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INTRODUCTION

e In a Growth Model without Money a Necessary Banking Sector (with zero

measure banks)

e A Central Bank Controls the Interest Rate on Reserves

e Banks Respond by changing Loans and Deposits

e The Private Sector Follows

e Can Monetary Policy Matter?

e Bianchi and Bigio (2022) meets Rios-Rull et al. (2023).






WHAT IS A BANK? N

A costly to create firm with curvature in the objective function.

e It can borrow cheap and short deposits with adjustment costs.

It can lend expensive and risky and long loans with adjustment costs.

It can hold reserves at a Central Bank determined rate

e It is subject to

Shocks that destroy loans

Shocks that reshuffle deposits
e |t can go out of business

e It has to satisfy

o Reserve Requirements

e It may have Capital Requirements

e It has a somewhat unreliable access to an interbank credit market



BANK PROBLEM TIMING

© 0 N o or B

10.

Bank starts period with depositis d loans £ and liquid assets, a.

Bank chooses new deposits d”, new loans ¢", dividends ¢ and liquid assets m
(that will be eventually allocated to either reserves r or government bonds b%),
subject to a capital requirement

Bank is subject to idiosyncratic withdrawal shock to deposits 3¢ (positive or
negative with negative mean) and random loan destructtion &'.

Bankruptcy happens if shocks large enoug.

Bank choooses allocation of liquidity between bonds and reserves

Bank may borrow or lend in the overnight interbank market b°"

Bank may borrow from the discount window b

Bank must satisfy reserve requirement (or r > 0 if there is no requirement)
Bank pays back overnight and discount window borrowing

Bank receives payment on loans principal and interest



BANK PROBLEM, STAGE 2 : PORTFOLIO DECISION
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BANK PROBLEM, STAGES 5-6-7 (BONDS-RESERVES-DISCOUNT-WINDOW) !"’
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BANK PROBLEM ALL IN ONE

e Let x(m,¥,d,d) be the function that determines the profit/loss in stage 2 of
the problem as a function of shocks:

x"s, s>0

X(m7€7d’5) =
xX's, s<0
s=m—d[(1+ %) -4
x"=(F = i®)and = WT(i® = iF)

XSV =)+ - - )

V: THIS NEEDS WORK



BANK PROBLEM ALL IN ONE
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HOMOGENEITY OF THE VALUE FUNCTION REDUCES ONE STATE VARIABLE

e The value function V/(a,/, d) satisfies homogeneity of degree 1 — v, so that
V(aa,al,ad) = o'~ 7V(a,4,d), if £,a,d > 0. This means that
V(a,t,d)=V(2,1,9) "

e So we translate the problem into one where the states are liquid assets per unit
loan and deposits per unit loans, w, = a/¢, wg = d/¢.

e Not useful for too big to fail (no notion of systemic). All banks have zero
measure.

e We proceed by guess and verify, this is, that there exist a function €, such that

Qwa, wa) 477 = V(fws, £, bwq),
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SiMPLIFIED BANK PROBLEM

DEeFINE: © = §, z
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SUBSTITUTING IT CAN BE VERIFIED:
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How THE VALUE FUNCTION SHOULD LOOK

One expects Q(wa,wq) to have the following shape:

1. Sliced for given wy is:
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How THE VALUE FUNCTION SHOULD LOOK

2. Sliced for given w,, V: Should be decreasing:
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Exit pecisioN V: NEEDS WORK !‘-!

Banks exit when Q(w?,w)) < 0 (having negative loans is unlikely to happen).
The set at which the bank does not exit is given by:

o = m(1+i%) —d(1+ i)+ x(m,d,6f) + (1 — 67 )(\ + i)

1-0)1-N) +7 2w

This determines a set for §, which we denominate C(, " m, d).

Can write continuation value as:

N (IR =)= +77\
/(SGC(EE ,m,d) ) ( 1+7 ) aF(0)
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NOTE ON EXIT 7N
&

Why would a bank ever exit? There is the capital requirement, but if we
assume banks do not need to exit because of it, it is only optimal to exit when
probability of being able to pay one's liabilities goes to 0. If we want more exit,
we could use a utility operational cost. For the linearity to be preserved, this
should take the form ¢¢*~7, so that now the bank gets a flow value:

u(c) — ot
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CAPITAL REQUIREMENT

To be able to satisfy the (KR) constraint, a bank must have:

1 y —
N RS et
a’ + asw fas — 1

Are there banks in this situation? Yes, if w"f > wC.
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STATIONARY EQUILIBRIUM "

e A Stationary Equilibrium consists of value function Q, and policy functions,
prices g%, q¢, i, ¢°", G°, tightness of interbank market &, inflation rate 7, a
mass of entrants m®, and government policies (¢", ¢?, R, B, gn, T) such that:

1. The value and policy functions solve the bank’s Bellman equation
2. The Government's intertemporal budget constraint is satisfied

3. The tightness in the interbank market is compatible with the aggregate surplus
and deficit in the interbank market, as determined by policy functions and the
idiosyncratic shock process

4. Inflation equals the growth rate of nominal liabilities: gy = 7
5. All markets clear

6. The free entry condition is satisfied

18



ALGORITHM FOR COMPUTATION "

10.
11.
12.
13.

14.
ii58
16.

© 0of Ny 01 & D

Define policies (¢", g%, R, gn)

Compute inflation ™ = gy

Guess q?, i*, G°, tightness ¢ and mass of entrants mf

Compute g°" using the expression from bargaining

Compute g% using the no-arbitrage condition

Solve bank problem

Find stationary distribution of banks in w

Use loan market clearing condition to compute real loans (Firm block)
Compute aggregate demand for government liabilities, demand for deposits,
and net interbank loans

Compute aggregate surplus and deficit of reserves

Compute household supply of deposits

Compute growth of real loans

Check market clearing in the deposit market, tightness condition, interbank
market loan clearing, that real loans are stationary and free entry condition
Compute demand for discount window loans

Compute government bonds

Compute taxes
19
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A GROWTH MODEL AROUND A BANKING INDUSTRY

e There is a Rep hhold

e It owns a Mutual Fund that yields dividends
e It gets utility from deposits

It holds bonds (risk free in St St, not necessarily so outside)
e Some of its members work
e Many Putty Clay firms
e Start up with bank loans. Become equity firms after Calvo shock.
e All proceeds go to Mutual Funds
e A Banking Industry.
e Individual Banks make Loans to firms with maturity A
e Borrow and issue deposits
e Startup costs paid by Mutual Funds with difficulty (via func u?)
e Mutual Funds
e Manage Loan firms
e Own Equity firms

e Open and own banks with transfer difficulties

21



PRICES, AGGREGATE VARIABLES, AND OTHER OBJECTS "
e Prices

e Interest rate g for bonds: Safe

e Interest rate r’ for loans: Unsafe

e Interest rate for deposits q° Safe because insured by Gov.

e Wage function w(k, C) (I am using a guess and verify based on logs)

e Quantities
e Employment, and Number of Firms/Plants N
e Capital per Plant K
e Output, Cons, Inv, C + NK = Y = NAK*— Intermediate Inputs
e Loans L = (1 — A)NK V: (Double check, but similar formula)
e Deposits D
e Bonds B
o Taxes, Banks Loses T

e Other Elements

e A Banking Industry with a measure of banks x, new entrants mFE, and dividends
Cb
e Mutual funds that manage/own all firms

22



INDUSTRY EQUILIBRIA "

e The definition is exactly like the one in the other paper. But for our purposes
we need to link it with the rest of the model.

e We proceed by specifying what are inputs to the banks

e Given safe interest rate, 1/q, deposit rate 1/q%, loan rate r’ and cost of entry
kEP, it yields

e A measure of Banks over their states x, including entrants mE, and fraction of
loans in hands of failing banks d®.

e Total Quantity of Bonds B

e Total Quantity of Deposits D

e Total Dividends C®

e Total Loses T to be covered by government

e Total resources needed by new entrants mF kb
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INVESTMENT AND FIRMS: PutTY-CLAY "

Under Free Entry, One-Worker Putty-Clay Plants arise: y = A k.

Firms get destroyed with probability 6. From the point of view of banks § ~ ~s,
with mean 4;.

Financed with Bank loans of stochastic maturity A\. Upon arrival of Maturity,
becomes Equity firm. Mutual Fund pays loan

All cash flows of firms end up in Mutual Funds.
Extensive margin: There are N" new firms each period.
Intensive margin: Each period firms invest k units.
Total amount of new loans is L" = k N".

Employment or the number of plants is

N = (1—68)N+ N".

Output is
Y' =(1-656)Y+N" Ak
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INVESTMENT AND FIRMS: FINANCING "

e Firms must borrow 100% of their investment k from a bank.

e If the Bank does not fail (prob 1 — d®), then with probability 1 — ), the firm
continues to be debt-financed and pays interest kr’; with probability X, a loan
terminates. With probability -, the firm chooses refinancing by banks.
Otherwise, the mutual fund pays (14 r®)k at the beginning of next period, and
the firm becomes an Equity firm.

o If the bank fails (prob d®), we assume that the loan also terminates with prob
« and the Mutual pays the government k(1 + r® +¢F). V: What happens with
prob (1 — \)?

o d® is the endogenous fraction of loans held by defaulting banks:

N,
dF — i1 Jopen, ¢ dmi(a,0)
S, [ € dmi(a,0)
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VALUE OF FIRMS: THERE ARE MEASURES m°(k, r’) AND m'(k) OF THEM

e Given capital k, the maintenance cost ¢, interest rate rt, wage w(k), and the

repayment cost ¢ when banks default, the value of a loan firm is

MO(k, r*) = Ak™ — w(k) — (r® + 62)k + (1 — d®)(1 — N)q(1 — 61)N°(k, r%)
+q(1—01) {A(1 - d®) +d®)} (1 — 7)N°(k)
+a(1 = 01) (M1 = d®) +d®] 5 [~k + M (K)] — (1 = d1)d°¢k

e The value of an equity firm is

N (k) = Ak® — w(k) — S2k + (1 — 61)1*(K)

o Letting R(k) = Ak® — w(k), M° < M* due to loan repayment costs:

_ R(k) — &2k
) = 1—q(1-101)
M9k, ) = R(k) =62k rf +q(1 — 61)y [A(1 — dB) + d® + dB¢]

T1-q(l-61) 1-q(l-01)[1—7{MI—d®)+dE}]
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INVESTMENT DECISION

e Given the expected value, a firm chooses the size of capital:

* _ 0, by, Ef
k fargm}?x{qﬂ(k,r) K }

e With FOC

(1—p)aA

rf+q(1—61)v[A(1—dB)+dB +dB ¢ [1—q(1—61)]
1-q(1—81)[1—~{A(1—dB)+dB }]

e Firms enter until profits are zero:
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OuUTCOME OF INVESTMENT DECISIONS N

e Given r® q,d® L", 6; and wage function w(k)

e Pose parameters of firm problem: §2, A, o, p, b
e Yields k, w, N, new firms 61 N, that satisfy
1. Wage equation
2. FOC of firms
3. Zero Profit Condition
4. Feasibility: Y = AN k® = C + |+ costs of starting firms and operating banks

5. 1= (81 + 62)kN
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MutuaL Funps

o Households own Mutual Funds which in turn own firms and banks, but do not
trade its shares, just passively receive its dividends.

e Mutual Funds create banks and receive its dividends. Even though, banks
assess the dividends according to function u”(). Its cash flow is

i
= Z/ c"(a, 0)dm'(a, €) + (c5° — kEP)mE
(a,0)¢D;

i=1
e Mutual Funds manage Loan-firms and own Equity Firms:
x Y —pY — (1 —p)bN — rK°
—(1—d®AK® — dB(1 4+ ¢F)K® — kEFN"
/ [Ro(k7 Y — ke — (1 — d®)k — d®(1 + gF)k] dm®(k, r')
k,rt

+/R1(k)dm1(k)—/@E’fN"
k
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OuTtcoME ofF MuTuaL Funps N

e By Aggregation we get Profits to be Distributed to Households. It needs

1. New Banks Creation

2. Profits and loses from Banks C?

3. Cash Flow net of Interest from Loan firms (not zero because of fixed costs)

4. Loan Repayment

5. Profits from Equity Firms

30



WAGE DETERMINATION N

e A bargaining process between the firm and the worker. v: (We may change this to get

more wage rigidity and avoid the Shymer puzzle)

e The bargaining process is repeated every period and if unsuccesfull neither firm
nor worker can partner with anybody else within a period. We assume that the
financial obligations to the bank by the firm do not disappear. Let p be the
bargaining weight of the worker and b is workers' outside option. Then, we
have

wO(K) = wh(K) = i AK® + (1 — )b
e Total (per capita) Labor Income paid in the Economy are

WN:N/[uAk“Jr(lfu)ﬂ di = pY + (1 — p)bN
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HouseEHoLD 7N
&

v(a) = max u(c,d)+ pv(d) st
c+q'd +gb = a+WN+Q-Nb+7 +75-T
a = d+b
where T is the taxes needed to pay for bank losses. FOCs:

U = —u.

d /
ug = q uc—puc
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TAxEs !‘!

The cost of deposit insurance is the amount of deposits that defaulting banks
owe minus liquidated capital.

s
T = Zg"*"/ dm'(a, 0) — K°d®(1 - ¢B)
i=1 (a

2)eD

where ¢B is the fraction that the government is unable to recover during the
liquidation process.
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OutpPuT OF HouseHoLD PROBLEM

e Given safe interest rate, 1/q, deposit rate 1/q?, Taxes T, wages W, Profits I,
and Bonds B, Employment N we obtain

1. Consumption C

2. Deposits D

34



MARKET CLEARING "
Deposits

Ne
D'=>"¢ / dm®(a, £) + €% m®
i=1

(a,0)¢D;

Bonds

qB’' _Z/ z z'"(a 0),b"(a, z)) b’ (a, 0)dm'(a, £) + g b'EmE
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]
MARKET CLEARING (CONTINUED): V: How poes NIPA TREAT F7? |NTERME

GOODS?

New loans

Ne
N1 =) (M- )+ P} KO =3~ [ n(a, )dmi(a,O)+egme
= a,l 5
Goods
Y = C+ kN" + 5,kN+

+Z/

Z" (a, E)) dmi(a,l) + &2 (Zg) (Bank loan issuance costs)
Z)&D

Z/ 51, b ‘(a, Z)) dmi(a,£) + €& (b') (Bank bond issuance costs)
(a,0)¢D;

+ kEmg 4+ kENT (Entry costs)

+dB(¢B +¢FKO (Bank default costs)
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STEADY STATE CONDITIONS (1)

Households: u(C, D, N) = log(C) + n°log(D),

qg=23
n°C

— g
b =9 -8

Firms:

(1—p)aA
[rf+a(1—61)v{A(1—dB)+dB+dB¢f H[1—q(1—61)]
1-g(1—d1)[1—~v{A(1—-dB)+dB}]

+ 92
HEf =q HO
(1 - p) (A(k™)* — b) — 62k*
1—-g(1-61)
r +q(1—61)y [M1 — d®) + d® + d®(7]

B O R B e YR el

n° =

(1)
(2)

(4)

(5)
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STEADY STATE CONDITIONS (2)

Wages:
w = pAK")* + (1 - p)b

Banks:

Kb = WE(aE, £F)

N i
o i S pyepi € dm'(a,0)
S [ ¢ dmi(a, £)
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STEADY STATE CONDITIONS (3)

Market clearing conditions:

N,
g 3
D= ghd / dm'(a, ) + 59 mF 9)
,; (2,020,
Ne
gBl= Z/ g"(£.4"(a,0), b"(2,0)) b"(a, €)' (3, £) + ¢=*b'"F " (10)
i—1 Y (a,€)gD

N,
3
KN = 7) {21 - @) + 88 K° = Z/( o, 1@ 0 (2, 0) ¢ ErmE (1)
.

i i E, E, E
Y =C+k N"+62kN+Z/(M)eD (z "(a,e))dm’(a,é)+5 ”(z ”)m

Ne

= /w)w ehb (b"’(a, 5)) dm'(a, £) + £5°° (b’E) mE

i=1

+KE.me+KE,an+dB(<B+CF)KO (12)
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STEADY STATE CONDITIONS (4)

Laws of motion:

y _ AN
o1
Nn
N =
o1
KO _ K*N"

1—(1—-01)[1=—~{\1—dB)+dB}]

Aggregate endogenous variables:
C7 D7 B7 k*7 KO: Nn7 N7 Y7 dB7 m(a7é)7 mE7 q7 qd7 r€7 w

Parameters:
HHs: 8, u, b, n°
Firms: a, A, k57, ¢F
BankS: ub()7 ﬂB7 )\7 éi’d7 5;""7 gi,b’ F(5,)7 HEYb? CB

(13)
(14)
(15)
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ALGORITHM TO GET STEADY STATE "

Set Parameters of Banking: u®(), 85, \,€79,€"" €2 F(5') and prices
r’,q%,q.V: (may come back to this)

Compute the banking industry equilibrium. Get loans L, deposits D bank
Eb

dividends C?, losses T, resources for new entrants m® k.
Set HH preference parameters (3, b, np, and the bargaining power 1 so that
they are consistent with g, the observed consumption-to-deposit ratio and the
labor share of 2/3.

Set Technology A, o as well as §2 and ¢ to solve the firms' problem. Given «
and J>, adjust A to make sure that all markets clear.

V: (I think that A doesn’t matter much so we should set this to get the
equity/debt ratio of the nonfinancial sector and a normalize)

Generate key moments of interest.
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SETTING THE BARGAINING PARAMETERS

e We target labor share and the outside option for workers b = ¢pw:

L5=u+(1—u)$=u+(1—u)%

w = pAk™)" + (1 = p)b = pA(k")" + (1 — p)gpw

e Solving the two conditions simultaneously,

_ (1 —9¢p)LS
H= 14,15
*\ /‘L *\
w(k) = 1—(1—u)¢bA(k )
b= gpw(k™)

e [S=2/3and ¢, =0.9 imply u=1/6.
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ENDOGENOUS VARIABLES

B =q by (1)

o N" = 61N by (14), where N = 0.9.

The banking industry equilibrium gives L": back out k* from (11).

Set A so that the loan demand (3) is equal to the loan supply.

o Y =Ak*N and | = (61 + 82)k*N.

Compute K° from (15)

C is determined as a residual in (12)
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CALIBRATION

e For simplicity, we ignore various intermediate costs for now

e Consumption-deposit ratio:

© crL Y —1I L"

D L["D st (17 {A1—d®)+d"} D
& 51"’[1 + 1—(1—63[1—w{m—dmd&}]}
A(k*)*t — 8y — 5, L

@—{r2—d®)+d?} D
b2 [1 + 1—(1—61’;[1—w{A(l—d5)+d5}]]

1 51 + 02 } iz
K (-7 {A(3-d®)d?} - (- {Aa-d®)de} D
¥ [1 u 1—(1—61>[1—w(x<1—d5>+d5}1] O [1 u 1—(1—61>[1—w{A(l—dBHdB}]]

e With K/Y =3, L"/D = 0.9, 6, = 0.02, 65 = 0.08, v = A = 0.5, d® = 0,

consumption-deposit ratio is about 5.4.

a4
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EXISTING BANK'S PROBLEM GIVEN Vi1, rf, g9, 0, "

Vi(a,0) = max{o, Wi(a, e)}

Wia )=, max u’(c)+°3 v {m(a')v;;l[a'(ame’(a')]} sit.

S

62U,

(TL) C=(1-2)Q-38)+Q-3)
(TA) =+ )1 =)+ A1 —-08)" — € — b

(BC) b 4" 4 E(07) + €KY < a+ git(e, £, b')b + gl
(KR) 0+ —qfeh? — qrt (e, 0n, )Y t

wi(n+€) + wi 1y ob/q°(€, 7, b') ~

T+ IS an exogenous aggregate shock.
0 is exogenous. A feedback rule to be considered in the next step.
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ENTRY AND EXIT OF BANKS

e Entry condition:

W (", 05) = u(5)

e A fraction of loans destroyed by bank default:

B
di_1 =

N i
it f(a,e)e/w; £dm;_y(a,f)

N, X
Yt J € dmi_,(a, 0)

(16)

(17)
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EQUITY-FINACED FIRM’S VALUE GIVEN I'I}H, o

e The value is
Ni(k) = Ack® — wi(k) — 02k + ge(1 — 8) M1 (K)

e The wage is given by

we(k) = pAck® + (1 — p)b

(18)

(19)
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1 ¢ 4B
BANK-FINANCED FIRM'S PROBLEM GIVEN M9, 1 T}, 1, q¢, rf, df

e The value of bank-financed firm is
M7 (k) = AK™ — w(k) = (r + 82)k + (1 — df)(1 = A)qe(L1 — 61)M1241 ()
+ a0 (1= 81) {AL = 0P) + df) } (1 = )N ()
+qe(1 = 1) [A1 = df) + 0] 7 [~k + Ma (k)]
— qe(1 —d1)d’y¢"k  (20)
e Given g; and M2, entrants choose k;:
ki = arg max {qr”?+1(k) - ﬂE‘f} (21)
e Entry occurs until firms break even ex-ante

q:Nea (k) = i (22)
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AGGREGATE OUTPUT, INVESTMENT AND CAPITAL STOCK

e Aggregate output:
Ye = Ae(kf)N] + (1 —61)Yeoa

e Aggregate investment:
k= kt*Ntn + 02 Ki—1

e Aggregate capital:
Ke = kI N} + (1 — 61)Ki—1

e Aggregate capital held by bank-financed firms:

KO = ki N!
FA-dZ )@=+ @ -N{AQ-dly) +di}] (1 -a)K,

(23)

(24)

(25)

(26)
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HousEHoLDS

e Consumption Euler equation:

Buc,t+1

Uct =
qt

e Consumption-deposit marginal condition:

d
Ud,t = Gt Uc,t — Blc,tr1

(27)

(28)
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MARKET CLEARING CONDITIONS

N,
3
D= & / dm_y(a,0) + 59 mE
i=1 (a,

0gM;_,

kN + (1 =) {/\ (1—dB )+ d> }
Ne
= Z/ 00" (a, 0)dmi_(a, 0) + ¢5"mE
B t g t—1lad & % B
(a,£)g M

Ye = G+ k' N; + 62K —1
Ne
T / e (ein(a, 0))dmi_ (a, €) + 5" (¢5" ) mE
;é; (@.0)¢M; < ! ) t—1 ( : ) :
g

+;/(.a,£)e/w; Elb( (a, Z))dmt 1(a,0) + gE’b(b;E)m

(29)

(30)

N3
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EQUILIBRIUM OBJECTS TO BE COMPUTED

Aggregate prices: rf, g:, qf

Endogenous aggregate states: Y;_1, Ki—1, KP 1, mi_1(a,¢), d2

Other endogenous aggregate variables: I;, C:, D¢, N, k', mE

e Banking industry decisions:
{ci®(a,0), 6"(a,0), b (a, £), Mi, cf 65", b.F, g (6,07, b))}

e Exogenous aggregate variables: 6;, A;, 7t

e B: can be computed once we know the equilibrium path.
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SOLUTION ALGORITHM: OUTLINE "

e The economy is in steady state in t =1 and t > T

e Banks' problem do not depend on endogenous aggregate quantities, but firms’
problem depend on dF [This isn’t the case if a policy rule reacts to, say, aggregate output.

But, we can still use what we do here to generate an initial guess.]

e Firm-entry conditions determine r{, given g;: This process is inexpensive, as
opposed to finding g¢ given g; and r{ from the bank-entry condition

e Thus, our approach is to guess {q:}i—1, {q¢}i—1, {dE} 1, {mEY; and
{N7}L,, and gradually adjust these objects to meet market-clearing conditions
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SOLUTION ALGORITHM: SOLVING BACKWARDS "

Guess {qt,qf,df}z—:_ll and start with V7, I'IOT and I'IlT. Fort=T-1,...,2,

1. Given rf, g, dB, I'IS+1 and I_ILI, compute firms’ value functions, (18) and (20),

where r{ is pinned down by the entry condition (22) given q;—1:

G- 1Mok rf) = KE

ki, =arg max no(k; rf)

2. Solve the bank's problem given q;’, rf, gt and Viq1

3. Using (21), compute k;* given g; and I'I?Jrl

4. Using (27) and (28), compute C; and D; given g; and q¢
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SOLUTION ALGORITHM: INTEGRATING FORWARD

In each h-th iteration, do the following for t =2,..., T — 1, given Y7, Ki, Kf, the decision

rules of HHs, banks and firms, and {mf’(h), Nt"’(h)}thl:
1. Aggregate banks’ decisions using m|_,(a, £)

2. Aggregate output: Y; = At(kt*)“Nf’(h) +(1—61)Yeo1
3. Using the goods MCC (31), compute N, *:

Y: =Ci + k[ N;"" + 62K:_1 + loan issuance costs given mtE’(i)
+ WSF issuance costs given mf’(f)
4. Given N™*, compute mE™* using the loan MCC (30):

* L B B
Ky N:' +(1-7) {A(l —di_4)+ dt—1} K?—1
Ng ‘ )
- Z/( pow £:"(a, £)dmi_4(a, £) + 5" mE*
2,0)¢M;

i=1

5. Update the distribution of banks mi(a, £), based on banks’ decisions and m/_,(a, £): we can

get d2* in this process
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SOLUTION ALGORITHM: UPDATING THE DISCOUNT PRICE OF DEPOSIT z",

e The deposit MCC (29) implies excess demand for deposits:
X¢ = Zg’*"/ dmi_1(a,0) + £59mE™ — p, (32)
i (a,0)¢M]

e For A < 0, the updating algorithm for g¢ is:
g " = (14 AX7)g! (33)

e An intuition here is to make deposit more expensive when its demand exceeds
supply

57



o
SOLUTION ALGORITHM: UPDATING THE DISCOUNT PRICE OF RISK-FREE ASSETS !‘.,

e From (16), the excess bank-entry condition is:

X! = WE (a5, 6F) — kF° (34)
e For \V < 0, the updating algorithm for g; is:

g = (1+ 2 X7)q(” (35)

e An intuition here is to make an entry more costly when the net value of entry is
positive
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SOLUTION ALGORITHM: UPDATING OTHER GUESSES

e Updating of dtB:

B (h+1) qutB,* +(1- yq)df’(h)

t

e Updating of the measure of bank and firm entry :

E,(h+1)

mEC) = T 4 (1= e

KNP 4 (1= ) {A(L = d20) 4 PO}
e
O N O SN
(2,0)g M

i=1
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BANK PROBLEM TIMING

1. Stage 1: Portfolio decision
1.1 Bank starts period with equity e

1.2 Portfolio decision taking interest rates as given subject to capital requirement

e Liabilities: Deposits d
e Assets: Loans ¢, Government bonds b%, CB Reserves r

Idiosyncratic shocks to deposits (withdrawals) occur, &¢

Stage 2: Balancing reserves

3.1 Bank needs to transfer reserves when withdrawal occurs

3.2 Bank can exchange bonds for reserves, borrow or lend in the interbank market
(b°") and borrow from discount window b9

3.3 Bank must satisfy reserve requirement (or r > 0 if there is no requirement)
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BANK PROBLEM, STAGE 1: PORTFOLIO DECISION

WO(e) = b(c? 58y W (¢, b8, 7(07), d(5¢
() m’cggaébgmd{wcwgﬂ,> (e 8. 7(07). d(57))

(BC) b+ g%+ qfbf +q'r < e+qld
b
(KR) __ e~ S
q“l+ qEbe + q'r
(ED) d=(1+6)d
(ER) P=r+6d
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CHARACTERIZING THE SOLUTION TO THE PROBLEM "

e Bank's initial choice of liquidity (gov bonds and reserves) is not pinned down
separately. Banks only pick 7 = q'r + g% b®

e This is because in the next stage (after withdrawal shocks), banks can again
exchange government bonds for reserves in a frictionless market

e Because of a no-arbitrage condition, equilibrium prices at which reserves and
government bonds are traded in stage 2 is the same as in stage 1.
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BANK PROBLEM, STAGE 1 BALANCE SHEET

Assets Liabilities
l
d
bE
r e — Cb
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WITHDRAWAL SHOCK

Assets Liabilities Assets Liabilities
d
,€ Wlth(i’rawa| e e — Cb
be neg%tgive r
r e_cb
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BANK PROBLEM, STAGE 2: BALANCING RESERVES "

W(e, bE,

(TR)
(RR)

(TE)

el
d) = EW° it
el bon?li‘wx,ag{ﬁ (Hﬁ,)}s

qr?: qrr o qg(gg o bg) + qonbon + qdwbdw
r>kd

e =(F+bBE+L—d— b —b™)(1—7)
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BALANCING PORTFOLIO "

Banks with scarce reserves need to borrow and can get a share of their needs in
the interbank market. The remaining it gets from the discount window
(justified by search frictions in the interbank market)

Share of funds one can borrow in interbank market is a function of tightness

Banks with excess reserves want to lend in interbank market and manage to
lend a share of it. The remaining funds are kept as reserves.

Share of funds one can lend in interbank market is a function of tightness

Tightness given by ST/S™ where ST is the aggregate reserve surplus of banks
trying to lend and S~ is the aggregate deficit of banks trying to borrow.

St — S~ = R — kD. That is, aggregate surplus subtracted of the aggregate
deficit should equal aggregate excess reserves relative to the aggregate reserve
requirement
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CHARACTERIZING THE SOLUTION TO THE PROBLEM

o Let F=q'r+ q®b®
o If 7/d < k(1+6%)q" — 6¢
1. The bank has insufficient reserves after withdrawals
2. F=rd = qo"b°" + q™ b = d[r(1 + 69)q" — 69] — F
3. gO"bO" x (q°"b°" + g biw)
o If 7/d > k(1+69)g" — &¢
1. The bank has excess reserves after withdrawals

2. Indifferent between trying to lend excess funds in interbank market or buying
bonds

3. qo"b°" o F — d[r(1+59)q" — &9
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BANK PROBLEM, STAGE 2 BALANCE SHEET

Assets Liabilities Assets Liabilities
d d
¢ e—c? ¢ e—cb
negabtgtve r
r = rd bb bdw
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Ry 40N
CENTRAL BANK DECISIONS

e Central Bank choice variables:
1. Monetary policy:
e Interest on reserves, q"
o Aggregate reserves vs bonds (OMOs). Pick R and B¢ subject to ¢'R + q§ B¢ = D
e Interest on discount window, qd"‘“

e Rate of growth of nominal liabilities (Bianchi and Bigio assume this is chosen by
the monetary authority and the fiscal authority accommodates). In Stationary
Equilibrium, this amounts to picking the inflation rate .

2. Financial stability policy:

e Reserve requirement, K

e Capital requirement, 6
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INTEREST RATES IN EQUILIBRIUM "

e g > g% >q” > q° > g™. The interest rate on reserves and the interest rate
on the discount window form a corridor. All other interest rates (except the
interest rate on deposits which can be below the interest rate on reserves)

should be in this corridor.

e Banks with excess reserves are indifferent between bonds and going into the

interbank market means:

Loyl ia-wl

q¢ q" q"

where W is the portion of funds the bank is able to lend in the frictional
interbank market. It is a function of the tightness of this market.
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Ry 40N
SOME POLICY COMPARATIVE STATICS

1. Open market operation of buying government debt with reserves (outstanding
government bonds are lower but there are more reserves)

e The abundance of reserves pushes the return on government bonds closer to the
interest on reserves

e In the interbank market there are less banks with scarce reserves and more with
excess, changing tightness, and pushing the interest rate on these loans down,
also closer to the interest on excess reserves

e This also pushes the interest rate on loans down as banks try to lend more of the
reserves (banks initially distribute less dividends to overcome capital constraint
and equity is larger in SE)

2. Increasing the interest on reserves (with fixed growth of nominal liabilities this
amounts to a change in the real rate)

e Interest rate on bonds and interbank market goes up too

e Interest rate on loans also goes up and loans decrease (banks will consume more
and decrease SE equity)
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OMO: BANK PROBLEM, STAGE 1 BALANCE SHEET

Assets Liabilities Assets Liabilities
/
d ¢ d
be
bE
r e_ cb
r e—cP
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DEeCREASE g": BANK PROBLEM, STAGE 1 BALANCE SHEET r"
Assets Liabilities Assets Liabilities
/€ g
d d

b
b

r

b
e—c

r e—c
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MIT sHocks

e The effects of a MIT shock in the form of an open market operation or a
temporary increase in the nominal interest rate on reserves has the same
comparative statics as the ones described above for the Stationary Equilibrium.

e If the nominal interest rate on reserves is temporarily increased:

1. The nominal interest rate on bonds and the interbank market increases
2. Banks want to lend less and decrease equity by giving higher dividends
3. The decrease in loans decreases deposits on aggregate

4. The decrease in deposits makes reserves more abundant, decreasing the gap
between the interbank market rate and the rate on reserves (and same for
government bonds), as well as the quantities traded in the interbank market and
borrowed in the discount window
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STATIONARY EQUILIBRIUM "

e Policy choices: interest on reserves q" and discount window g, inflation rate

m, and aggregate reserves R.

e A Stationary Equilibrium consists of value function, policy functions, prices g%,
q°, g%, q°", aggregate bonds B, taxes T, tightness of interbank market &, such
that:

1. The value and policy functions solve the bank’s Bellman equation
2. The Government’s intertemporal budget constraint is satisfied

3. The tightness in the interbank market is compatible with the aggregate surplus
and deficit in the interbank market, as determined by policy functions and the
idiosyncratic shock process

4. The government assets market, deposits market, and loans market clear
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ALGORITHM FOR COMPUTATION "

e &> & =

~

Guess g%, g° and tightness ¢

Compute g°" using the expression from bargaining
Compute g% using the no-arbitrage condition,

Compute bank problem’s solution (portfolio weights)

Use loan market clearing condition to compute real equity

Compute aggregate demand for government liabilities, loan supply and demand
for deposits

Compute aggregate surplus and deficit of reserves

8. Compute household supply of deposits

9. Compute growth of equity

10.

11.
12.
13.

Check market clearing in the deposit market, tightness condition and that real
equity is stationary

Compute demand for discount window loans

Compute government bonds

Compute taxes
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DETAILS FOR EACH STEP z‘.,
1. .
2. Condition (8) in Bianchi and Bigio:

1/¢” = 1/q" + (1 - ¢()(1/¢™ ~ 1/4")

[y

el 1 wrenl
= VOG- V@)

4. See Bianchi and Bigio

&

(4) yields d, 1, 3, €. Using this, loan supply is given by:

E(1—-79)l
Find the E at which loan market is in equilibrium
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DETAILS FOR EACH STEP "

10.

B+R=E(1-7¢)a
L =E@-—g)i
D° =E(1-7¢)d
Use the threshold at which a bank becomes deficitary vs surplus and compute

these two objects using an integral
Exogenous expression

i+ (qaem ) (gaem )7 02

Tightness condition:

Given by:
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DETAILS FOR EACH STEP

1. W=(1-v¥"(€)S™

12. B=(B+R)-R

13. 7= (1= (" — m)F + (i — )b — (i — i")W]
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NEW COMPONENTS N

What to add and what it delivers:

1. Long-term loans

e In response to a shock that affects the bank’s balance sheet, the bank’s reduction
in loans may have to be slow over time. Internal propagation of shocks

2. Adjustment costs for loans

e Also generates a slow response of loans for loan increases. Represents the cost of
finding/evaluating prospective borrowers

3. Aggregate shock to loans
4. ldiosyncratic shocks to loans

5. Bank exit and entry
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AGGREGATION

e \We want to write the model such that the bank’s problem has two individual
state variables: (a/¢) and ¢, but all policy functions are linear in ¢, so that the
problem can be solved with a single state variable, a//.
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BANK PROBLEM TIMING "

. Bank starts period with loans ¢ and liquid assets, a.
. Bank chooses portfolio, subject to the capital requirement
e Liabilities: Deposits d

e Assets: new loans £", government bonds b8, reserves r

. Bank is subject to idiosyncratic withdrawal shock to deposits 6¢ and
idiosyncratic shock to loans &¢.

. Exit decision
. Bank can exchange bonds for reserves

. Bank can borrow or lend in the overnight interbank market b°" and borrow
from the discount window h®

. Bank must satisfy reserve requirement (or r > 0 if there is no requirement)
. Bank pays back overnight and discount window borrowing

. Bank receives payment on loans principal and interest
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PRELIMINARIES

e Let m denote liquid assets. In the first stage of the problem, the bank does not
care about the distinction between reserves and bonds (because these can be
exchanged after the shock is realized).
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BANK PROBLEM, STAGE 1: PORTFOLIO DECISION

VO(a,0) = ub(cb) + BEs max{WO (?(5?),,?7(5#,# d(6d) o}} st.

max {
cb>0,07>0,m,d

g"
(BC) cb—&-é"—o—go‘z(—)é"—o—m—dga

¢

L+a—cb—op ( )Z”

KR >0
(KR) a(l+L)+asm T
(ED) d=(1+6/)d

(ER) m=m+6'd

(EL) T=1-61—=Ne+e



BANK PROBLEM, STAGE 2 !‘-!

/ Z/
WO(e, m, d) = max VAN (UL, )
bbb >0,b8>0,R 147" 14+ =

(TR) R =m — b + b° 4 p™
(RR) R > kd
(TL) ¢ =2

(TA) &' = R(L+if) + bE(1 +i8) — d(1 + i) — b°(1 4 i®) — b™ (1 + i¥)+

+ (=) +i%)
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BANK PROBLEM ALL IN ONE "

o Let x(m,d,d¢) be the function that determines the profit/loss in stage 2 of the
problem as a function of withdrawal shocks:

x's, s>0

x(m,d, &) =

X s, s<0

s=m—d[(1+6) -6

x"=(F = i®)and =W (" —iF)

X =V (=i a-v)i™ =%
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BANK PROBLEM ALL IN ONE "
0 b( b 0 a &
VO(a, 0) = E W (=, —=— .
(2,4) cbzo?nego,m,d{u () + 8 max{ <1+7r’71+7r’)70}} st

en
(BC) c"+2”+¢"(?)2”+m—d§a

€+a—cb—<pe (%)Z”
a(l+4")+asm

(KR) >0

(TL) ¢=(1—8)(1-N) L+ 0

(TA) a=m1+ i) —d@+i% 4+ x(m, d,6%) + (1 — 6 )\ + i) ¢
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REWRITING PROBLEM N

Define a/¢ = w. Then a = w{ and the problem can be rewritten as:

V(w,t) = max d{ub(cb)—i-B]Emax{V(w' v ),o}} s.t.

cb>0,07>0,m, 147!

(BC) cb+€"+¢£<%)én+mfd§wé

214+ w) —cb — t (%) o

(KR) ar(+0)+asm 26
(TL) O =1—-86)1 X)L+
(TA) o = m(1+iR) —d(1 + i) + x(m, d, ) + (1 — )\ + i%) ¢

(1—=0H(1—A)L+en
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LINEARITY IN ¢ !‘,

Guess V(w, 0) = Q(w)*~7, £ > 0. And define: €= c/¢, €' = ¢"/¢, and same
for m, d.

E177 Y
V(w,?) = max — A 4 BEmax{ V (W', —— ) ,0 s.t.
— i — /
z>0,0">0m,d L1 —"y 1+m

T+t (Z”)Z”er—a)egwe

®
&)
~/ N /N

1+w—¢— (Z”)Z”)z
(a’(l +7") 4o m)z =7

(KR)

(TL) ¢ = ((1 — 61— ) +Z”> ¢

(AL + %) = (1 + i)+ x(7,,67) + (1= (A + %) ) £
(a=sha—x +7)¢

(TA) o' =
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LINEARITY IN ¢ !‘!

1. Plugging ¢’ into the Bellman equation:

o
QW) = max 7
cb>0,67>0,m,bb,d | 1 — 7y
—n 1—~
N (1= =2 + 7
+BEmax{Q(w)( T ,0
2. One can factor out /*~7 and get:
et
Q glf’Y — c Zlf'y
() z"zo,cT;gfm,bb,d{ 1—+~ +8

Emax{g(wf)([(l—a,-)l(i—ﬁg) 2413 O}}
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LINEARITY IN ¢

1. Cut £*=7 from both sides:

Qw) = max { G +8

cb>0,00>0,m,d | 1 —y

E max {Q(w’) <[(1 N -0"+8) +7

1+

) o}

93



LINEARITY IN ¢ !",

=l _ sl _ —n =
Qw) = max G + BE max { Q(w') [ =it =2 <= &1 ,0 s.t.
e>0,0">0m,d | 1 —7 1+ 7/

1+w—c—pf o)
07,
a'(l+4)+asm

(KR)

m(1+iR) —d(1+i%) + x(m,d,67) + (1 — )N+ i) ]

e A=D1 +7
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BANK WITH 0 LOANS

The way we defined Q and did our normalizations causes problems for £ = 0.

But one find this as:

V4 1—v
% = b(c?) + BE Qo' L.
(a,0) Cbzo’rzlazxo’m’d {u (€”) + BEmax ¢ Q(w') T ,0 s.t

(BC)

(KR)

(TL)

(TA) W' =

on
Cb+£n+<‘0l (7

€>£"+mfd§a

0+a—cb—¢f (%)é”
a'(04+£4")+a*m

>0

O =1—=X)(1-05)0+¢

m (14 if) —d(1+ i) + x(m,d,s9)

(T 6D - N0 + £

Normalize with respect to a, given that a > 0...
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BANK WITH 0 LOANS

Guess: V°(a,0) = V°(1,0)a' ™", a > 0. Define & = c/a and /m = m/(a(1 — ¢€))
and so on...

E=
vO(1,0) = — 1— &)t
(1,0) ';1236({1_7-5‘/3( &)

0+1—¢f £ gn
il € L
a'(0+4")+as m

M1+ iR) — d(1 + i9) + x(m,d,57)
fn

(TA) w =
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HOMOGENEITY OF VALUE FUNCTION "

The value function V°(a, £) satisfies homogeneity of degree 1 — v, so that
VO(aa, al) = a*=7V°(a, ), in the following domain: £ >0V a > 0. This
means the following are true in that domain:

VO(a,0) = Vo(a/e, 1)

VO(a, 0) = V°(1,£/a)a" "

Importantly, homogeneity does not hold when £ = 0 and a < 0. In this case,
doubling a should decrease the value of the bank.
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How THE VALUE FUNCTION SHOULD LOOK "

One expects V/(a,?) to have the following shape:
1. Sliced for given £, V/(a,?) is:

| |
-20 —-10 O 10 20 30 40
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How THE VALUE FUNCTION SHOULD LOOK

2. Sliced for given 3, V(3,7) is:

V(3,1
w
o1
T

0 10 20

30

40
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How THE VALUE FUNCTION SHOULD LOOK "

3. Consider the following slicing: a4+ /¢ =%z = a=7Zz — (. Then, as we
increase ¢ we are reducing a. Hence, we are comparing whether it is better to
have an additional dollar as loans or as cash. Sliced for given z, V(z — ¢,{) is:

T T T T T

27 |

S 1 1
S

|

LN/
>

07 |

-1k 1 ! ! ! [

0 10 20 30 40
I
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RELATIONSHIP BETWEEN (2 AND V/

We guessed: V/(a, ) = Q(a/£)¢*~7. Notice that for £ =1, V(a,1) = Q(a/1).
This is the meaning of our £, it is the sliced value function of a bank with

¢ = 1. Hence:
T
4 i
3 2f |
(]
O I |
! ! ! ! ! ! !
—20 -10 0 10 20 30 40
w
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ENTRY

One dollar that enters as a bank, has individual state variables (a = 1,4 = 0).
The cost is kF.

The free entry condition is:

v(1,0) = &F
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