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Quiz II. (Friday, August 8)

1. (1.5) Prove that if f: X — Y is continuous and X is compact, then f is uniformly continuous.

2. (1.5) uppose X; is an independent random variable with density function f;,i = 1,2. Let
f(x1,x2) be the joint density function of X; and Xy (Of course, f(x1,z2) = fi(x1)f2(x2) because
X7 and Xs are independent). Define a new random variable Y by Y = X; + X5 (Y is called the
convolution of the independent X; and X3). Show that the density function of YV is given by

) = [ A faly = o).
Hint : Find a distribution function Fy of Y first.

3. (2) Let f: AC R™ — R be a function. Show that for fixed € > 0, the following set is closed.

B, = {aGA:o(f,a):limsupf(x)lim inf f(z) 28}.
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4. Let Myyo be the set of 2 x 2 matrix and M™* C Msys be the set of 2 x 2 matrix whose determinant
is 0. We show that M™ has zero measure in Msyo.

(1) (1.5) Define a function f : Maya X R? — R? by

Av a11v1 + a12v2
f(Av) = ( T > = | a21v1 + axv2
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Obviously, f is C1. Find Df(A4,v).

(2) (1.5) Let ¢ = (0,0,0) € R3. Show that for all (A,v) € f~(c), Df(A,v) is surjective. Hint : it
is enough to show that there are at least three independent columns.

(3) (2) Transversality Theorem A C R\, U C R™ : open. f: AxU — R": C'-map. Let
¢ € R" be such that for all (\,z) € f~'(c), Df(\,z) : Rl x R™ — R™ is surjective. Then the set
N ={X e A|D,f()\ x) is not surjective for some x € U with f(\,z) = ¢} has measure zero.

By the Transversality Theorem, the set M’ = {A € Mayxs : D, f(A,v) is not surjective for some
v € R? with f(A,v) = ¢} has measure zero. Show that M* = M’



