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Violation of the Flu
tuation-Dissipation Theorem for fastsuperdi�usionIsmael V. L. Costa, Rafael Morgado, Mar
os V. B. T. Lima, Fernando A. Oliveira20th April 2007Institute of Physi
s and International Center of Condensed Matter Physi
s, University ofBrasília, CP 04513, 70919-970, Brasília-DF, BrazilAbstra
tWe study anomalous di�usion for one-dimensional systems des
ribed by a generalizedLangevin equation. We show that superdi�usion 
an be 
lassi�ed in normal superdi�usionand fast superdi�usion. For fast superdi�usion we prove that the Flu
tuation-DissipationTheorem does not hold, whi
h indu
es an e�e
tive temperature in the system. This e�e
tivetemperature is a signature of metastability found in many 
omplex system su
h as Spin-Glassand granular material.1 Introdu
tionSin
e its formulation, the Flu
tuation-Dissipation Theorem (FDT) has played a 
entral role[1, 2℄in non-equilibrium statisti
al me
hani
s in the linear response regime (LNESM). It rea
hes su
han importan
e that a full formulation of LNESM is given [2℄ based on it. In the last 30 years,fundamental 
on
epts and methods have been developed [1, 2, 3, 4, 5, 6℄ and a large numberof 
onne
tions have been established. A ne
essary requirement for the FDT is that the time-dependent dynami
al variables are well de�ned at equilibrium. The presen
e of nonlinear e�e
tsor far from equilibrium dynami
s may lead to situations where the FDT does not hold, the agingpro
ess in spin-glass systems being a good example [7, 8, 9, 10, 11, 12, 13℄.In this letter, we present a straightforward proof of the in
onsisten
y of the FDT for a
ertain 
lass of superdi�usive pro
esses des
ribed by a generalized Langevin equation (GLE).The surprising result here is the fa
t that the violation happens in the linear regime, i.e. wherewe expe
t the validity of the LNESM. The use of the FDT allows us to 
lassify two 
lasses ofsuperdi�usion. The �rst 
lass, whi
h we shall 
all normal superdi�usion, does obey the FDT;the se
ond 
lass, whi
h we shall 
all fast superdi�usion, does not obey the FDT. The proof issimple and we dis
uss as well how the di�usive pro
ess leads to an equilibrium.Di�usion is one of the simplest pro
esses by whi
h a system rea
hes equilibrium. For normaldi�usion, the pro
ess is so well known that it may be des
ribed by an equilibrium type distri-bution for the velo
ity and position of a parti
le. However, the strange kineti
s of anomalousdi�usion, intensively investigated in the last years [14, 15, 16, 17, 18, 19℄, shows surprising results.Consequently, studying anomalous di�usion seems to be a good way to obtain the 
onditions ofvalidity for the FDT. 1
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2 Violation of the FDTWe shall start writing the GLE for an operator A in the form [1, 3, 5℄
dA(t)

dt
= −

∫ t

0

Γ(t − t′)A(t′)dt′ + F (t), (1)where F (t) is a sto
hasti
 noise subje
t to the 
onditions 〈F (t)〉 = 0, 〈F (t)A(0)〉 = 0 and
CF (t) =< F (t)F (0) >=< A2 >eq Γ(t). (2)Here CF (t) is the 
orrelation fun
tion for F (t) and the bra
kets <> indi
ate ensemble average.Eq. (2) is the famous Kubo FDT and it is quite general[1℄. In prin
iple, the presen
e of thekernel Γ(t) allows us to study a large number of 
orrelated pro
esses. The main quantity is the
orrelation fun
tion CA(t) =< A(t)A(0) >, from whi
h we 
an des
ribe most of the pro
ess ofinterest.We may naively expe
t that, by Eq. (1) and Eq. (2), a system will be driven to an equilibrium, i.e.

lim
t→∞

< A2(t) >=< A2 >eq . (3)We shall see however that this is not always the 
ase for superdi�usive dynami
s. Let us de�nethe variable
y(t) =

∫ t

0

A(t′)dt′, (4)with asymptoti
 behavior
lim

t→∞

< y2(t) >∼ tα. (5)For normal di�usion α = 1, we have subdi�usion for α < 1 and superdi�usion for α > 1.Noti
e that if A(t) is the momentum of a parti
le with unit mass, y(t) is its position. Using theKubo's de�nition of the di�usion 
onstant, Morgado et al[19℄ obtained a general 
lassi�
ationfor anomalous di�usion; i.e. using
D = lim

z→0
C̃A(z) = lim

z→0

< A2 >eq

z + Γ̃(z)
, (6)where Γ̃(z) is the Lapla
e transform of Γ(t) they obtained: For a �nite value of Γ̃(0) 6= 0, normaldi�usion; for Γ̃(0) = 0, superdi�usion; and for Γ̃(0) = ∞, subdi�usion.Now the Lapla
e transform of Eq. (1) suggests a solution of the form

A(t) =

∫ t

0

R(t − t′)F (t′)dt′, (7)where we have set A(0) = 0, and
R̃(z) =

1

z + Γ̃(z)
. (8)Squaring Eq. (7) and taking the ensemble average we obtain2



< A2(t) >= 2

∫ t

0

R(t′)

∫ t′

0

CF (t′ − t′′)R(t′′)dt′′dt′. (9)At this point, it is quite usual to perform numeri
al 
al
ulation [17℄. However, we shall showhere that very important results 
an be obtained analyti
ally. From Eq. (8), we 
an get aself-
onsistent equation for R(t) as
dR(t)

dt
= −

∫ t

0

Γ(t − t′)R(t′)dt′. (10)Noti
e from Eq. (6) and Eq. (8) that R(t) is the normalized 
orrelation fun
tion, i.e. R(t) =
CA(t)/CA(0). By using the FDT Eq. (2) and Eq.(10) we 
an exa
tly integrate Eq. (9) andobtain

< A2(t) >=< A2 >eq λ(t), (11)where
λ(t) = 1 − R2(t). (12)Equation. (3) is satis�ed if and only if
lim

t→∞

λ(t) = λ∗ = 1, (13)or equivalently
lim

t→∞

R(t) = lim
z→0

zR̃(z) = lim
z→0

z

z + Γ̃(z)
= 0. (14)Where in the �rst step we used the �nal value theorem[20℄. Again we shall 
omment here thatif Eq. (14) does not hold, its equivalently Eq. (3) does not hold as well, and it violates the FDTEq. (2). Re
ently Lee[6℄, using his re
urren
e relation formalism[5℄, obtained a 
ondition similarto Eq. (14) for the ergodi
ity hypothesis to work. I.e. if the system keeps some memory after anin�nity time, the ergodi
ity does not hold. We show here that it is the same 
ondition for thevalidity of the FDT.Equation (14) is satis�ed for normal and subdi�usion. For superdi�usion limz→0 Γ̃(z) = 0,and Eq. (14) be
omes

lim
t→∞

R(t) = (1 + lim
z→0

∂Γ̃(z)

∂z
)−1, (15)There are two distin
t limits for Eq. (15), whi
h de�ne two 
lasses of superdi�usion. For the �rst
lass, limz→0

∂Γ̃(z)
∂z

= ∞ and the system obeys the FDT. The se
ond 
lass has limz→0
∂Γ̃(z)

∂z
6= ∞and it does violate the FDT. The �rst 
lass we shall 
all normal superdi�usion (NSD) and these
ond 
lass fast superdi�usion (FSD).Consider now the asymptoti
 behavior for Γ̃(z)as

Γ̃(z → 0) = azν . (16)Is easy to see that for ν < 0 we have subdi�usion, for ν = 0 normal di�usion, and for ν > 0,superdi�usion. From the above equations we have for 0 < ν < 1 NSD and, �nally, for ν ≥ 1 wehave FSD. There is an obvious 
onne
tion between ν and α, de�ned in Eq. (5), that 
lassify thedi�usion. Morgado et al [19℄ shown that ν = α − 1 and 
onsequently the FSD starts at α ≥ 2,3



i.e., the FDT does not work for the ballisti
 motion and beyond. Better, the formalism of GLE+ FDT works for 0 < α < 2. We shall dis
uss later the lower limit α = 0.3 Ballisti
 MotionThe ballisti
 motion is at the limit of the validity of the FDT, to go beyond it is too dangerous sowe shall keep working within α = 2. Before we give some example let us make a very importantasso
iation. The for
e F (t) in Eq. (1) 
an be obtained from a thermal bath 
omposed of harmoni
os
illations, 
onsequently a

ordingly to Eq. (2) the memory 
an be put as
Γ(t) =

∫
ρ(ω) cos(ωt)dω, (17)where ρ(ω) is the noise density of states. The same argument used before for the Lapla
etransform 
an be used for for the Fourier transform, with the simplifying 
onsequen
e Γ̃(ω) =

ρ(ω). This is a great advantage, sin
e noise density of states exist not only for systems governedby GLE, but for most of the physi
al systems. Consequently the MOBH 
onje
ture[19℄ reads: Ifa disordered unidimensional system has ρ(ω) ∼ ων , as ω → 0 than the di�usion exponent is
α = ν + 1. (18)This 
onje
ture has been observed for the quantum disordered Heisenberg ferromagneti

hain[21℄, and is under dis
ussion for energy propagation on the harmoni
 disordered 
hain[22℄.We 
an 
hoose now the density of state to produ
e the di�usion we want. Consider now thenoise density of states

ρ(ω) =

{
constant ω1 < ω < ω2

0 otherwise
, (19)for ω1 = 0 we have the Debye density of states for a thermal noise made out of a
ousti
 phonons.Thus, for ω1 = 0 we have normal di�usion and for any ω1 6= 0 we have superdi�usion. Thisdensity yields

Γ(t) = β

[
sin(ω2t)

t
−

sin(ω1t)

t

]
, (20)The Lapla
e transform of Eq. (20) gives as z → 0 Γ̃(z)∼z, 
onsequently ν = 1 and α = 2, whi
his the ballisti
 limit. If we let β = ω2/2 we get λ∗ as

λ∗ = 1 −

(
2ω1ω2

ω1 + ω2

)2

. (21)Values of λ∗ 6=1 show the in
onsisten
y of the FDT be
ause we start supposing the existen
e of anequilibrium value < A2 >eq and, after an in�nite time, we end up with < A2 >eq λ∗. Equation(21) has a parameter 
ontrol ω1, whi
h measures the �hole� in the density of states, and how farwe are from the result predi
ted by the FDT.Now we sele
t A(t) = v(t), the parti
le's velo
ity, so that < v2(t) >=< v2 >eq λ(t). Wesimulate the GLE for a set of 10, 000 parti
les starting at rest at the origin and using thememory in Eq. (20) with ω2 = 0.5 and di�erent values of ω1. The results of these simulationsare shown in Fig. 1, where we plot < v2(t) >. We used the normalization < v2 >eq= 1, so that
< v2(t) >= λ(t). Noti
e that λ(t) does not rea
h a stationary value, rather it os
illates arounda �nal average value λs. This value of λs should be 
ompared with λ∗ obtained from Eq. (21).4



Figure 1: Normalized mean square velo
ity as a fun
tion of time for the memory given by Eq.(20).Here β = ω2/2 and ω2 = 0.5. Ea
h 
urve 
orresponds to a di�erent value of ω1. a) ω1 = 0;b) ω1 = 0.25; 
) ω1 = 0.45. The horizontal lines 
orrespond to the �nal average value λs. Inagreement with the theoreti
al predi
tion, λs de
reases as ω1 grows.Figure 2: λ∗ as a fun
tion of the parameter w1. Ea
h dot 
orresponds to a value of λs obtainedfrom simulations like those des
ribed in Fig. 1. The line 
orresponds to the theoreti
al predi
tiongiven by Eq.(21).In Fig. 2 we plot λ∗ as a fun
tion of ω1 as in Eq. (21) with �xed ω2 = 0.5. We also plotthe �nal average values λs obtained from simulations for di�erent values of ω1. Noti
e that as
ω1 in
reases λ∗ de
reases as expe
ted. The agreement between simulations and Eq. (21) showsthat we 
an predi
t the average value λs, even when the FDT does not work.Now we 
an de�ne λ∗= T ∗/T , where T ∗ is an e�e
tive temperature for the system. E�e
tivetemperatures di�erent of the expe
ted temperature T , or λ∗ 6= 1, are found in spin glasses wherethe FDT does not work[8, 9, 10, 11℄. The �rst observation of su
h phenomena was reportedKauzmann[8℄. He noti
ed that if the entropy of a super
ooled liquid is extrapolated belowthe glass temperature Tg, it be
omes equal to the 
rystal temperature Tc > 0, and in some
ases even Tc < 0. To avoid this paradox he suggested the existen
e in the super
ooled liquidphase of e�e
tive spinodal temperature Tsp <Tc. In a re
ent work Rubi et al[9℄ investigate theviolation of the FDT, using a Fokker-Plan
k approa
h. They found temperatures T ∗ whi
hare greater and small than T. Ri

i-Tersenghi et al[10℄ and Cavagna et al[11℄ performed single-spin-�ip Monte Carlo simulations in square latti
es with frustration and they obtained e�e
tivetemperatures T ∗ 6= T . Methods for measuring those e�e
tive temperatures are dis
ussed as wellin the literature[12℄.An os
illatory behavior similar to that found in Fig. 1 was observed by Srokowski[17, 18℄,in his simulations using GLE. However, the kind of motion he studied is a subdi�usive motion.Using his memory we get[18℄ Γ̃(z) = β[1 − exp(εz)/(εz)+E1(εz)], here β is a 
onstant, ε a smallnumber, and E1 is the exponential integral. This result gives limz→0 Γ̃(z) ∼ z−1, from the abovearguments we get ν = −1 and α = 0. We believe we 
an explain this strange results. Let us
onsider a 
onstant memory of the form Γ(t) = K, if A(t) in Eq. (1) is the velo
ity, than thememory term yields −Ky, where y is the position. Consequently the parti
le is bound to theorigin by a harmoni
 spring and has no di�usive behavior. Indeed the Lapla
e transform gives
Γ̃(z) = K/z, with ν = −1 and α = 0, the same as the result we obtain from Srokowski memory.We shall noti
e that α = 0 does not meaning that the motion is a harmoni
 type motion, ratherit means it belongs to same 
lass, the di�usion behavior of Srokowski is not a power low as inEq. (4) probably it is slower than a power low, su
h as, for example, a logarithmi
 behavior.For α > 2, the FSD 
annot be des
ribed by the methods we used here. On
e the FDT doesnot work, the GLE and the FDT together predi
t strange results su
h as a null dispersion for thedynami
al variable, i.e. < A2(t → ∞) >= 0. Moreover, the exponent α 
an be put as α = 2/DF ,where DF is the fra
tal dimension [23℄. Consequently α > 2 leads to DF < 1, whi
h is not a full
urve, but a set of points su
h as the Cantor set, and 
annot represent a 
lassi
al traje
tory.
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4 Con
lusionWe dis
ussed the stationary behavior for the mean square value of a dynami
al variable A(t)and as well the mean square displa
ement of the quantity' y(t) =
∫ t

0 A(t′)dt′. The assymptoti
behavior of < y2(t) >∼ tα as t → ∞, 
an be explained for 0 < α < 2. We show the thesuperdi�usive motion must be 
lassi�ed in normal superdi�usive (NSD), for 1 < α < 2, andfast superdi�usive (FSD), for α ≥ 2. The FSD motion shows an in
onsisten
y between theGLE and the FDT. This kind of superdi�usion with α ≥ 2 is 
ommon in hydrodynami
alpro
esses. It is not surprising that these pro
esses will be far from equilibrium and violate theFDT. We pointed out here how it happens and pre
isely where the FDT breaks down. As we havealready mentioned, spin glasses seem to be a ri
h �eld for studying these phenomena. Indeedexperimental [13℄ and theoreti
al works [7, 10, 9℄ have been reported in this area, 
on�rmingthe violation of the FDT. As well, the e�e
tive temperature found in non
rystaline materialis 
onne
ted here with the FSD and the violation of the FDT. It would be very helpful if theexponent α for those di�usive pro
esses 
ould be measured. Another related phenomena areanomalous rea
tion rate[24℄ and 
haos syn
hronization[25℄, whi
h we expe
t to dis
uss soon.Although anomalous di�usion remains as a surprising phenomena, we hope that this work willhelp in the 
entennial e�ort to understand di�usion and the relation between �u
tuation anddissipation. A generalization of the FDT to in
lude the FSD is ne
essary, what will require adeeper understanding of systems far from equilibrium.Referen
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