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Section 2 : Review of Linear Algebra

1. VECTOR SPACES

Def. A vector space (over R) consists of a set V' along with two operations 4+ and - such that
Vu,v,w € V,Va, 5 € R,

(i) ut+v=v+u,Vu,veV

(ii) (ut+v)+w=u+(v+w),Vu,v,weV
(iii) 0eVst. VueV,u+0=04+u=u

(iv) VueV,vweVst.u+tv=v+u=0

(v YueV,Va,8 € R,(a+ ) - u=a-u+L u
(vi) Vu,veVVaeR o - (u+v)=a-u+a-v
(vil) VueVVa,f€ R, (af) u=a-(8 u)
(viii) YueV,l-u=u

Examples

(1) r"

(2) {f: A— R", a function}

(3) P”:{ao—i—al-x+a2-az2+...+an-m”|ai ER0<i<n+1}

Def. V : a vector space, W C V is a subspace if it is itself a vector space under the inherited
operations.

To check whether W is a subspace, we only need to check that
i) o0eWw
(i) VYu,v e Wyu+veW
(ii) Yue WVae R,a-ueW

Example : For some oo € R",{x € R" : x = - y for some y € R"}

Def. V : a vector space, S C V. The span of S is the set of all (finite) linear combincations of
vectors from S.

Span(S) = {c1-s1+ ... + ¢n - Snlct, .. cn € R and 51, ..., 8, € S}

Examples

(1) Span{e; = (0,..,0,1,0,...),1 <i<n} =R"

(2) Span{a,b € R*\{0}|fc € R\{0} s.t. c-a =b} = R?
(3) Span{l,z,22,...,a"} = P"

Lemma V : a vector space, S C V = Span(S) is a subspace of V.
Proof : Exercise 1

Def. A subset of a vector space is linearly independent(LI) if none of its elements is a (finite)
linear combination of the others. Otherwise, it is linearly dependent.



Lemma V : a vector space, S C V. Sis LI < Vs1,...,8, € S,5; # 5j,¢c1- 81+ ... +¢p -5, =0 =
cg=..=c,=0.

2. BASIS AND DIMENSION
Def. V : a vector space, S C V. S is a basis of V' if S is LI and Span(S) = V.

Examples

(1) {ei, 1 <i < n}is a basis of R”

(2) {a,b € R?\{0}|#c € R\{0} s.t. c-a = b} is a basis of R?
(3) {1,z,22,...,2"} is a basis of P"

Theorem In any vector space, a subset is a basis if and only if each vector in the space can be
expressed as a linear combination of elements of the subset in a unique way.
Proof : Exercise 2

Proposition V: a vector space with a finite base, i.e., da base S C V with #5 < co. Then every
base of V' has the same number of elements.
Proof : Exercise 3

Def. Suppose V has a base S with #S5 < co. Then we define dimV = #S. This is well-defined
due to the previous proposition.

Examples

(1) dim R" =n

(2) F = the set of polynomials with degree no greater than n. Then {1,z,z
base of F', so that dim F = n + 1.

2 ...,2"} becomes a

3. MAPS BETWEEN SPACES

Def. V, W : vector spaces. T : V — W is a linear mapping if Yu,v € V,Va,
(i) Tu+v)=T(u)+T(v)
(i) T(a-u)=a- -T(u)

Notation
L(V,W)={T:V — W :a linear map} = the set of all linear transformations. If V"= W, then we
write L(V).

Def. For T' € L(V,W), define the norm || T ||= sup,cg |Tv| where S = {v € V : |v| < 1}

Proposition T' € L(R", R") =|| T ||< oo and T is uniformly continuous.
Proof : Suppose x =c¢j-e1 + ...+ ¢ - en and |z| < 1(= |¢;| < 1). Then

|Tz| =|c1-Ter+ ... +cn-Tep| < |e1| - |Ter]| + ... + |en| - |Ten| < |Ter]| + ... + |Tey|
so that || T ||< |Tei| + ... + |Te,| < c0. For all z,y € R" with = # v,

x—y
|z — |

Tz —Ty| = [T(z —y)| = |z —y| - [T( =Tz -yl
Therefore T' is uniformly continuous. Q.E.D.

Def. V,W : vector spaces. f : V — W is an isomorphism if f is bijective (both injective and
surjective) and is a linear mapping.



Examples
(1) f:R"—>R", f(z)==x
(2) f: P" — R""! where

ao

flao + a1z + aga® + .. + apa™) = | @

Qn
(3) f: C— R f(c) = f(er +ic2) = (c1,¢2)
Proposition L(R", R™) is isomorphic to My, xn = M(m,n) = {A]A is m X n matrix}.

* This proposition implies that any linear transformation from R™ to R" can be represented by a
m X n matrix.

4. THEOREM OF KERNEL AND IMAGE
Def. The kernel of a linear map T : V — W is defined as ker T = T~1(0).

Example
T:R?>— R, T(x1,22) = 21 + 9. Then ker T = {(z1, z2)|z1 = —x2}.

Fact
(1) ker T" always contains 0.
(2) ker T' is a subspace.

Def. The range of T': V— W is defined as ranT = T (V).
Fact : ranT is a subspace.

Proposition A linear map 7' : V — W is injective < ker T' = {0}.
Proof : Exercise 4

Theorem of Kernel and Image V,W : finite-dimensional vector spaces, T : V — W, linear.
Then

dimV = dim{ker T'} + dim{ranT'}

Def. T': V— W is an isomorphism if T is a linear bijection.

Corollary 7T is an isomorphism = dim V' = dim W
Proof : (i) T is injective = kerT = {0} = dim{kerT} = 0 = dimV = dim{ranT}. (i) T is
surjective = ranT = W = dim{ranT} = dim W. By (i) and (ii), dimV = dim W. Q.E.D.

Corollary Suppose dimV = dim W. T is surjective <= T is injective
Proof : T is surjectivees W = ranT < dimW = dim{ranT} < dim{kerT} = 0 < kerT =
{0} & T is injective. Q.E.D.

5. DETERMINANTS
Def. A n x n determinant is a function det : M,,«,, — R such that



1) det(plv ey pjv ) pn) = det(pl) ey k- pi + pj7 --'7pn)> i 7é ]

u det(plv oy P ---vpja 7pn) = _det(p17"'7pj7"',piv"wpn)a t 7&‘7

(

(

(iil)  det(pyy.eos k- Pjyeeey P) = k- det(py, ey piy oo P)s K # O
(iv)

iv) detl =1

~—

Theorem For each n, there is a unique n x n determinant function.

Properties

(1) A matrix with two identical rows (or columns) has a determinant of zero.
(2) A matrix with a zero row (or column) has a determinant of zero.

(3) A matrix is nonsingular if and only if its determinant is nonzero.

(4) The determinant of a matrix equals the determinant of its transpose.

Theorem A :m x m matrix. det A # 0 < A~! exists & A : R™ — R™ is an isomorphism

(Useful) Fact : det is a continuous function.



