while she waits for reciprocation from the disadvantaged abent.

Observe that for the first-best outcome both agents would have to exhibit full trust in terms of
x andy. AB [1] (p. 12) callz + y thelevel of trust Agenta (b) is said to exhibitmore trustif
x >y (y > x). If both agents exhibit full trust every period regardless of history, neither agent has
any incentive to do costly favors. Thus the first-best outcome cannot be achieved. However, on the
HSSGL line, the level of trust is maximized subject to the restriction that continuation payoffs are
picked from the same HSSGL.

It is perhaps natural to wonder if it is incentive compatible for low types to trade smaller favors,
that is, to cooperate on a lower SSGL. It is not. Decreasing the size of favors and repeating the
analysis for the EM mechanism shows that discount factors above or eduar®still necessary
to sustain cooperation. Furthermore, cooperation on a lower line would be less efficient. The
discount factor required to support EM equilibria is independent of favor size because agents have
linear utility functions. They are effectively risk-neutral with respect to the size of favors. In terms
of the mathematics, the lower cost of smaller favors is directly proportional by factor one to the
resulting lower continuation payoffs. A formal proof will follow after we first introduce additional

1AB also constructed other types of equilibria that may lead to higher or lower total payoffs than HSSGL equilibria
depending on the parameter values. However, we concentrate on HSSGL equilibria because they always exist if
condition (5) is satisfied, and loosely speaking outperform other types of equilibriapiberot very high.



notation. For future reference, let,,.) denote the EM strategy profile when the size of exchanged
favorsisz € (0,1]. Let e,y andu,,, ) denote respective continuation payoffs for advantaged
and disadvantaged agent. Unless otherwise noted, we use EM to refer to matching of full favors,
or simply full EM.

2.1 Summary of notation and structure

The notation that follows is necessary to formally define the equilibrium profiles we will use in the
forthcoming sections, but we present it in a format intended to be useful also for reference. Payoffs
are in average discounted values.

Model parameters:

i,j € {a,b}: Agents, wherg # i.

wte{L H}: Agenti’s type; L = low, H = high.

pe€(0,1): Probability agent € {a, b} receives a favor opportunity.
Opportunities are either mutually exclusive or independent.

k>1: Benefit per unit of favor.

6 € (0,1): Discount factor of agente {a, b}.

to € (0,1) : Fraction of high type agents in population.

Beliefs:

pi e 0,1 : Agenti’s belief at timet that agenyj is a high type
(see definition 1 for details).

Actions:

z,y €[0,1] : Size of favor by agents, b, respectively.

Payoffs:

(u,v) : Current payoffs to agents, b).

(U, V) : Continuation payoffs t¢a, b) when no one does a favor.

(g, v;) Continuation payoffs tda, b) wheni € {a, b} does a favor.

Table 1: Summary of notation

Information structure:  Lett = 1,2,... denote the time index. Let; = 1 if agenti receives
a favor opportunity in period and 0 otherwise. Agentprivately observe$V; = {wi}izl. Let

7. = (z,y) denote favorgz,y) € (0,1]> agentsa andb, respectively, do in period If neither
agent does a favor, then let= 0. Both agents observE = {7,}._,. Private history of agent
and public history up to and including periodre denoted byi: = W/} € Hi andH; = T; € H,,

respectively. A strategy for ageitdenoted by, consists of a favor making decisiafj, for each
period based oris type, her private history up to periggdand public history up to period— 1.

More formally,7; : {H, L} x H} x H,;—1 — [0,1] s.t. I} = 0 whenw; = 0.

Definition 1 p =y, = (uf, 1b) wherep)) = p, and i : Hi x H,—1 — [0, 1] represents agents
belief. That is! is the probability assigned bito the event that the other agent is a high type
based on’s private history up to period and public history up to period— 1.
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Sometimes we drop the time index for conveniefice= 1;) . The domain of the belief function
consists of agents private history up to the current period and the public history up to the last
period because it refers to ageist belief at a point in period wheni has observed her private
signal (her favor opportunity is 0 or 1) but not the public signal (petiddvor, if any, is still
pending). That isy: captures agents updated belief in periodlat the point in time when she has
either received a favor opportunity and is deciding whether or not to do a favor, or she has received
no opportunity and is waiting to see if the other agent does her a favor. For later use we also define
the indicator function.

Definition 2 (Indicator function) 1, = 1 if arg is true,0 otherwise.

2.2 Strategies and equilibrium concepts

For our solution concept we usrfect Bayesian equilibrium (PBHPBE consists of a strategy
profile (¢ = (07, 0%)) and a belief systerfy, = (1, 1)) such that is sequentially rational with
respect tq: andp is consistent witly. That is, the strategies are optimal at every stage of the game
given the beliefs, and the beliefs are updated according to Bayes’ rule from equilibrium strategies
and observed actions. We should, strictly speaking, also specify beliefs for off-equilibrium path
actions, however, these actions are deterred by the threat of autarky play, which is always an
equilibrium response, so it is understood that beliefs consistent with autarky exist and would be
straightforward if burdensome to specify. Therefore we generally leave out off-equilibrium path
beliefs from our belief functions. But this brings us to the following definitions.

Definition 3 (Autarky strategy) Leto? , be such thaf; = 0, Vt.

aut

Definition 4 (Public on-equilibrium path histories) Let H; be the set of all public on-equilib-
rium path histories up to and including peried

For example, in a full equality matching game, any history that includes a favor by the advan-
taged agent or a partial favor by the disadvantaged agent would notHge iHowever, histories
that include only private deviations, that is, a disadvantaged agent does not do a favor when she
has the opportunity, would still be iH;. Next, let us define EM formally.

Definition 5 (Equality matching (EM)) An EM strategy at levet € (0, 1] for agenti, denoted
byco! . orsimplys’ whenz = 1, is such that

em(z)
ol = if agenti is disadvantagedy! = 1 andh;_, € H;_,,
t 1 0 otherwise.

Lemma 6 (Necessary and sufficient condition for EM)§? > ¢ = m is necessary and

sufficient to implement..,,,.), Vz € (0, 1] in a complete information environment.



Proof. In appendix.m

While EM is generally not the most efficient way to trade favors, the first-best outcome is not
enforceable, and in AB’s model [1], the second-best outcome may be intractable. Presumably that
is why AB focused on PPE restricted to symmetric lines rather than to the whole space of feasible
and individually rational payoffs. While our primary interest is to implement separation efficiently,
rather than to optimize subsequent endgames, we show in Kalla [7] that a if pair of high types can
separate into an EM game, they can always move to a HSSGL equilibrium either immediately or
after equality matching for a sufficient number of periods to deter the low types from pooling with
the high types. In section 3.1 we also use a variation of the PBE defined below.

Definition 7 (s-perfect separating PBE) Suppose thatr, 1) is a PBE profile for a favor-trading
game with two-sided incomplete information such thatplements separation of two high type
agents with probability1 — ¢) € (0,1). Call (o, 1) ane-perfect separating PBE.

2.3 Related literature

Mobius [12] first investigated the type of two-player favor-trading games we study (2001), albeit
with complete information and continuous time. He focused on an intuitive “chips mechanism.”
That is, each player begins witki chips, and each time an agent does a favor, she receives a chip
from the other agent. If one agent accumulateg Allchips, she suspends favors until reciproca-
tion. EM is effectively a chips game with only one chip held by the advantaged agent. Hauser and
Hopenhayn [6] continue Bbius’ favor-trading research by allowing partial favors (first draft in
2004). Consequently, they let the cost of favors vary based on public history of favor exchanges,
notably including time passed since the last exchange. They characterize a set of Pareto optimal
PPE, and show numerically that partial favors lead to significant efficiency gains aseius/

chips mechanism. Their findings display similar characteristics to HSSGL equilibria formulated
by AB [1] in discrete time (first draft in 2004). Both Hauser and Hopenhayn and AB use PPE
as their solution concept and allow partial favors. Both find equilibria that call for larger favors
to be followed by unlimited smaller favors until reciprocation. This is in contrast éiks who
assumed favors were all unit, and an agent would suspend favors whenever she wadiowed
favors.

Both Hauser and Hopenhayn and AB discover what the former call “debt forgiveness.” That is,
the value of favors owed declines; debt is forgiven, unless “interest” in the form of small favors is
“paid” by the advantaged agent. Therefore it seems that favor-trading in a complete information
environment is robust to the model’s timing structure (continuous versus discrete) and the arrival
process of favors (independent versus mutually exclusive). We show that the distribution of the
arrival process of favor opportunities plays an important role in the effectiveness of symmetric
strategies for separation.

A notable difference between Hauser and Hopenhayn [6] and AB [1] is that AB include op-
portunities for immediate reciprocity with private information. However, AB show that immediate
reciprocity is unnecessary for HSSGL equilibria, which is why our streamlined version of their
model does not include it. Furthermore, AB describe favor opportunities as income shocks, and



favors as investments. We dropped this terminology because favor-trading precludes side pay-
ments, and we felt that using monetary language to discuss the topic confused the issue. We also
normalized payoffs to average discounted values for convenience.

More recent favor-trading research includes essays by Nayyar [13] (2009) that provide a dis-
crete time version of the Hauser and Hopenhayn [6] model, and further extend some of their anal-
ysis within this setup. A very preliminary paper by Lau [9] (2010) looks at favor-trading when
benefits and costs are stochastic.

Outside of the favor-trading literature, Watson [18] studied the sustainability of cooperation us-
ing a two-player infinitely-repeated prisoner’s dilemma model with incomplete information about
agents’ types. However, in his model deviations from cooperative behavior are publicly observ-
able, whereas in favor-trading games only cooperative actions are observable, and deviations are
private. Still, both models have the broad characteristic that agents start cooperation with small
stakes, but form more profitable relationships over time if each agent proves her willingness to
cooperate.

2.3.1 Companion paper

In Kalla [7] we analyze the case of a patient agent facing an unknown type. We show that for this
case separation into an EM game is always possible as soon as the unknown type receives a favor
opportunity (immediate separation), we construct bounds on the discount factors that show when
immediate separation into more efficient equilibria, in particular HSSGL equilibria, is possible, and
we prove that even when these bounds are violated, high types may still reach a HSSGL endgame
if they separate and play an EM game for a sufficient number of periods first to discourage the
low types from mimicking them. In terms of two-sided incomplete information, the companion
paper analyzes how agents can form a cooperative favor-trading relationship using a strategy that
designates one of them to do the first favor, atesignated first favor maker (DFFM)rategy.

Kalla [7] also compares DFFM strategies to the SS strategies analyzed in the present paper and
shows that either one may dominate depending on the parameter values.

3 Separation with mutually exclusive favor opportunities

When incomplete information is two-sided, that is, neither agent knows the other’s type, a high
type agent may attempt to separate herself from the low type by doing the first favor. Denote such
a favor byz; at periodt. If the initial favor necessary to trigger cooperation between high types

is sufficiently large, it will deter low types from mimicking high types, providing a way for high
types to separate themselves. After an initial separation, we are back to the one-sided incomplete
information case analyzed in Kalla [7]. The question is, can we find a sequence of sufficiently
large initial favors to deter the low types from pooling with high types, but still low enough that
high types would have incentive to do the favor and risk not receiving reciprocation if the other is

a low type, instead of just waiting for the other agent to go first.



3.1 Symmetric separating (SS) equilibria

By symmetric separating equilibria we mean perfect Bayesian equilibria prdfilgs), such that,
o defines an equivalent strategy for agemtsc® does for agent, and(c, 1) implements separa-
tion with positive probability. We do not require separation with probability one even when both
agents are high types. Indeed, we will later show that SS strategies are inherently limited in this
regardwhenfavor opportunities are correlated. Correlated signals are informative about the other
agent’s type, which can result in increasingly divergent beliefs between agents over time. Once
beliefs diverge sufficiently, low types cannot be deterred from pooling with high types using sym-
metric strategies. However, we prove that SS equilibria that implement separation with positive
probability always exist.

Consider the following example of(@ — 2p)-perfect separating PBE. Given the opportunity,
a high type agent does a (small) favor of sigein the first period. If one of the agents does
such a favor, she becomes advantaged in the game of full equality matching that follows provided
the other agent is also a high type. If neither agent does a favor in the first period, both agents
follow the autarky strategy from thereon. A low type agent follows the autarky strategy regardless.
Separation occurs with probabili2y if both agents are high types, hence the name2p)-perfect
separating PBE. This profile is described formally below.

Lemma 8 (First period SS equilibria) Consider strategy profilés, 1) defined by (8)-(7) fot
{a,b} :

( [i = le{wizl} if w'= H andt = 1,
ot e d Ol (Uemsu,,,) startingatt = 2ifw’ = Handn = (21,0), (6)
ol (Uepms Uern)  Starting att = 2if w* = H andr, = (0, z1),
e otherwise,
(0 if he_y & H; 4,
if h,—1 € H;_, and either: receivedz;
1 in first period or: did the first favor
and received full reciprocation,
if h,—1 € H;_, and either: received a favor
Mi =Q i opportunity this period, or no favors were done (7)
t=1 in the first period, but did receive a favor
opportunity that period (s@! = y,, V),
11o(1—2p) if h,—1 € 'H;_,, no favors were done and no
1—(1+po)p opportunity received byin first period,
#1220 Ghenpise.
\ 17(1+/ﬂi_1)p

Then(o, 1) is a (1 — 2p)-perfect separating PBE profile far € [z, z1] # (0, wherez, and z, are
defined by (8).

stk . 100" ((1=67 ) k+6" p(k—1))
21 = 1—_% and z; = min {1, e (=37 (1=2p)) ) (8)
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Proof. In appendix.m

The one period case gives us a glimpse of how the two-sided incomplete information game
behaves. Namely a small favor is necessary to initiate some form of cooperation. The special
characteristic of the above equilibrium is that the agents are able to go to full equality matching if
both are high types and one of the two initiates cooperation during the first period. Note that as the
fraction of high types decreases so does the required size of the initial fayogeded to initiate
cooperation. This is because both agent types become more pessimistidearseases. The high
type will be less likely to find a cooperative partner, and the low type will be less likely to find a
high type to reciprocate a small initial favor with a full favor. Therefore, it seems likely that in an
infinite horizon problem the initial favor necessary to initiate cooperation would decrease as agents
grow more pessimistic over time. The problem, however, is that both agents do not necessarily
grow pessimistic at the same rate. For example, suppose one agent, say, aganow type and
the other, agertt, is a high type. Then itis possible agemnteceives a string of favor opportunities
at the beginning of the game but does no favors. Agembuld grow more pessimistic by each
period, whereas ageatwvould not receive any information to update her beliefs. At some point the
upper bound for the initial favog; derived from a high type’s incentive compatibility constraint
would cross the lower bound derived from the low type’s incentive compatibility constraint for
certain histories such as described above with positive probability.

But would it be possible to lower the continuation promise along witb deter the low types?

For example, if the EM endgame is conducted at leyglve know from lemma 6 that low types
would never join in while the high types could benefit from it. However, lemma 6 applies in the
complete information environment with two high types, one advantaged, the other disadvantaged
right from the start of the game. Without preset designations it turns out that even the high type
agents would require a higher continuation promise tharnzjuststart a partnership. In particular,

for a game of full equality matching, a high type agent would be at most willing to do an initial
favor of 1/2 for 6 = §* and never more tha\gf_—1 even as’’ — 1. The proposition below presents

the exact bounds for the general case.

Proposition 9 (Bounds with complete information) Consider a game of equality matching at
level z, € (0,1] between two known high type agents that follows a favor of sid®y either
agent. The agent to do the initial favor becomes the advantaged agent in the subsequsint

game. This game can be implemented with any (O, %@ for anyd € [6*,1).

Proof. In appendixm

If a low type is included in the game among a continuum of high types (that4s 1), using
z1 < zp presents a clear problem since the original boundforas derived using; = z;. The
ICC for a low type, say agert to follow the autarky strategy and not to pool with the high types
whenz; < z, is as follows:

]CCZLl<Z2 : 1ot + 5Lp Z (1 B 5L) (1 - Zl) + a* (M?U@ + (1 - :U/o)p)
= (1=0") 21 2 0" (v, = p).
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because! = 1 since agent is by assumption the only low type in a continuum of high types. The
continuation payoff t@ if she does the favor and if agents a high type is

v, =p (1= 6"+ 8"0,) +p ((1—6") kzo + 6"p) + (1 — 2p)§*u,,
pk(176L)

Substituting from above far., into /CCL

z1<29

and simplifying yields

(1=6%) 22 6% (p+ (1= 6") sty =)

k
>5Lp—

R B T R

— L < 1 .

~ 1+ p(k(z2/z1) — 1)

Observe that the bound ¢# is lower thans* = 1/ (1 + p(k — 1)) for z; < z,, which identifies
an obvious problem with symmetric separating equilibria. Namely, we need to reduce the size of
the first favor or limit the time available for separation in order to achieve separation between
high types, but this will increase the incentive for low types to mimic the high types uifteiss
sufficiently low.

Proposition 10 (Time constrained separation in SS equilibria)Supposéo, 1) is a PBE profile
in a game with two unknown types, amds such that fort < 7' € N U {oo} the first high type
agent to receive a favor opportunity will do a favor of sizec [z,, z;] C (0, 1], where|z,, Z] is
the interval of incentive compatible first favors at timdf agent: does the first favor of size,
(o, 1) implements an EM strategy for high types, starting witllvantaged, at leveh(z,), where
m : [0,1] — [0, 1] is an increasing function. Then,

(i) 3n € N such that (a)z,, z;] # () with probability 1 for all ¢t < @, and (b)[z,, z;] =  with
positive probability for allt > 7. (Separation between high types is always possible with positive
probability, but never with probability because it has to occur within a finite time period).

(i) In equilibrium, z, andm(z;) satisfy the following relationship,

m (Z) 1— 641 —p) 1 _
Q= S o il <
>, 1< 3ok M e O,oo Vit < n, (9)

and separation has to take place within a finite period of time, otherwise a low type may pool with
high types with positive probability.

Proof. The details are in the appendix. From lemma 8 we knowithat 1, but we have to show

that fort¢ large enough there exist possible histories such that a low type would be willing to do
a favor that is equal to or grater than the biggest favor a high type is willing to do. We use a
basic proof by contradiction. Suppose a separating symmetric equilibrium exists sat{sfying

of proposition 10 fom = co. Since neither type can have a profitable one-shot deviation for any
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history that occurs with positive probability, we proceed by deriving a tight greatest lower bound
for z; from the low type’s incentive compatibility constraint. To do this, we use the "worst case”
scenario that givena low type has received favor opportunities each period so far. Consequently
the low type’s beliefs have remained unchangegd.atThis provides us with condition (9), and
that is whyy, is part of the condition. Note that the condition is defined for the upper boungs of
andm(z;) instead ofz; andm/(z;) themselves. That is because we know their upper bounds must
be decreasing as agents grow more pessimistic over time, whereas the actual sequyecmaaf
behave quite erratically i is so specified and the incentive compatibility constraints allowed. We
then derive a (slack) upper bound fgrfrom the high type’s incentive compatibility constraint.
This bound has to hold for at} in the range of possible equilibrium, so we pick the highest one
and show that condition (9) is violated when the high type grows sufficiently pessimistic, that is
for ¢t large enoughm

Corollary 11 For any equilibrium profile(o, 1) and sequencéz,},~, of potential first favors
consistent with proposition 10,

m(z) =min {Mz + /", 1} (10)
is optimal, where:/? := (1 — 64(1 —p)) >-i2, ((1 - p)éL)i 2o 1t

Proof. This result form(z;) is immediate because favors are efficient and, + >~ is the least
upper bound om:(z;) conditional on sequence= {z,;},°, as specified byo, ;). The least upper
bound condition is from (38) in the proof of proposition 10. Atfd’ is as specified by (36)m

Equation (10) may at first seem convoluted because of the inclusiefgfbut that is only
the case if: were an infinite sequence of strictly positive terms, which is ruled out by proposition
10. Since the strictly positive terms ip are finite, say ending at sorfiec N, thenzL" = 0, and
consequentlyn(zy) = min { Mz, 1}. We may then calculate the rest of the least upper bounds
using backward induction (in theory), although fotarge this may be intractable in closed form.

Proposition 12 (Time bound on separation)For any equilibrium profile(o, 1) consistent with
proposition 10 equilibrium separation has to occur within

po(1 —2p)' " L 1=0"
f1o(1 = 2p)t =1 4 (1 — po)(1 — p)t=t = 0HBM

T = sup {t eN: } periods,

whereB and M are defined by (28) and (9), respectively.

Proof. From proposition 10 we know that separation has to occur in finite time, call'theriods
at most. Then, = 0 for all s > T', which means that % = SHL = SHH — () for the periodl’
incentive compatibility constraints, which in turn means that we can write condition (4T) &sr

H
2r < ﬁM%B m(zr)
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1—oH . m(zr)

= 5f{l3 > Mp

< ppM.

Suppose agent is a high type playing according ®. Then the history must be such that
she has not received a favor opportunity until now and the other agent has done no initial favor.

In notation,(h$., Hr—1) = ({0,0,...,0,1},{0,0,...,0}) = (ﬁ%,ﬁpl). Thenus (ﬁ%,ﬁt,l) =

)T—l

s, sincew® = 1, andué_, = Mo(lﬁp)#i(f;flp%)(HD)T_l by (43). Substituting this into the above

incentive compatibility constraint yields,

16" o(1—2p)""
- I
SHBM ~ po(1 —2p)T=1 4 (1 — po)(1 — p)T—1

The left-hand side of the above inequality is just a constant, so we can coffipAiso note
that oncel’ is known we can compute, from lemma 8, except using;. instead ofu, and then

work backward to calculate the other Furthermore, ley := %, then it is straightforward to

show that
99 _ o (101 k(1=6"1 (1-2p))

5L — SO (=0T (1—p(i-17m)) > O
dg uoéLk:((1—6H)2k:+2(1—6H)5H(k—l)p+2(§H)Qp(k—1)>
OSH — ()P (1=dE(1-p))2 (k-0 (1-p(1—-1/k)))? <0,
S0 g is maximized ab” = 67 = §*. Plugging iné’ = ¢ = m and simplifying yields

glse_su_s« = Ho, SO the incentive compatibility constraint is always satisfied for at [East 1,
which we knew already from lemma &

3.1.1 SS equilibria: Symmetric beliefs

The proofs of proposition 10 and proposition 12 relied on the mutually exclusive favor opportuni-
ties so that one agent could grow pessimistic while the other did not. It would therefore be fair to
ask whether symmetric separation has to occur within a fixed time period simply because of the
mutually exclusive nature of the favor opportunities and whether independent favor opportunities,
which are less informative, could actually lead to a better outcome. The answer, roughly speaking,
is that they would. Changing the distribution of favor opportunities from mutually exclusive to
independent would change the model drastically since we would then have to worry about favor-
trading during periods when both agents received a favor opportunity, which would have a major
impact on the incentive compatibility constraints and on the general nature of the problem at hand.
However, as a thought experiment, suppose the underlying favor opportunity distribution is kept
as is, but it is assumed, contrary to fact to be symmettic= 12 = u;, and that this is common
knowledge. Then it can be shown that symmetric separation does not have to occur within a fixed
time period.

Proposition 13 (SS equilibria with symmetric beliefs) Supposéo, 1) is a PBE profile in a game
with two unknown types. Suppasés such that the first agent to receive a favor opportunity will
do a favor of size;; € (0, 1] to signal type if she is a high type while a low type will follow the
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autarky strategy. And supposecalls for separation to be followed by an equality matching game
at some leveln(z;) € (0,1]. Furthermore, suppose agents’ beliefs ate= p = ju;, Vt. Then
separation can be guaranteed.

Proof. In appendix.m

4 Separation with independent favor opportunities

In this section, unless otherwise stated, we assume favor opportunities arrive independently across
agents. In the model so far favor opportunitieg,andw?, were modeled as mutually exclusive.
In particular, forp € (0,1/2),

p ngiﬂwi’; = (170>§ = P ((wf,wy) = (0,1)) = p,

P w?7wzl€) :(07()) :(1—2]7)
Because the favor opportunities were correlated they were also informative about the other agent’s
type. It would be fair to ask whether or not modeling favor opportunities as mutually exclusive was
a driving force behind any of the results and what impact this had on the equilibria. To investigate
these questions suppose that each agent still receives a favor opportunity with probpakility
(0, 1), but this time the opportunities are independent of each other. For the rest of this section, for
pe(0,1),

P ((wf,wf) = (1,1)) = p?
P ng?>wf§ = (170)§ =P ((w,‘},wf) = (0, 1)) =p(1 —p)
P wzz’wi) :(070) :(1—]7)2
Note that the total autarky payoff remains the same as beforésikept the samé¢p < 1/2). If
neither agent does a favor the total average discounted value of the ggmaesibefore. Similarly,
the first-best outcome remains unchangedét if both do a favor whenever possible. So have
the results changed? The answer to this question with respect to equality matching between two
high type agents is no. Lemma 6 holds for both the mutually exclusive and the independent favor
distribution (its proof covers both).

In subsection 3.1 we already discussed the problem of determining who is advantaged and dis-
advantaged endogenously. With independent favor opportunities this matter is further complicated
by the possibility that both agents receive a favor opportunity in the same period. One solution is to
formulate the strategy as follows: Agents aralesignatedt the start of the game. Undesignated
agents are called to do a favor of sizdf an agent does such a favor and the other agent does not,
the former becomes advantaged and the latter disadvantaged in a game of full equality matching
that follows. If both undesignated agents do a favor of sizZeoth remain undesignated and the
stage game is repeated.

Lemma 14 (EM without initial designations) Consider a complete information environment. Given
€ (0,1, lett* := inf{s € N : 7, = (2,0) or (0, 2)}, denote the first (equilibrium) favor. Let
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(o, 1) be defined as follows:

(I} = Zl{w;ﬁ=1} if hy—1 € H;_y,w' = H andt < t*,
fromt =t* + 1if hy_y € H} 4,

O—ém g m) ﬂem 1
O_i — ( € ) W = H a.nd Ty = (O,Z), (11)
i /e fromt =t* + 1if hy_y € H 4,
Oem <u€m7 Qem) 7
w'= H andr = (2,0),
o otherwise,
(0 if hey & H; 4,
. N zifn <t*
i 1 else ifdn s.t. forj # i, IJ { Litn > ¢
Hy = (i.e. other agent has made the initial investment) (12)
w otherwise.
\ —Hi_ 1P

Then(o, 1) is a PBE forz < 1/2.
Proof. In appendix. A rough outline of the proof and some results are presented mlow.

Once designations are determined, the game will be exactly the same as the one analyzed in
lemma 6. In particular, payoffs and incentive compatibility constraints will be the same, so it is
enough to evaluate the incentive compatibility constraint for an undesignated ageijt,, denote
her payoff. Then we can writ& , in terms of the four possible combinations of favor opportunity
events:

@z, =p> [(1—=0") (1 + (k—1)z) + 6"aZ,]

+p(1=p) [(1=6") (1= 2) + " ticn]
+ (1 =pp[(1—6") kz+0"u,,,| + (1 —p)*67aZ,,.

Proof. We already knowz.,,, andu,,, from the previous lemma, so the above equation only has
one unknown, solving for which yields,

u?, = p-+ Cy + Cyz, where (13)

em

O, = 7 (1—p)p?(k—1) andC, (1—6")p(k—1)

= T6H 1250 p(1—p) = 1A 26Ap(1-p)

The incentive compatibility constraint is

1005 p (1= 6") (14 (k= 1)2) +6"aZ,,) + (1= p) (1= 0") (1~ 2) + 6" te)
> p ((1-6%) 1+ k2) + 0%u,) + (1 —p) (1 -8 +o6Maz,,).
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When/CC™ binds we can solve fof’. Call the solution,

S T T p—— p— Y (14
( +\/(p— 2?2+ k(1 —p—2+4+2p2)?2+2k(1 —p—2)(z+p(1 — 22))] )

Alternatively we can solve for givens* :

» = min {1 S p(p(1 = 6" + 6%p) + k(1 — p — 67 (1 — 3(1 — p)p))) }
T —oH 4 6H (1 1 k)p — 208 kp?) (1 — 0H(1 — 2p))

(15)

Plugging in§*f = §*, we obtain the bound < 1/2. Naturally this is the least upper bound
because agents with higher discount factors are willing to pay a higher cost for future benefits.
Finally, it is straightforward to verify that beliefs are consistent wittand Bayesian updating
when applicable, s¢, ;1) isa PBE forz < 1/2.m

Observe that setting = 1/2 and implementing the strategy profile in lemma 14 is equally
efficient to designating one of the do the first favor in a full equality matching game. The for-
mer strategy initially implements only a half size favor, but with twice the likelihood as with full
equality matching, so the efficiency gain over autarky in botk{ks— 1). In particular,

Wt=1pk+1)=p+ip(k-1). (16)

However, foré” > §* we can implement a > 1/2 determined by equation (15), and thereby
obtain an efficiency gain over EM with a designated disadvantaged agent from the start. In partic-
ular, forz = 1, we need .

ot > 6 .= 0. 17
= T P (k1) (17

Note that inequality (17) cannot be satisfied for afyif p(k+1) < 2, which roughly speaking
rules out cases in which boghandk are high. However, when (17) is satisfied, the initial periods
of symmetric favor strategies implement the first-best stage game outcome. The next corollary
follows by symmetry from its mutually exclusive favor opportunities counterpart in Kalla [7] and
is presented mainly as a formality.

Corollary 15 Let strategy profil€o, 1) be such that

Oty (W 1) if by €HY |, w*=H andt=inf {s€N : wi=1},
o =q o2 (U,u) fromt=1+inf {seN : wi=1}if hy_1€H; |, w*=H, (18)
lopum otherwise,
b ob (u,u) fromt=1+inf {seN|r,=(z,0)}if hy 1€H; |, w’=H,
o’ = ¢ . (29)
O ot otherwise,
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(0 it hy_y & H |,
. 1 if hy—y € Hf_;and3dn < ts.t.7, = (0,1),
mE =9, if hy_y € H; , andBn < tst.7, = (2,0), (20)
“f‘l(al_p) otherwise,
\ —Hi_1P
(0 if he_1¢H; |,
#It) = 1 if hy_1€H;_,and3n < ts.t.7, = (2,0), (21)
b _
“1“1(1)1 ) otherwise,
\ “Hy_1P
o oLk . 100 p[(1=6T ) k+6T p(k—1)]
z €z z| = {TﬂSL(’J—f’_m,mm {1, T T 1 5p)) ) (22)

Then(o, 1) is a PBE profile.

Proof. Immediate from symmetry to its counterpart in Kalla [A.

Proposition 16 (SS equilibria with independent favor opportunities) Let t* := inf{s € N :
Ts = (2, 25), (25,0) or (0,25)} whereinf{()}=o0, be the time of the first favor, and lét, 1)
be defined as follows fare {a, b} :

( I 21 if hy_1 € Hf ; andw’ = H, t<t*
t =~ 2 Hwi=1}  (no one has done a favor yet),
starting att = t* + 1 if 7.« symmetric and
I = 1{w§:1} ending atn>t* + 1s.t.7;,y # (1,1) and
ot onlyif h,_y € H;_, andv' = H, (23)
' o (o, 1) starting after first non-symmetrig_llif a did the
em ATem»Zem/ favor, and only ifh,_; € H;_; andw’ = H,
starting after first non-symmetrig_ if b did the
favor, and only ifh;_, € H} ; andw’ = H,

Uém (Qem ? ﬂem)

| oL otherwise,
0 if hy_1 & H |,
. 1 if hv—y € H {,t > t"andj # i did the first favor
My = _ or reciprocated, (24)
M otherwise.
\ —Hi_1P

Then if 6 satisfies condition (17), there exists a sequence {z;}.-, € (0,1]> such that
(o, 1) is a separating PBE profile. If both agents are high typewill implement separation with
probability one.

Proof. In appendix.m
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5 Conclusion

In this paper we extended the analysis of favor-trading with incomplete information from Kalla
[7]. We constructed and characterized symmetric strategies that achieve separation roughly twice
as fast in expectation as the non-symmetric strategies for separation analyzed in Kalla [7]. If favor
opportunities are mutually exclusive, SS strategies can only achieve separation during a limited
number of periods before agents grow too pessimistic about the other agent’s type to risk doing
the first favor. This is not the case when favor opportunities are independent and therefore non-
informative about the other agent’s type. In that sense it turns out that in the favor-trading game
analyzed in this paper, more accurate signals about the other player’s type lead to a worse outcome.
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6 Appendix

Proof. (Lemma 6: Necessary and sufficient condition for EM)Suppose we start the game with
agentb as the advantaged agent and the level of trustds(0, 1], that is agent. does a favor of
sizex = z if she receives a favor opportunity, and then does no further favors until the other agent,
in this case agertt, reciprocates by doing a favor of sigze= z. It follows that in terms of average
discounted payoffs

Uen(zy = P ((1=0") (1= 2) + 6T them(z)) + (1 = )6 ey

~Zem =
. (1—5H)(1—Z)+5Hﬂem(z)
- P 1—37 (1-p)

regardless of whether favor opportunities are mutually exclusive or independent, while

Uem(z) = P° (1= 6") (k2 +1) + 07w ) +p(1—p) (1 = 67) (1 = 2) + 6" liem-))
+(1—p)p ((1 — 5H) kz + 5ngm(z)) +(1- p)25Hﬂem(z)
=p? (1= 6") (k2 + 1) + 6" wepiy) + 0 (1= 6™7) (1= 2) + 6™ temz))
— p? ((1 — 5H) (1—2)+ (5Hﬂ6m(z)) +p ((1 — (5H) kz + 5ngm(z))
—p? (1= 6") bz + 0" ug ) + (1= 2)6 e z) + P60 tiem(z)
=p ((1=0") (1= 2) + 0" tem() +p (1= 0") bz + 0%ty )
+(1— 2p)5Hﬂem(Z)

(175H>(1+kz)+5Huem(z>

1-61(1—p)

when favor opportunities are independent, and

Uem(z) = P (1= 6™) + 0% em )
+p (1 =06") kz + 0"t y) + (1 = 2p)6 e

(176H)(1+kz)+5HHem(z)
=57 (1=p) :

when favor opportunities are mutually exclusive. That is the payoffs are the same in EM(z) regard-
less of the distribution.
The two equations above are in two unknovw_mes,n(z) andi.,.). Solving for these yields,

— (10" )+6"p(k—1)
Qem(z) =D + p 1—61 (1—2p) z (25)

—(1=6H) 465 p(k—1)
= p+ Az whereA=p ( 1—51)1(1—2];) 29)

_ —6H et 5H p(ki—
Tem(s) = P + PE 2 (27)

1-68)k+0Hp(k—1)
1—5H(1—§p) (28)

=p+ Bz Wheresz(
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For 2 fixed, asé” ranges from¥* to 1, Uer(») FANGeES fronp top + tp(k — 1)z @nd e,y from
p+p(k—1)ztop+ ip(k — 1)z. In particular, for any” e [6*,1),

Uem(z) T Uem(z) = 2p + p(k — 1)z, or
=p(k+1) forz = 1. (29)

Agenta’s incentive compatibility constraint is

ICCgm(z) : (1 — 5H) (1 — Z) + 5Hﬂem(z) 2 (1 — 5H) + 5ngm(z)
(1-0%)

<~ aem(z)_u () = T oH 2207

—emiz

which using equations (25) and (27) is equivalent to

(1=5H)k+5H p(k—1) —(1-6")+6" p(k—1) (1-6M)
p+p 1—5H(1—I2)p) S R e ) T A ¥ S
H H 1 H
solving foré" — T = 0.
1 . - . .
Recall that* = - sod* < 4" is necessary and sufficient to implement any simple EM
p —

strategy profilex = y = 1 ensures the greatest gains from cooperamon.

Proof. (Lemma 8: First period SS equilibria) First, observe that the belief system simply states
each agent begins the game assuming that the other is a high type with probabidibd if the

other agent makes an observable deviation from the equilibrium path#(H; ,), she is believed

to be alow type. If there has been no public deviation and the other agent has either done a favor of
sizez, in the first period, or sizé as reciprocation in some other peridd_(; € H; ; and3n <t

s.t.my = (I7,0) or (0, 7) for j = a or b, respectively), she is believed to be a high type. Note that

I{ > (0 must bez; in the first period) or subsequentlyotherwise it would be off-equilibrium path.

Next if the agent receives a favor opportunity this period or did so in the first period without doing
afavor (o, € H;_, and{w! = 1 orw} # 7, = 0}), the other agent cannot do a favor or will not

do a favor per so beliefs about her remain as they were last period. In the latter case, they would
remaing, forever. Another possibility is that the agent received no favor opportunity and no favor
during the first perioo(ht_l € Hy ;andw} =7 = 0) so both agents revert to autarky and there
will be no more informative signals on the equilibrium path. Therefore, her belief about the other
agent will just be updated once from to % forever. The last possibility ("otherwise”) is

that the agent did an initial favor and is now waiting for reciprocation, and each period she does
not receive either reciprocation or a favor opportunity, her previous belief about the other agent
is updated according to Bayes’ rule. It is easy to see that this belief system is consistent with
strategy profiles provided that the low types do not attempt to pool with the high types, and that
the high types do not choose the autarky strategy because their favor could be wasted on a low
type. Therefore, it is sufficient to check thatis high enough so that a low type has no incentive

to mimic a high type, and that a high type would not be better off choosing the autarky strategy.
Let uZ denote the expected continuation payoff for a low type, say agemho does a favor of
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sizez,.

E(u£|w“ = H) =u :p((l —5L) +5Lu) +p((1 —§L) k+5Lp) + (1 — 2p)dtu

(10T ) (1+k)+6Lp
1-0L(1-p)

Using the above equation, it follows that

ul =PWw'=L)p+P(w'=H)E (ul :w"=H)
= (1= po)p + 1o B (ul : w* = H)

1-6L) (1+k)+6L
= (1 - ,U/o)p + Nop( 1,?5L(1,p) p- (30)

The incentive compatibility constraint for a low type who has received a favor opportunity in the
first period not to mimic the high type is

ICCE:(1-6") (1 —21) +6"ul < (1—6") + 6"
= ul —p< (1-0") 2/6"

1—61) (14+k)+oL _sL
< (1 —po)p+ uop( 1,?;L(1,p) F-p< 2" 21 by (30)
L
= 2z > 1—% = 24 (31)

Observe that, = p,6“pk/ (1 — 6%(1 — p)) < pod*pk/ (1 — 6*(1 — p)) = p, < 1. Next consider
a high type, say agent who receives a favor opportunity in period 1. Lét denote the expected
continuation payoff to a high type who does a favor of sizeThen

_ 1-67(1—-p) ) (1+k) .
Uf = (1 — po)p + tolem = (1 — p1o)p + uop( 175,,(1212)]3) using (4)

The incentive compatibility constraint for the high type who received a favor opportunity in the
first period to do a favor of size is,

ICCH - (1=6") (1 —z) + 0"ull > (1= 6") +6"p

1—6H (1—p) ) (1+k) _sH
= (= ) p S >

100 ((1=67 ) k+6" p(k—1))
(1-0H)(1-0H (1-2p))

H((1_sH Ho(1._
o letzem Emin{l,uoé (S lesidis 1))} (32)

1

— 2 <

(1=0")(1=6" (1-2p))

To finish the proof it is necessary to show that z;] # (. Recall that:; < pu,, soifz; = 1, then
it is immediate thafz,, z;] # (0. Therefore suppose that < 1, then it is enough to show that
Z — z; > 0. To this end

) _ 1od (10" )hA0Tp(k=1)) 6% pk
FLT AL T T a_em(18H(12p) 1-6L(1-p)
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_ (18" ) k6 p(k-1)) 5L pk
(oM (1—sA(1-2p))  1-0L(1-p)

The expression above shows that the existence of a separating equilibrium in this game does not
depend onu,, the fraction of high types. Still supposing < 1, taking the derivative of; with
respect t&’” in equation (32) and rearranging yields

dz (1-67) k426" p(k—1) (16" (1-p))

I5H HoP (1-6H)?(1—-6H (1-2p))°

From the above expression it is easy to seedbgtdds” > 0 sincek — 1 > 0. Thereforez; is min-
imized ato? = §* = 1/ (1 + p(k — 1)). Substitutingl / (1 + p(k — 1)) for §7 in the expression
for z; and simplifying yieldsz; = p,. Thereforelz,, z;] # (0. (Again recall that; < p,). ®

Proof. (Proposition 9: Bounds with complete information) The advantaged and disadvantaged
payoffs, tiem(.) andu,,, ), would be the same as before since they are clearly not dependent on
any first period payment. The expected payoff for the undesignated agent would be

ﬁem(z) = ((1 - 6H)(1 - Zl) + 6Hﬂem(z )
+p((1 = 6Mkz + 6%, ))+(1—2p)5HuemZ

Solving for i, -y and substituting in for,,,, .y and i) from (26) and (28) yields

N . (1=6)(k—1) 25H (k— 1)
Uem(z) =P + pl—éH(l—zp) 2+ 5T (1_2p) ~2

Per proof of lemma 6, we still need’ > ¢* for the incentive compatibility constraints to hold
during the second phase of the game that consists of equality matching at,leveb, 1]. The
guestion is, what level of; is required to guarantee that the incentive compatibility constraint is
satisfied for the first agent with an opportunity to do a favor? As usual, it is enough to consider a
one-shot deviation.

]C’C’ﬁrst : (1— 5H)(1 —21) + 5Hﬂ€m(z >1-—67+ 5Huem(z
To analyze/CCY,, ., let f be a function of the left-hand side minus the right-hand side,
f (1 — (SH)(l — Zl) + 5 uem(z) - (1 - 5H) — 5Huem (2)
=—21+ 6HZI + 5 (uem(z) - uem(z))
(A=6")k+6Hp(k—1)

(1-6")(k—1) 26H (k—1)
- (p—i— S si-2p) <11 - SH(1- 2p)Z2)i|

5
=—z1+ 672 + %p (kza — (k—1)z).

Figure 1 provides a graphical example of the problem 0, for 2z, = 1, p = 1/4, k = 5 fixed,
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andz, € [0,1] andé* € (6%, 1) as variables, wher& = - —1— = —-— =1/2.

+p(k—1) 1+4(5-1)

Figure 1: Constraints without designated first mover

The region above the plane and below the curved surface represents the feasible combinations
of z; and§” that are incentive compatible. The = 1 edge of the graph also shows< 0
(incentive compatibility is not satisfiedpr all 57, in this case at least. To generalize the intuitions
represented in the graph proceed by taking the first two derivativéswvith respect ta,

df 1-07 —5™ (1-5% (1—2p))
o T Ty
d2f _ 4p

_ . i _ _4p2(k227(k71)z1)
d(6H)? (1—5”’(1—21ﬂ))3p(kz2 (k—1)z1)= (oo <V

p(kzz — (k—1)z1), and

That is, f is strictly concave i and therefore has a minimum at eitiét = 6* or 6 = 1.
Evaluating these two limit points g¢fis a straight-forward exercise that yields the following results
after the appropriate simplification,

lim f =0, and

§H -1
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1 1

: _ ; Trp(k—1) (1‘ Trp(k—1)
i f =gt et
- 1+p(k—1)

>0 < 2z > 22;.

)p(/{zz —(k—1)z)

_ pk(k—1)(22—2271)
T k+l+p(k2-1)
Therefore a half-sized initial favor may always be used by high type agents to commence an

equality matching game. To find an upper bound farsay z;, we solvef = 0, which yields
2] = #‘m@. Observe that; is directly proportional ta;, and thatz; < limgu_,; 21 =

kiﬂ,@ < z9. In summary, a game of equality matching at lexek (0, 1] between high types such

that neither agent is designated to go first, but instead the first agent with opportunity is required to

do a favor, is incentive compatible foy € (0, #ﬁl)_l)@ , Which proves proves proposition
O.m

Proof. (Proposition 10: Time constrained separation in SS equilibriaSuppose to the contrary
of proposition 10 that for each period there exists z;| # 0, z, > 0 of potential first favors,
and an equilibrium strategy profile, 1), such that if an agent does a favor of sizen period
t, and that is the first favor in the game, then the other agent believes she is facing a high type
with probability one. Furthermore, suppdsge ;1) subsequently implements an EM game between
high types at levein (z;), for some functionn : [0,1] — [0, 1], and that the initial favor maker
(presumed high type) is the first advantaged agent in the EM game. And supppsepecifies
the autarky strategy for low types.

To prove thato, 1) or any equivalent profile cannot be an equilibrium, suppose, without loss
of generality, that agerit, is a low type. Then ib deviates from the autarky strategy, and does a
favor of sizez;, she would receive a continuation payoffioif she is facing another low type, and
oL if she is facing a high type, where

UftH =D ((1 - 5L) (I+km(z))+ 5Lp) +(1— p>5LUthH

<L m(z L <L
(1-0F) (1+k m(z))+oFp p(1-6 )k)m(zt), (33)

=L (1-p) P ITap)

so her expected continuation payoff would be

vl = (1= pf) p+ pjot

p(lféL)k

= (1= 1) p+ pyp + i r2pym (24)
1-6L)k
—p+ 2 () (34)

And if agentb does not do the favor, her continuation payofpi§ agenta is a low type, and"”
if a is a high type, where

UEZ =P (1 — ot 5LU£Z+1) +p ((1 — 5L) k2ot + 5Lp) (- 2p)(5LU£ZH
=p (1= (1 =p)d") +p (1 =0") kzur + (1 - p)0ots
=b =a
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=p(l—a)+bz+a(p(l—a)+bz+a(™ ),

—Zt4+2

iteratively expanding each” and collecting like terms
produces the following geometric sums

=p(l—a) (1 +a+a’+ ) +b (Zt+1 + azi4o + a22t+3 + )
=p+ by g0 21 = p+p (1 —6%) kSH,
whereS™ = 2% (1= p)d") 214

Then it follows that

vh, =1 =) p+u[p+p(1—6")kSH]
=p+upp (1 —6") kSH! (35)

In order for agenb not to pool with high types we neegllarge enough that her incentive compat-
ibility constraint to follow the autarky strategy instead of deviating is satisfied far all

ICCE: (1=6") (1 —2) + "0l <(1—06%) + 6",
= z Z% (vL — ot )

Substituting in forw?, andv”_ from (34) and(35)yields,

L p(1-6%)k
2 > Oi—éL) (p + uff)l—<5L—(1—>p)m (z) —p— pbp (1 — 5L) kSLH>

i S S Ly GRTEN LH
B —— <175L(17p)_5 >

— otk (e - 4.
bé‘L k B ]
= iy (m(z) = 2") , wherezf™ € (0,211) issit.
LH

S0 (1= p)0") 2 = 30 (1= p)o™) 2 = s (36)

The incentive compatibility constraint needs to hold for eveayd every possible history, so
consider the history that maximizes the right-hand side= {1, 1,...,1}, and a public history
of no favors assuming agehfollows the autarky strategy as specifieddyor low types. Then
u = p, and the right-hand side of the low type’s incentive compatibility constraint satisfies

TR (m (20) = 2H) < T8 (m (=) — =)

1-6L(1—p) 1-6L(1—p)
~ _LH
= m(zt)—zt by def'n of M from (9).
M
Thenz; must satisfy
m(z) — 2
Zt Z ( tiw L 7\V/t7 (37)
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or else there exists a set of histories, that occur with strictly positive probability, such that a low
type would could profit by mimicking a high type. Conversely, if (37) holds, the low types will
never pool with high types, and given a sequence: {z;},-,, condition (37) represents the
greatest lower bound on the individual terms of the sequenB®arranging we obtain condition

m(z) < Mz, + 2H7 vt (38)

for the least upper bound on (z;) conditional on sequencespecified by(o, ). And independent
of z,

m(z) < Mz + Zq sincez € (0, Z41)
— m (Zt) < MZt -+ 1,Vzt andm (Et) < (M + 1) 2y (39)

sincez; is decreasing im. Furthermore, it is a decreasing sequence, (38) implies that

<M+1 (40)

Observe that the above condition rules out functions of the fer(a;) = ¢ € (0, 1] (constant
bounds), for example. Given a sequencezoflet t* = inf {t € N: 2. < ﬁ} and suppose

hY. = {1,1,..., 1}, thenul. = u, so the low type’s incentive compatibility constraint to follow the
autarky strategy would be violated. In this example, the violation would occur with probability
greater thap' . Also, note that* +# oo sincez, — 0 ast — oo because a high type grows more
pessimistic each period that goes by without an initial favor, and therefore the largest favor she is
willing to do to separate must also be decreasirifym (z;) is chosen appropriately, for example
m(z;) = min{(M + 1) 2z, 1}, then low types would have no incentive to mimic high types even

if they knew they were facing one with certainty. However, we still need to consider the incentive
compatibility constraints for the high type, say, without loss of generality, for agent

ICCH - (1— 67) (1 - ) + 6%ul > (1—6%) + 57l

whereu!’ andu”_ are the expected continuation payoffs for a high type if she does a favor of size
z and if she does no favor, respectively. Then these payoffs can be broken down into two separate
components, the payoffs when facing a high and a low type, respectively,
ull = (1= pf) ull™ + pful’™, and
u, = (1= p)ul + pfutll.

ClearlyuZL = p, the autarky payoff, since dictates that agent, who did the first favor, do no

2The initial favors undefo, ;1) that are incentive compatible for a high type could be weakly decreasing at first
(sequence of full favors), but must become strictly decreasing once the high type grows sufficiently pessimistic that
her incentive compatibility constraint binds.
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more favors until reciprocation is received, and that agemt low type in this instance, do no
favors. Ifb is a high typeg’s expected payoff is)" = tcinn(,)) = p + B m (z) per (28). To
compute the components of’ recall that we are considering just one-shot deviations, so next
period agent is assumed to do a favor of sizg; if she receives a favor opportunity, or she could
receive a favor of size, . ; from agent if b is a high type, and so forth. Namely,

ul=p((1=6") (1 = 21) + 6"p) + (1 — p)§™u't

7Zt+1

:p(l —(1 —p)éH) —p(l — 5H)zt+1 + (1 — p)out’E
N——— —

—Zt+1

=b =a

=p(l—a)— bz +a(p(l—a)— bz +a(ul ),

—Zt42

iteratively expanding each”” and collecting like
terms produces the following geometric sums

=p(l—a) (1 +a+a®+ ) —-b (th + azpio + a22t+3 + )
= p}:—Z - bz;.ioaizwrlﬂ =p—D (1 - 5H) SHL,
whereS?E = 3% (1 = p)6™) 2ps144

Performing a similar calculation far””!’ yields

Uljzlt{ =p ((1 — 5H) (]_ — Zt+1) + 5Hﬂem(m(2t+1)))

+p (1= 0") kzer1 + 6" oz, ) + (1= 2p)6
=p (1 — 5H) péH (Uem m(ze41)) T Qem(m(2t+1)))
+p (1= 6") (k= 1)z + (1= 2p) 6™ |
=p(1=6") +p5™ (2p + p(k — 1)m (zm))
+p (1= 6") (k= 1)zer1 + (1= 2p) 6" by (29)
=p(1-6"(1-2p))
Fplk — 1)(po"m () + (1= 37) za) + (1= 2p)0"u 7
=b =n(zt41) =

=p(l—a)+bn(z1)
+a(p(l—a)+bn(z)+au”
collecting like terms produces the following geometric sums
=a(l+a+a*+...)+b(n(21) + an(zem2) +a®n (z3) + ...
=p=t + > a'n (ze4140) = p+ p(k — 1)S™H, where
St = ZZO ((1 - Zp)(SH)z:n (Zt4144)
= ico ((1 - 219)5H)Z (p(;Hm (Ze4144) + (1 — (5H) Zt+1+i)

Y., - Iteratively expanding each’ and
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Putting the pieces together, we have

uz, = (1 —pi)p+pi (p+ Bm(z)),and
uf, =1 —puf) (p—p(1—0")S") + pf (p+p(k —1)S"7).

Now rearranging CC!" and plugging in the above values feff andu”, we have

2 < o (ull —ull)
= 25 (L= pf) (p— (p—p (1 - 6") S"F))
+ 125mig (p+ Bm (z) = (p+p(k = 1)S""))
= (1 ) p TS 4 (B (1) — p (k — 1) S™HY (41)

Because;, is decreasing,
pot STl = paty 2 (1 - p)5H)i Zepr < PO, (1 - p)sz)i 2= %Zﬁ-
And becaus&? > 0,
o < (1= ) =i o+ Hpim (2) < (1= ) a2+ i hm (7).

The last inequality must hold for alland allz; € [z, z;] , otherwise we would have a contradiction
to our initial supposition, and the proof would be over. Sajet z;, then the following must hold

Zp < (1—/Lt)mzt+ﬂt1 Lm (2

)
<z + pydm(z) fore= — 5‘;&_}9) d

—> L5¢ < ) < e M by (9). (42)

2t

Hp
6H

It is easy to verify tha% > 0. Namely from (28),

d_

B = 2 pU=0hkidph-l) o g gngsH < 1

- 6H 1-6H 1—0H (1—2p)

6H

= d'p<1-6"(1-p) = c= 15ri=; <1

. 1—c
'T>0'

Furthermore < and )M are fixed whilei — 0 in probability ast — oo unless separation takes
place, so we know that with some positive probability condition (42) will be violated producing
a contradiction to our supposition that, 1) was a PBE. To compute the exact time we need the
following lemma.

Lemma 10a: Let s denote the number of periods ageéihtas received neither a favor opportu-
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nity, nor a favor from the other agent, then

i to(1 — 2p)°
Mo = = 2p) + (=) (1= p)° 43)

Proof of lemma 10a:For s = 1, we know that

i He(1=2p) po(1 = 2p)’
=t pe)p o1 =2p) 4 (1= po) (1= p)?

Suppose (43) for somee N, then

i _ pi(1=2p) _ pi(1-2p) 5
Hst1 = T=(mup — 1op—pus, PETC? (V)
po(1—2p)%
__ #o(1=2p)5+(A—po)(A~ p)e(l_Qp)
- 1o (1—2p)®

B T Gy L Gwy | R
Ho(l 2p)s+1
(1=p) (o (1—-2p)5+(1—p0)(1—p)*) —ppio(1—2p)*
Mo(1_2p)5+1
(1=2p)po(1-2p)+(1—p)(1—po)(1—p)*
H0(1*2p)s+1
Ho(1=2p)* 1+ (1—pio) (1—p) s+

So if (43) holds for some € N, it holds fors + 1. We know it holds fors = 1, therefore by
. . . % . s 0(1 2 )t 1
induction it must hold for alk € N. Lett* := inf {t €N: g 2p)‘j 1+(1” AT < bM } and

-1
supposél. = {0,...,0,1} andH;- = {0, ...,0}, thenpl. = uo(1_2p)ﬁ°ff+(2fltuo)(l_p)t*_1 < 52 by
(43) and by definition of* so that the incentive compatibility constraint for the high type is V|olated
by periodt* if she does not receive any favor opportunities or favors before then. Hence separation
has to occur within* — 1 or fewer periods or it will never take place. The belief function follows
from Bayesian updating and must have this form given a history of no favor opportunities until
now and no favors in order fqr to be consistent witla. Thus separation cannot be guaranteed

with probability 1 in any SS equilibriam

Proof. (Lemma 13: SS equilibria with symmetric beliefs)From IC'C*~ in the proof of proposi-
tion 10 we have that for the low type agents not to mimic the high type agentsst satisfy

dtpk

D S e —
Zt =y 1— 5L(1 _p)m(zt>7
and fromICC* we have that for a high type agent to do the first fagpmust satisfy
o 6

7 (L= 1) S1+ i (Bm(z) — 52) , where

Sy = 1 - 5H Z 5H - Zt+1+27

1=0
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Sy =p(k —1) i (5H (1- QP))i ((1 - 5H) Rt+1+i +p5Hm (Zt+1+z‘)) )
(1= 61+ 8" p(k — 1)

andB = p—— SH(1— 2p)

from (28)

Combining the two conditions above, rearranging and ugihg- 10 = 1 yields the following
condition that must be satisfied agrow large for separation to be guaranteed:

5H

Mt%m(zt) < 2 (1= 1) St — peSe) + 1255 1B m(,). (44)

First we need to show thét — 1;)S; — 1.S2 > 0 for ¢ large enough. To this end, observe that

(L= ) St — puS2 = (1 — pe)p (1 - 5H) > ico (5H(1 - p))Z “t+14i
— mp(k —1)3275, (5H(1 - 2p))i ((1 - 5H) Zer14i + PO m (Zt+1+z'))
> 1= p)p (1 - 5H) > i (5H<1 - p))Z Rt+144
— up(k — 1) (1 -1 —pM)) > o <5H(1 - p))z Rt41+i
since (67 (1 —p))" > (6" (1 —2p))",Vi >0,
andm (zy4144) < Mz by (9)
= ((1 — ) p (1 - 5H) — up(k —1) (1 -6 (1 —p]\/[))) Stt1,

whereS, 1 = >0 (07 (1 = p)) 2414
> 0 for t large enough. iy — 0 ast — oo while

p(1—0"),p(k—1)(1—-6"(1—pM)) > 0are bounded.
Therefore to verify that condition (44) holds it is enough to verify that

—5ka m(z) < i
P st —p) Y =1-5%

e Bm (z)

or after dividing both sides by,m (=) and substituting i3 = p =221 that

Stpk < 5 p(l—(SH)k—i-(SHp(k—l)
1—oL(1—p) —1—0A"  1—6H(1—2p)

The left-hand side is clearly increasingthandd” < §* = ;

0= by definition, so the left-hand
side is bounded from above by

1
opk TPt 1
1=0"(1=p) 11— 5560 -p)
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As for the right-hand side, 6t (57) = 1f§Hp(1*‘f)5'§f(f§g)“*l). Thenh (6*) = 1 and

dh (61 —1)p)°
( )=(1+(k 1)p)]{;>Oat(5H:(5*,and

détt p(k?—1)
d*h (67) _ [ k=1 ket 1 . ket 1
d ((51{)2 - P (1—6H)® 1 SH(1—H(1-2p))®>  6H(1—8H (1—2p))?

> 0 sincek > 1 andl — 67 (1 —2p) € (0,1).

In other words/ (5H) or the right-hand side of our constraint is convex and increasing at its min-
imum of i (6*) = 1, which was an upper bound for the left-hand side of the constraint. Hence
condition (44) is always satisfied ferlarge enough, and therefore a sequence, efould exist

such that separation could be guaranteed if the agents believed that their favor opportunities were
independent while the game remained exactly as before otherwise. Of course, if the favor oppor-
tunities were truly independent then the structure of the game would change significantly because
the model uses discrete time and we would have to address the possibility that both agents received
a favor opportunity in the same round, which would change the incentive compatibility constraints
and make it difficult to properly compare the model with mutually exclusive favor opportunities.
However, this thought exercise suggests that non-independent favor opportunities make it harder
to separate symmetricaliw.

Proof. (Lemma 14: EM without initial designations) Once agent designations are determined,

the game will be exactly as before in lemma 6. In particular, the payoffs and incentive compatibility
constraints are the same as before. Therefore we can focus on the initial stage of the game before
designations are determined. lzét, denote the expected payoff for an agent with no designation.
Then,

@, =p* (1 =0") 1+ (k—1)2) +6"az,)
+p(1—p) ((1=6") (1= 2) + 6" ter)
+(1-1p) (p ((1 — 5H) kz + 5Hg6m) + (1 —p)éHﬂjm)

_ (=6M)p(1—z+kz)+6" (p—p?) (we, +iiem)
- 1—-6H425Hp—26H p2
(1=8M)p(1—2+kz)+6" (p—p?)p(k—1)
1—0H +25Hp—25H p2
_ T (1—p)p?(k—1) (1—=6")p(k—1)
=Pt A0 —p) T 167 126" p(i—p)

N J J/
—~ —~

=C =Cy

z. (45)

The incentive compatibility constraint for an undesignated agent to do a favor of size
1002 p ((1—67) (14 (k— 1) 2) + 6"az,) + (1 —p) (1 = 6™) (1 = 2) + 6 diem)
>p((1-6") (14 k2) +6"u,,,) + (1 —p) (1 —6") +6"aZ,)
= p((1-06") (=2) + 0" (0% — o))
+(1—p) ((1 - 5H) (=2)+ 5" (tem — ftim)) >0
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<~ p(SH (ﬂzm - Qem) + (1 - p) 5H (ﬂem - agm) - (1 - 6H) z=>0

<~ p(sH (ﬂzm - Qem) + (1 - p) 5H (ﬂem - agm) - (1 - 6H) z=>0
substituting in foraZ,,, u.,,, andu.,, from (45), (26) and (28) yields
ps (p+Cr1+Coz—p—A) + (L =p)" (p+B—p—C1 —Caz2) = (1-6") 220
<« pé" (C1+Crz— A)+ (1 —p)§" (B—C1 — C2) — (1= 6") 2> 0

Solving ford* from the above constraint is complicated, but we can we solve &od show that
z < 1/2, is required whed’ = §*. In particular, solving for from the previous inequality yields

5 p(p(1—67 (1—p))+k(1-67 —p+35H p—351p?))

23S T AT (1-2p) (1P (1-(1+R)p+2Rp?))

< 1/2for 6" = §*.

It follows immediately that the upper bound anis increasing withy” since the more patient
agents are the higher cost they will pay for tomorrow’s continuation promise.

Proof. (Proposition 16: SS equilibria with independent favor opportunities) The incentive
compatibility constraint for a high type to do a favor of sizen periodt if H,_; = {0,0,...,0} is
provided below.

ICCH (1 =6") (1= 2z) + (1 — ) 6"p

+ e (p (1= ") bz + 0™ tiem) + (1 — p)6™ )
>1— 6% 4+ (1 — p) 67 0L

+ (p((1—5 ) ke + 6% u,y,) + (1= p)ottall,)

= 1— 5H (:utp (’LLem - uem)
+ Mt(l - ) (uem - UHH) + (1 - Mt) ( UHL)) > Z, (46)

whereu! = p; for both agents regardless of type since neither one has done a favor yet and private
favor opportunities are uninformative about the type of the other agent since favor opportunities
are independent. Payoffs”!’ and 4% denote the continuation values implemented(byy.)

for a high type agent who did not do or receive a favor in petidacing a high type and a low

type, respectively. As for the low type, the following incentive compatibility constraint has to be
satisfied for her not to mimic a high type.

ICCE : (1—6") (1 —2)
+ e (p (1= 5L) kz + 6LﬂeLm) + (1 —p)stak )4+ (1= ) oLp
<(1- 5L) 4+ (p (1= (5L) kz + (5Lp) + (1 —p)ota LH) + (1 — ) 6p
= S (p (ah, — p) + (1= p) (al, — a1)) < 2, (47)
where!  denotes the expected payoff to an advantaged low type facing a high type in an EM

game of fuII trust, and.“” denotes the continuation payoff a low type if she is facing a high type
in period¢. That is, her autarky payoff and one time small favor as soon as the high type receives
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a favor opportunity. Per inequalities (46) and (47), it is necessary to prove that

S5 (p (flems — o) + (1= p) (e — 7)) + Cd” (p i g>
> b (p (ah,, — p) + (1= p) (ah, — a"1)) ¥ (48)
and forz, € (0, 1].First, we need to solve far”’ 4" @l andall.

T =P (1= 0%) +p ((1—06%) 3k +6"p) + (1 — p)o"ig,
ZP+T(L£§). (49)

Repeating the calculation far? :

—Zt+1

(1-6"1=p) +p(1—6") kzgpr +6"(1 — p)atZ
N _ ———

—Rt+1

al LH _ p (1 _5L) +p((1_5L) k;th—i—éLp) + o (1 —p) ot
=P

~~ ~~
=a1 =a2 =dj,

H
=a; + A22¢4+1 + dL (CL1 + a22t12 + dLufth)

= a (1+dL+d% ) ‘l—(lg (Zt+1 +dLZt+2+d%Zt+3+ )

i _ p(1=0"(-p i
E dpze414i = ooty T2 E dp i1+
i=0 i=0

=p+ (1 — 5L) SiLH for SiLH = pk’z (5L(1 — p))l Zt414i- (50)

1=0

The math remains the same fiof~ :

AHL =p ((1 - 5H) <1 - ZtH) + 5Hp) + 6H(1 _p)aI;IZ[;+1
=p (1-6"1-p)—p(1- 5H)JZt+1 +07(1 - p)alszm
=b by =dp

= by — boz1 + dpy (b1 — bazpsn + dpu®’ )
+ by (1 +dy + dhl ) — by (Zt+1 + dp 210 + dilzt.,_g + .. )

pl(SHlp

= dhl — by E dhlzt+1+z = 1 1A p) by E dhlzt+1+z

=p— (1 — 5H) SiHL for SiHL = pz <5H(1 _p))z Zt414i- (51)

1=0
And finally for a7

"l =p? (1=0") (1 + (k — D)zsr) + 6" tern)
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+p(1—p) ((1=6") (1= 21) + 5Hﬂem)
+(1—p)p((1—5H) kzeq + 6% u, ) p)?oia I_{g
=p* (1= 6") + 6%den) + p(1 - p) ((1 - 5H) + 61 (thm + 1))

+p2 (1 =0") (k= Dz +p (1 —p) (1= 0%) (k= D)zpsr + (1 — p)* o7 a’H
= p (1= 6") + p6™ (Wem + o) + P76 (them — (e + )

—i—p(l - 5H) (b =1z + (1 - p)? sl

—zt°

Recall from (28) thati,, + u.,,, =p(k+ 1), S0

Al =p (1=0") +p6"p (k + 1) + p*6" (Gem — p(k + 1))
+ (1= 6M)p(k = Dzgr + (1 = p)267al’l!
=p(1—0") +p%" ((k +1) (1 = p) + fiem)

(1—8")p(k — 1)Zt+1 +0"(1 —p)*al
) \ ,

_I_

-

=c2 =dnpn

L
= ¢1+ Gz + dpn (€1 + 2200 + dhhu_zHQ)

=c (L4+dw +dp, +...) + 2 (2041 + din 2042 + dipzegs + ..

[o ST 1
=0

o0

for SZ'HH = p(k’ — 1) Z <5H(1 — ]))2)Z Zt414i, and
=0
0= T P 602107 1p(2—(3-p)p)))
= )~ TaM)(I o7 (1 p)P) (107 (1-2(1—p)p))

We are now ready to return back to inequality (48) that needs to hold for the result to hold. Take
all the terms to the left side and call the resultant funct@n,

Q -_m%H (p (ﬁem - Qem) + (1 _p) (aem - —Zt)) + (11 53{ (p N ﬁi{é)
— b p (uh, — p) — 2221 — p) (al, — a1).

Substituting in for payoffs from (26), (28), (52), (51), (49), (50) yields

gty (=) 52)
Q = 10" PO S T ST (13 —p)p))

H p(1—p) 2(k-1) k+1 k—1
+ b ESE (1 SHA—p)? T 1= 5HJ-ir-2(5Hp - 1—5H(1—2(1—p)p)>
- Mt5Hp(1 —p)(k — 1)27;:0 (5H(1 - 19)2)Z Rtd1+i
00 % L
+ (1= ) 0" P32 (07 (1 = p)) zeii — 7452055

1-p)
+ 10" (1 — P> (5L(1 - P))Z P14
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Observe that for converging series there exists= Zsz;fi andz; decreasing, thed, < dy, =
21 > 2o SO We can write) as,

ot p?(k(1-61 (1-p)?) 611 p?)
Q = G502 =67 (-0 p)p)
+M5Hp(1fp)< 1) L k1l k—1 )
2 1-6H (1—p)2 1—6H+25Hp 1-§H (1-2(1—p)p)

__mdtpk pedtpk(l—p) T p(l—p)(k—1) 5 (1—p)6Fp
ToL(-p) T 10L(p) LT 1ol (ipr AH TS 2H

where

20 (88 (1-p)) 2ur1

LT TR e ) |

= (1=6"(1-p)) X2, (6" (1 —p)) At € (0, 2,) (53)
Zn = (1 - 5H(1 - p)2) Zzo (5H(1 - p)Q)l Zt+14i € (07 Zt) (54)
zg = (1=6"1—=p)) X, (67 (1 =p)) 2145 € (0, 2) (55)

observe thaty > 2z and0 < zr, 2y, 2 < 1.
Next we show thaf) is decreasing in* and increasing in’’.

0Q _  pk(-(-p)zw)

9L th < Osincezy, € (0, 1)

Since we want to prove th& > 0 for all values of6” € (0,5*), and(Q is decreasing in*, it is
enough to prove thad > 0 for §© = §*. Next we show thaf) is increasing inj’.

1
0 _ (k=1)(1-2p) (b 11)
a6H §p <_ut(1—§H+26Hp—2]t)5Hp2)2 + s =)

2(k=1)(1-p)(1—2p) 2
T (1 “t)m@)

>0 per claim 6
7\

B 1 s (k—1)(1—2p)
= §put( (1-67(1-2p))>  (1—6H (1—2p+2p?))?
2(k—1)(1-p)(1—2
2Nz 4 (1 )ty > 0. (56)

SinceQ is increasing i, itis enough to prove thap > 0 for 6 = 6. To that end, leQ* = Q
g% _ SH __ 1

s.t.o% =% andé” = &' = 15,y - Then

(1-p)(k—1)

*7/"Lt
Q"= ok

(I—EH)—F 1§H+Mt(1—p)2L>0.

Recall that condition (17) implies thatk + 1) > 2, so the second term @p* is positive and

bounded, and théy, 2z, 2z, € (0,1), soQ* > 0 = @ > 0 for all §¥€(0,0*) and§ €
(0¥ 1).Furthermore, the constraint is slack, so it follows that we could find equilibria for lower
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6H. Last, letQ* denote the part of) that representsCCL_ That is,

188

0 pk 0t pk(1 — p)
1-0t(1-p) 1-64(1—p)

Q=

Zr,-

Sinceggt aQ <0 = %Q > 0, soQ*¥ is increasing i” as is to be expected. Sinée € (0, 6%), it
foIIows that

QL

m

( ‘5L =07 QL‘(SL 5*) = (0, (1 = (1 —=p)21))
(0 (1= (1 =p) (1= 0"(1=p)) X2 (8" (1 = p)) 2:144) ) by (59)

(07Mt Htlip(i)p’f)zz 0 (%) Zt+1+i) by (5)

i+1

(07% 1Pk Y s

p)7,+1 t+1+z>
= (0,1 (L= p+p?) Z) forz, € (0,2) C (0,1]
C (0, (1=p+p%)).

That is, the lower bound for, is well-defined. Next, leQ” denote the part of) that represents
cct .

188"

o mdtp? ((1-6M (1-p)) —6Hp?) SHp(—p)(h=1) -, (1=pe)o¥
Q" = T2 =T =20y~ 1o8T(—p? 2H T 15 2H

+ w6 p(1—p) 2(k—1) 4 k+1 k—1
2 1-0H(1—p)2 1-6H4+26Hp — 1-6H(1-2(1—p)p) ) °

Since% >0 = %9 > 0,s0Q" isincreasing i asis to be expected. Sing& e (31,1,
o)) 1

it foIIows that
H H H
Q S <Q |5H:é{17Q |5H:1>
= <Mt—k;1k+p - Mt—(k_lg,(:_p) Zg + —((,i;f)tlléfl )

k—1)p? E—-1)(1—
Ht <§ + 4(1(—p)()2p—p)> e 2)(p Dz + (1 - Mt)§H> :

The simplifications for’s can be found at the end,

=(%)

A\

0" e ( bty y (o g 005
— _ _n2
gl—mmH—mL—ﬁl% +m%§%ﬁ%%0. (57)

-

= (%)
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Then there exists),1, Z;2 € (0, z;) such that
H k=14 1 k(1-2p)—(1-p)(14p(k2-1)) \ -
Q" € <'ut pk o (p(kJrl)l T He pk(p(k+1)—1) Zh1;

k )2 _ -
2 <§ + 4(1(kp)1()§p)> + (1 - #t(k(glfi)ﬂ)) Zh2> .

That is, the upper bound faf is well-definedm

Proof. (Inequality 56):

k+1 > (k—1)(1—2p)
(1-0H (1-2p))2 (1—6H (1—2p+2p2))?

k—1)(1—-2p)
k+1

(175H(172p+2p2))2
(1-6H (1-2p))?

1—6H (1—2p)—26H p? > (k—1)(1—2p)

<

<~

1—0H (1—2p) k+1
265 p2 (k—1)(1—2p)
A 1= lfJH(lprp) > k+1 - (58)

The left-hand side of (58) is minimized & = 1, so it is enough to verify that

(k—1)(1—2p)
k+1

— (k+1)1-p?—-(k—-1)(1—-2p)>0
= pk—4dp+p*+2>0
— pPh—dp+pP+2>20° —4dp+2=2(p—1)* > 0.

1—p>

Therefore, the inequality used in step (56) of the proof of proposition 16 halds.
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