Life-Cycle Economies and Aggregate Fluctuations

José-Víctor Ríos-Rull�

Federal Reserve Bank of Minneapolis

University of Pennsylvania Revised, November 1995

Abstract Do the implications for business cycle issues change when we switch from studying infinitely lived, representative-agent models to more sophisticated demographic structures with finitely lived agents? This article addresses that question by using a large, overlapping-generations model that is calibrated to U.S. demographic properties, microeconomic evidence, and National Income and Product Accounts. The finding is that the answers obtained are basically the same for the two kinds of models. The article also explores the relative volatility of hours across age groups, an issue that cannot be addressed by using the infinitely lived, representative-agent abstraction.

�P.O. Box 291, Minneapolis, MN 55480-0291, U.S.A. vr0j@tom.mpls.frb.fed.us. Parts of this research have been funded by the National Science Foundation. Some of the material in this article is from the second chapter of my dissertation. The help and patience of Ed Prescott and Finn Kydland are acknowledged. Thanks also go to the following persons: the members of my dissertation committee— Neil Wallace, Jan Werner, Denis Ahlburg, Ken Wolpin, and Tim Kehoe; Roger Lagunoff; Pat Kehoe; Randy Wright; Stan Zin and two anonymous referees. The views expressed herein are those of the author and not necessarily those of the Federal Reserve Bank of Minneapolis or the Federal Reserve System.

1 Introduction

Since the work of Kydland & Prescott (1982), considerable success has been achieved in research by using general equilibrium models of the business cycle. This body of work tries to assess the contribution of different factors to aggregate fluctuations as well as study related issues. Common to all this work is the technological structure of the neoclassical growth model and the infinitely lived representative-agent abstraction.^1 In this article, I pose the following question: How do the cyclical properties of calibrated life cycle models compare to the properties of the infinitely lived model? In particular, do the main quantitative properties for business cycles of the models with infinitely lived agents hold in a model with a more sophisticated demographic structure and finitely lived agents? I address these questions by using an overlapping-generations model where agents live up to 75 periods. The model is calibrated to U.S. demographic properties, microeconomic evidence, and National Income and Product Accounts. By this I mean the following things: the demographic properties of the model correspond to those in the United States; the parameters that characterize preferences come from empirical microeconomic studies done in appropriate contexts; and the technology parameters are chosen so that, in the steady state, the model economy matches some growth relations found in the data.

In this model, agents engage in active asset trading and choose how much to work and how much to consume. This is done in a complete market setting, one where they can insure against all contingencies. An approximation of the model economies’ equilibrium laws of motion is computed and used to generate a large set of samples. From this simulated data certain key statistics are calculated. The business cycle properties of the model are then compared to the data and to the findings of the existing real business cycle literature.

This article also explores the relative volatility of hours across age groups, an issue that clearly cannot be addressed by using the infinitely lived, representative-agent abstraction. Specifically, I ask whether differences in relative volatility of hours across age groups can be accounted for by the interaction of agents who differ in age and have

1The volume edited by Cooley (1995) includes surveys on the state of general equilibrium business cycle theory and many applications.

different life-cycle profiles of wages. This also permits a measure of the labor input to be constructed in the model, a measure that weighs hours from different types of workers differently. This issue is related to the well-known fact that unskilled workers have a higher volatility of hours worked than skilled workers do (see Clark & Summers (1981), Kydland (1984), Kydland & Prescott (1988), Ríos-Rull (1993), and Hansen (1993)).

The findings can be summarized as follows:

• In overlapping-generations models, fluctuations in the Solow residual can account for between 55% and 64% of the variance of output. This compares with the value of 62% found in Cooley & Prescott (1995).

• The relative volatilities of aggregate consumption and investment and the correlations of aggregate variables with output are in line with both the data and the representative-agent, real business cycle models.

• The model does fairly well in replicating the relative behavior of hours worked by different age groups. Specifically, versions of the model calibrated to agents who live a large number of periods (16 to 90 years), who have relatively low risk aversion and who have a high valuation of leisure generate an age profile of volatility of hours that is very similar to that in the data; the exception is the group between 25 and 44 years of age, which is underpredicted. These economies replicate the feature of the data that those measures of the labor input that put more weight on the hours of highly skilled agents have a volatility that is lower than aggregate unweighted hours.

This article also provides a methodological contribution. The class of stochastic economies whose quantitative properties can be explored is extended to include large overlapping-generations economies of the type used by Auerbach & Kotlikoff (1987) in deterministic settings.^2 I describe an operator and show how an equilibrium can be obtained as its fixed point. Computation of the equilibrium is achieved by successive applications of this operator.

2There are a few papers that compute the equilibrium in stochastic, overlapping-generations economies, such as Ni (1989), Baxter (1989), Labadie (1984), and Ríos-Rull (1993). However, the methods used in those papers are not easily extendable to economies where agents live more than two periods. Altig & Carlstrom (1991) use a stochastic version of Auerbach and Kotlikoff’s model, but their “stochastic path” is not an equilibrium path.

Section 2 of the article describes the economy and defines its equilibrium. In Section 3 a certain operator is defined, successive applications of which are used to compute an approximation to the equilibrium. In Section 4 calibration is discussed, and a vector of parameters that constitute the baseline economy is described. Section 5 describes the steady-state implications of the parameterization and the implications of some alternatives. Section 6 reports the findings from a comparison of the statistical properties of the model with the data. Section 7 concludes. An appendix includes some proofs.

2 The Model

The economy has overlapping generations of agents who live a maximum of I periods, with ages denoted by i ∈ I ≡ {1, · · · , I}. They can die earlier; the probability of surviving between age i and age i + 1 is denoted by s_i, with s_I = 0. The unconditional probability of being alive at age i is s^i = ∏i−1 j=1 s_j. In the first period, the measure of newly born agents is normalized to 1. The population grows at a constant rate λ_μ, implying that the population of age 1 in period t is μ_1(t) = (1 + λ_μ)^t, while that of age 2 is μ_2(t) = s_1(1 + λ_μ)^{t−1}, and so on, up to μ_I (t) = s^{I−1}(1 + λ_μ)^{t+1−I} agents who are in the last period of life. This structure of the population is called the stable population and it has the property that the relative sizes of different cohorts do not change over time.

The technology of the model economy has neoclassical properties. There is a standard production function that is subject to constant, labor-augmenting productivity growth; the production function is also subject to multiplicative shocks given by z_t f ( K, (1 + λ_y)^tN ) , where λ_y is the rate of growth of labor productivity, K is the capital input, and N is the labor input. The production function has the property that lim_{K→∞} f_1 ( K, (1 + λ_y)^tN ) = 0 for all t and N > 0. Output can be used either for consumption in the same period that production takes place or for increasing the capital stock of the next period. Capital depreciates at rate δ. The multiplicative shock, z_t ∈ Z ≡ {z^1, z^2, . . . , z^{nz} }, follows a Markov process with a strictly positive transition matrix Γ, and it is observed at the beginning of the period. A typical history of shocks up to time t is denoted by h_t ≡ {z_0, z_1, . . . , z_t}, with h_{t+1} = {h_t, z_{t+1}}. The set of possible histories up to time t, H_t, is a finite set, and H ≡ {H_t}^∞_{t=0} is a countable set.

This suggests that commodities be indexed by history.^3

Agents are endowed with one unit of time per period that can be allocated to leisure or to labor. An age i agent’s unit of time can be transformed into one unit of leisure or ϵ_i units of labor input; ϵ_i > 0 is an age-specific, exogenously given productivity parameter. Let {c_i(h_t), l_i(h_t)} denote a consumption leisure pair for an age i agent in period t and after history h_t. The preferences of an agent born in period τ and after history h_τ are given by E {∑ i∈I β^is^iU ( c_i(h_{τ+i−1}), l_i(h_{τ+i−1}) ) |h_τ } , (1)

where U(c, l) is a twice-continuously differentiable, strictly concave function such that lim_{c→0} U_1(c, l) = ∞ for all l > 0, and such that lim_{l→0} U_2(c, l) = ∞ for all c > 0. Note that the expectation takes into account the fact that agents might die before the last possible period of their lives. It does this by setting the value of the utility function to zero if the agent is dead. (After death agents obviously have no use for goods and no ability to work).

In every period agents receive capital income, a_i(h_t)R(h_t), where a_i(h_t) is the amount of real assets that an age i agent holds in period t after history h_t, and R(h_t) is the gross rate of return on the asset. Agents also receive labor income, (1 − l_i(h_t))ϵ_iW (h_t), where W (h_t) is the real wage per efficient unit of labor in terms of the consumption good after history h_t. Agents use these funds either for consumption, c_i(h_t), or for purchasing state contingent claims, b(h_t, z_{t+1}). These claims pay one unit of the good at the beginning of the following period if the state is z_{t+1}; otherwise they pay zero. Since the claims pay at the beginning of the period, before production takes place, the goods delivered can be used as capital input in period t + 1. Let q(h_t, z_{t+1}) be the price of such a security. If they are given the option of buying claims that pay only in the event of their survival, agents will place all their savings on these claims (since they have no use for goods after death). The fact that there is a large number of agents implies that there is no aggregate uncertainty regarding the size of the surviving cohort. Thus there could be firms that offer the following contract to all individuals of the same cohort i: one unit of security b(h_t, z_{t+1}) in this period exchanges for 1/s_i units of the capital good in the

3Population size is exogenous and independent of the history of shocks; therefore I do not index cohort size by history, but only by period.

next period if the shock is z_{t+1} and if the agent survives; otherwise one unit of security exchanges for zero. This contract is actuarily fair, and agents will put all their securities in such contracts. These arrangements are termed annuities contracts. Agents are born with zero nonhuman wealth. Besides the sequence of budget constraints, there is also a zero-debt restriction in the last possible period of agents’ lives. The budget constraints of an agent born in period τ and after history h_τ are written as follows:

a_1(h_τ ) = 0, (2) a_i(h_{τ+i−1})R(h_{τ+i−1}) + ( 1 − l_i(h_{τ+i−1}) ) ϵ_iW (h_{τ+i−1}) = ∑ z_τ+_i b_i(h_{τ+i−1}, z_{τ+i})q(h_{τ+i−1}, z_{τ+i}) + c_i(h_{τ+i−1}), for i = 1, · · · , I − 1. (3) a_{i+1}(h_{τ+i−1}, z_{τ+i}) = b_i(h_{τ+i−1}, z_{τ+i})/s_i, for i = 1, · · · , I − 1. (4) a_{I+1}(h_{τ+I} ) ≥ 0. (5)

The aggregate feasibility constraint is

K(h_t) + ∑ i∈I μ_i(t)c_i(h_t) ≤ z_tf ( K(h_{t−1}), (1 + λ_y)^tN(h_t) ) + (1 − δ)K(h_{t−1}), (6)

where the aggregate inputs are

N(h_t) = ∑ i∈I μ_i(t) ( 1 − l_i(h_t) ) ϵ_i and K(h_{t−1}) = ∑ i∈I μ_i(t) a_i(h_t). (7)

The initial conditions of this economy are an initial realization for the shock z_0 and a distribution of wealth across agents in each age group, {k_i}_{i∈I} , with the property that aggregate capital is strictly positive, K = ∑ i∈I μ_i(0)k_i > 0. The population structure used, with constant relative cohort size, allows us to ignore demographic variables as proper initial conditions, since their relative size remains constant over time.

Definition 1 A competitive equilibrium is a set of stochastic processes for individual allocations, {c_i(h_t), l_i(h_t)}_{i∈I}; wealth holdings, {a_i(h_t)}_{i∈I} ; real security holdings, {b_i(h_t, z_{t+1})}^{zt+1∈Z}_{i∈I} ; aggregate inputs, {K(h_t), N(h_t)}; prices for the real securities, {q(h_t, z_{t+1})}_{zt+1∈Z}; and prices for the factors of production, {R(h_t), W (h_t)}, for all h_t ∈ H_t, and all H_t ∈ H, all subject to the following: that the allocations are feasible, and that for all agents they maximize (1) subject to (2)–(5); that prices for the factors are the marginal productivities

R(h_t) = z_tf_1 ( K(h_{t−1}), (1 + λ_y)^tN(h_t) ) + 1 − δ, (8) W (h_t) = z_tf_2 ( K(h_{t−1}), (1 + λ_y)^tN(h_t) ) ; (9)

and that the markets for real securities clear in this way: ∑ i∈I μ_i(t)b_i(h_t, z_{t+1}) = K(h_t), for all h_t ∈ H_t, all H_t ∈ H, all z_{t+1} ∈ Z. (10)

This last condition implies, as is standard, that aggregate capital is measurable with respect to the history up to one period before. Due to the existence of securities, however, the distribution of wealth is determined later, when the following period’s shock is realized and contracts are honored. In equilibrium the prices of the securities have to add up to one, because of a simple arbitrage argument.^4 Note that the equilibrium implications of these securities are the same as for those securities that deliver units of the consumption good; their prices will differ, with the price of the latter being equal to q(h_t, z_{t+1})R(h_{t+1}).

Proposition 1 A competitive equilibrium exists.

Proof: See Appendix. 2

This economy has an interpretation that all trade takes place at time zero (see Wright (1987)). In order for this to happen, agents born under different histories are considered to be different agents. Under this interpretation, agents do not want to insure themselves against events that preceded their birth. Agents face two types of contingencies, the aggregate productivity shock z_t and individual death. The fact that agents have no use for goods if they are dead guarantees that the annuities markets described above suffice to perfectly insure against this contingency. The one-period

4Implicit in the market specification is the existence of firms that intermediate in the market for securities. Their role is to purchase (sell) the good and sell (purchase) the securities. They store (at zero cost, since depreciation takes place during production) the good and then, when the next period’s shock is observed, they honor the securities. Their problem in h_t is to max_y ∑ z_t+12Z q(ht, zt+1) y � y. This problem only has a solution if ∑ z_t+12Z q(ht, zt+1) = 1.

ahead securities allow agents to perfectly insure against the aggregate productivity shock (Arrow (1964)). Furthermore, if the price sequence belongs to the space of sequences that, if every component t is divided by ((1 + λ_y)(1 + λ_μ))^t, are absolutely summable, then the competitive equilibrium will also be an Arrow-Debreu (valuation) equilibrium, in the sense that the price system will be a linear function defined over the commodity space (see Debreu (1954)). This property prevents money from having a positive price, and it guarantees Pareto optimality of equilibrium allocations. Pareto optimality can be guaranteed if expected rates of return at every node are bigger than one (see Zilcha (1991)). This is not proven, but, as we will see later, the simulations indicate that this is the case for the model economies studied.

The economy described is not stationary. However, with preferences of the CRRA class, say U(c, l) =^{(cαl1}

�α_)1�σ 1−σ , the economy can be rewritten as stationary by applying standard transformations. Allocations, prices, and preferences are redefined in the following way: redimension the size of each cohort by letting the newborn be of measure 1, while those of age i are of measure^{si}_{(1+λμ)i}�_1 ; redefine individual variables by dividing them by (1 + λ_y)^t; divide aggregate variables by ((1 + λ_y)(1 + λ_μ))^t; and divide wages by (1 + λ_y)^t. Regarding preferences, renormalize the discount rate by letting β = β(1 + λ_y)^{α(1−σ)}. It is trivial, but cumbersome, to show that a competitive equilibrium in the original economy implies a stationary equilibrium in the normalized economy (in the sense that there exist finite bounds for the allocations that are common to every period). Conversely, equilibria in the normalized economy are stationary and imply nonstationary counterparts in the original economy.

In all the numerical exercises described below, both the data from the artificial economies and from the United States were transformed, first by taking logs, and then by applying the Hodrick-Prescott filter (see, for example, Cooley & Prescott (1995)). The deviations obtained by this procedure from a series x_t are the same as those obtained from (1 + λ_y)^tx_t with λ_y > 0. Henceforth I will look only at the transformed economy.

Although this standard definition of equilibrium is useful for proving existence and discussing optimality, it is not very convenient for computational purposes. For this reason, I define recursive competitive equilibrium, a construct that allows one to find equilibrium allocations without keeping track of the whole history of the economy. Allocations that satisfy the conditions of recursive equilibrium are also equilibria in the more standard sense (the reverse is not necessarily true, however, as the equilibrium path can be time-dependent).

Before proceeding, the state variables have to be defined at both the economy-wide level and at the agent’s level. The state of the economy is characterized by the economywide shock z ∈ Z and by the distribution of asset holdings by agents in each age group, k = {k_i}_{i∈I} . The state variables for any given agent are its own asset holdings a and the economy-wide state {z, k}. Since all agents of the same age share the same strictly concave utility function and convex choice set, in equilibrium they make the same choices, which implies that a_i = k_i. Therefore, the aggregate laws of motion for the economy depend only on the decision rules of the agents and on the process for the shock; since this follows a Markov process, the current value of the shock and of the distribution of asset holdings is all the information needed to know tomorrow’s distribution. The value functions involved in the definition are indexed by the age of the agent, and these functions measure expected remaining utility. As is customary in recursive formulations, primes are used to denote the next period’s variables. Formally, the definition is as follows:

Definition 2 A recursive stochastic competitive equilibrium is a set of decision rules, { { b_i(z,k, a, z^′)}_z0_{∈Z} , l_i(z, k, a), c_i(z, k, a) } i∈I, and corresponding value functions, {v_i(z, k, a)}_{i∈I} ;

functions for aggregate factors of production, K(z, k) and N(z, k), and for their prices, R(z, k) and W (z, k); a law of motion for the distribution of wealth, {g_i(z, k, z^′)}^z 0_{∈Zi∈I} ; and a function for securities prices, {q(z, k, z^′)}_z0_{∈Z} , such that the following conditions hold:

(a) The allocation is feasible, i.e., for all z^′ ∈ Z, ∑ i∈I μ_i ( b_i(z, k, k_i, z^′) + c_i(z, k, k_i) ) = zf ( K(z, k), N(z, k) ) + (1 − δ) ∑ i∈I μ_i k_i. (11)

(b) Factor prices equal marginal productivities, i.e.,

R(z, k) = zf_1 ( K(z, k), N(z, k) ) + 1 − δ, (12) W (z, k) = zf_2 ( K(z, k), N(z, k) ) . (13)

(c) Given the law of motion for capital stocks, the price functions, and the transition for z, the decision rules for age i agents then solve their maximization problem, and the solutions generate the value functions, i.e., { {b_i(z, k, a, z^′)}_z0_{∈Z} , l_i(z, k, a), c_i(z, k, a) } solve

v_i(z, k, a) = max_{b(z}0_{),l,c} U(c, l) + βE { v_{i+1} ( z^′, g(z, k, z^′), b(z^′) ) |z } (14) st: aR(z, k) + (1 − l)ϵ_iW (z, k) = c + ∑ z0_{∈Z} b(z^′)q(z, k, z^′).

(d) The law of motion of asset holdings is generated by the decision rules of the agents, i.e.,

g_1(z, k, z^′) = 0, g_{i+1}(z, k, z^′) = b_i(z, k, k_i, z^′)/s_i z^′ ∈ Z, i = 1, .., I − 1. (15)

(e) Aggregate functions K and N are generated by aggregation of the decision rules of the individuals, i.e.,

K(z, k) = ∑ i∈I μ_ik_i, (16) N(z, k) = ∑ i∈I μ_i ( 1 − l_i(z, k, k_i) ) ϵ_i. (17)

(f) There are no arbitrage opportunities: ∑ z0_{∈Z} q(z, k, z^′) = 1. (18)

Notice that the whole distribution of wealth is needed as a state variable. This is not obvious, since the role of the state variables is, from the point of view of individual agents, to help determine prices, which in turn depend only on the level of aggregate factors and on the shock. However, the labor-leisure choices will depend on how wealth is distributed across agents, and this makes the dependence of factor prices on the distribution explicit. More important, perhaps, is the fact that the state variables should also be sufficient statistics in the determination of future prices; this depends on the consumption-saving decisions of all agents, which in turn depend on the entire wealth distribution. Note also that there are no conditions that impose market clearing for securities. Since aggregate savings cannot depend on the next period’s realization of the shock, the aggregate feasibility constraints already embody these market-clearing conditions.

To see that a recursive equilibrium is also a competitive equilibrium, one can successively use the functions provided by the recursive equilibrium to construct stochastic processes for prices and quantities. It is straightforward, but tedious, to check that the constructed processes satisfy the definition of competitive equilibrium.

3 Computation

In this section I describe the computation procedure; readers who are less interested in this issue and more interested in the substantive results could skip to Section 4 with no loss of continuity.

Characterization of the equilibria requires at least a set of n_z × (I − 1) functions to describe the law of motion of the distribution of wealth (one per age group older than the newborns, per possible value of the shock tomorrow) and describe a function for the aggregate labor input. The arguments of the functions are the state variables, which include the whole distribution of wealth, a vector of I variables, and the current shock. Since I am interested in business cycles, the maximum length of a period that can be considered is one year. If we want to calibrate I —the maximum number of years that an adult person lives— to the characteristics of the U.S. demographics, then we need at least I ≥ 50.

Given these dimensions, computation would be prohibitive without the imposition of linear decision rules. Despite great advances in computational techniques and reductions in the cost of hardware, linear quadratic methods are still the approximation of choice for a large number of researchers.^5 For these reasons, the computation of equilibrium laws of motion is based on linear approximations. This can be done in two different ways: by using a linear approximation to a set of Euler equations or by using quadratic objectives. I follow the second approach, given that it fits neatly with the notion of

5For a comparison of different methods, see Taylor & Uhlig (1990).

recursive equilibria. The procedure that I follow uses successive approximations. A description of the tasks involved in computing the equilibria will now be given.

First, the deterministic steady state of the economy is computed with the shocks set constant at their unconditional means. Solving for the steady state basically amounts to finding the solution to a single equation in one unknown. It is a fixed point in capital-labor ratios: given a capital-labor ratio, factor prices are determined, which then determine the behavior of agents that face those constant factor prices. Aggregation of the age-specific allocations provides both aggregate labor input and aggregate capital, and, hence, a new capital-labor ratio. In all the cases studied, these functions turned out to be monotonously decreasing, implying a unique steady state. This procedure is described in more detail by Auerbach & Kotlikoff (1987).

Next, a quadratic approximation around the state is made. This step produces a set of symmetric matrices {Q_{iz}}^{z∈Z}_{i∈I} . These matrices approximate the utility function of agents of age i when the current shock is z; the budget constraint is used to eliminate consumption from the objective function. Factor prices are eliminated by using marginal productivities as functions of the distribution of wealth, aggregate labor, and the shock. Strict concavity of U guarantees strict concavity of the quadratic forms associated with the individual variables. The expression obtained is U(c, l) ≈ (1, k, a, N, q, b, l)Q_{iz}(1, k, a, N, q, b, l)^T , with equality at steady states (where^T denotes “transpose”). The aggregate variables k and N and the individual variables a and l are set at their steady-state values. The vector of state-contingent securities, b, is set, for every z^′ ∈ Z, to equal the steady-state wealth of the agent one period later times the survival probability, a_{i+1}s_i. The vector of security prices, q, is set to the conditional probabilities, Γ(z^′|z), of the next period’s shock z^′, given current shock z. Only the first n_z − 1 values of the price vector q are used: the last value is restricted to be one minus the sum of the other n_z − 1 values (this imposes the no-arbitrage condition). The dimension of the Q_{iz} matrices is (I + 3 + 2n_z). The approximation is a numerical implementation of Taylor’s second-order approximation.

To compute equilibria I successively approximate the vector of value functions by using an operator, T̂ , until a fixed point is found. This operator is not necessarily welldefined, as it requires matrix inversions, operations that are not always possible. For this reason, I define another operator, T , that is well-behaved. However, computationally T is much more intensive than T̂ . In Lemma 1, I show how fixed points of T constitute recursive equilibria, and in Lemma 2, I show how fixed points of T̂ imply fixed points of T , which guarantees that whenever we find a fixed point of T̂ , we have a recursive equilibrium. The operator T maps value, price, and quantity functions into value, price, and quantity functions, while T̂ maps value functions into value functions and generates its own set of functions that describe the behavior of equilibrium prices and quantities.

I start by defining T . Let V ≡ {v_{i,z}}^{z∈Z}_{i=1,···,I+1}, where each v_{iz} is a symmetric matrix of dimension (I + 2) such that the quadratic forms that it generates are concave in the last argument (the space where the approximated value functions lie). Let N ≡ {N_z}_{z∈Z}, where every N_z is a vector of dimension (I + 1) (the set of candidates for the aggregate labor input function). Let Q ≡ {q_{z,z}0}^z 0_{∈{z1,···,znz}�_{1}} z∈Z , where each q_{z,z}0 is a vector of dimension (I + 1) (the space of candidates for the equilibrium security prices) and let q_z ≡ {q_{z,z1} , · · · , q_{z,znz}�_1 }. Let G = {g_{z,z}0}_{z,z}0_{∈Z}, where every g_{z,z}0 is a matrix of dimension I × (I + 1) (the space of candidates for equilibrium laws of motion of the wealth distribution). T maps V × N × Q × G into itself. Note that we can think of elements {N_z, q_z, g_{z,z}0}_{z,z}0_{∈Z} ∈ {N × Q × G} as candidates for the aggregate employment function, for the pricing function, and for the law of motion of assets. T is an operator that —given functions for continuation values, employment, prices, and laws of motion for assets— returns the following: the values implied by individual maximization, the employment and laws of motion of asset holdings that are generated by maximization and aggregation, and the prices that clear the securities markets. Before formally defining the operator, consider the following problem:

max_{b,l} x_z Q_{iz} x^T_z + βs_i ∑ z0_{∈Z} Γ(z^′|z) y_{z,z}0 v_{i+1,z}0 (y_{z,z}0)^T , (19)

where b ≡ {b_z0}_z0_{∈Z} , x_z ≡ (1, k, a, N_z(^1_k ), q_z(^1_k ), b, l), and y_{z,z}0 ≡ (1, g_{z,z}0(^1_k ), b_z0)/s_i). This is the problem of an age i agent that values future utility according to value functions {v_{i+1,z}0}_z0_{∈Z}, when the individual state is (z, k, a) and when employment and security prices are given by the linear functions N_z, q_z, while tomorrow’s aggregate state is given by the linear function g_{z,z}0. The first-order conditions of (19) for all i and all z imply a set of linear equations that, when solved, can be written as I + 2 dimensional vectors

{ {b_{iz,z}0(1, k, a)}_z0_{∈Z} , l_{iz}(1, k, a) }z∈Z i∈I . We write b_{iz} ≡ {b_{iz,z}0}_z0_{∈Z} . Let {B_{iz,z}0, L_{iz}}_{i∈I} be the first I + 1 components of {b_{iz,z}0, l_{iz}}, with the last component added to the element in the i + 1 position. Finally, let

A_{iz} ≡ 1 0 · · · 0 I_I 0 N^T_z q^T_z b^T_{iz} l^T_{iz} 0 0 1 0 · · · and C_{iz,z}0 ≡ 1 0 · · · 0 g^T_{z,z}0 b^T_{iz,z}0/s_i 0 · · · , (20)

where I_I stands for the identity matrix of dimension I. Now we are ready to define the operator T :

(T v_{iz}) (v, N, q, g) ≡ A_{iz} Q_{iz}A^T_{iz} + βs_i ∑ z0_{∈Z} Γ(z^′|z)C_{iz,z}0 v_{i+1,z}0 C^T_{iz,z}0, i ∈ I, z ∈ Z,(21) (T v_{I+1,z}) (v, N, q, g) ≡ 0 z ∈ Z, (T N_z) (v, N, q, g) ≡ ∑ i∈I μ_iϵ_i{(1, 0, · · · , 0) − L_{iz}} z ∈ Z, (22) (T q_{z,z}0) (v, N, q, g) ≡ q_{z,z}0 + ∑ i∈I μ_i(B_{iz,z}0 − B_{iz,znz} ) z ∈ Z, z^′ = z^′_1, · · · , z^′_{nz−1},(23)

(T g_{z,z}0) (v, N, q, g) ≡ 0 B_{1z,z}0/s_1 . . B_{I−1,z,z}0/s_{I−1} z, z^′ ∈ Z, (24)

where the left-hand sides of (20)–(24) describe the values that operator T assigns, component by component.

Lemma 1 A fixed point of this operator, with associated decision rules, is a recursive equilibrium.

Proof: See Appendix. 2

Next I define the operator T̂ , which has the property that given v ∈ V, it will generically return elements of the same space V, while effectively constructing objects that play the roles of laws of motion of asset holdings, and of pricing and employment functions. This operator is computationally much cheaper to implement than the previous one, although, since it requires matrix inversions, it is defined only generically.

To define T̂ , consider a version of problem (19), with x̂ ≡ (1, k, a, N, q, b, l) and ŷ_z0 ≡ (1, k^′_z0, b_z0/s_i), for some v_{i+1,z}0 ∈ V and some arbitrary {N, q, k^′} ≡ { N, q, {k^′_z0}_z0_{∈Z} } :

max_{b,l} x̂Q_{iz} x̂^T + βs_i ∑ z0_{∈Z} Γ(z^′|z) ŷ_z0 v_{i+1,z}0 ŷ^T_z0. (25)

The first order-conditions of this problem generate a set of linear equations that, when solved, can be written as vectors, { {b̂_{iz,z}0(1, k, a, N, q, k^′)}_z0_{∈Z}, l̂_{iz}(1, k, a, N, q, k^′) } , for all i and z of dimension n_z + 3 + I(n_z + 1). Now if we use the representative-agent condition which states that, in equilibrium, a_i = k_i, and if we aggregate over agents, we then obtain a function for aggregate labor input, N̂_z(1, k, N, q, k^′). Write the (n_z − 1) market-clearing conditions of the securities markets as q_{z,z}0 = q_{z,z}0 + ∑ i∈I μ_i(k^′_z0 − k^′_z0_{nz} ), for all z^′ ∈ {z_1, . . . , z_{nz−1}}. As with T , we transform the specific securities demand functions, b̂_{iz,z}0, into B̂_{iz,z}0 by using the representative-agent assumption. We can write these n_z × I equations in matrix form:

N q_z0_1 . . q_z0_{nz}�_1 k^′_z0_1 . . k^′_z0_{nz}

=

N̂_z 0 0 0 1 · · · 0 μ 0 −μ 0 0 0 0 · · · 1 0 μ −μ B̂_{1z,z}0_1 /s_1 . . B̂_{I−1,z,z}0_{nz} /s_{I−1}

1 k N q_z0_1 . . q_z0_{nz}�_1 k^′_z0_1 . . k^′_z0_{nz}

. (26)

The above matrix equation has to hold for every k; therefore it can be solved by matrix inversion, and we obtain a linear system that we denote (N, q, k)^T = Ĝ_z(v)(^1_k ). This is done for all z, and at this point T̂ is obtained just by using Ĝ(v) ≡ {Ĝ_z(v)}_{z∈Z} in (25). Regarding the relation between T̂ and T , we then have following:

Lemma 2 A fixed point of T̂ implies a fixed point of T . That is, let v^∗ ∈ V, v^∗ = T̂ (v^∗), and let (N^∗, q^∗, g^∗) = Ĝ(v^∗); then (v^∗, N^∗, q^∗, g^∗) = T (v^∗, N^∗, q^∗, g^∗).

Proof: See Appendix. 2

These two lemmas guarantee that a fixed point of T̂ implies a recursive equilibrium. To find such a fixed point, I simply apply operator T̂ successively, starting with the zero element of V. In every single case, the iterations converged to a fixed point after the number of iterations is about 2I. “Convergence” is taken to mean that further applications of the operator change the values of any element of the matrices involved by less than 10^{−8}.

4 Parameterization of the Model

The standard calibration procedures in the representative-agent, real business cycle literature can be found in Cooley & Prescott (1995), while those in the overlappinggenerations models are in Auerbach & Kotlikoff (1987). I start by describing what I call the baseline economy, whose parameterization follows the principles set by those works and is summarized in Table 1. I will also explore the quantitative implications of alternative calibrations.

With respect to the demographics, as in Auerbach & Kotlikoff (1987), agents are assumed to be born at age 20 and to die at age 74 at the latest. The rate of population growth is λ_μ = 1.24%, the average rate of population growth for the United States over the last one hundred years. The probabilities of surviving at each age, {s_i}_{i∈I}, are from the 1985 vital statistics of the U.S. population. The demographic structure becomes a stable population, one where the age distribution is the one that would be achieved if mortality rates remained at 1985 levels for a long period of time and where the rate of population growth remains constant at the chosen value.

4.1 Preferences

The utility function of an agent is 1 1 − σ ∑ i∈I β^is^i(c^α_i l^{1−α}_i )^{1−σ}.

The reasons for this choice are that this function implies that the level of leisure is independent of productivity, and that the parameters needed for its calibration, β, α, and σ, have been extensively studied in the literature.

We begin with the risk-aversion parameter, σ. As noted in Cooley & Prescott (1995), empirical work has not resulted in very precise estimates of this parameter. Auerbach & Kotlikoff (1987) set σ = 4, whereas Cooley & Prescott (1995) set σ = 1. In my baseline model I set σ = 4, but I also examine other settings later.^6

In infinitely lived agent models, once capital share of output, net of depreciation, is determined, there is a one-to-one mapping between α and the fraction of time devoted to market work in the steady state. This led Cooley & Prescott (1995) to set α = .33, which results in households spending around 31% of their (discretionary) time endowment in market work. In the overlapping-generations model studied here, it is not so straightforward to choose a value for α. In the steady state the fraction of time devoted to market work is not constant across age groups. There are two reasons for this: first, the endowment of efficiency units varies with age, and second, the interest rate is not necessarily equal to the subjective rate-of-time preference. Of course, hours worked across people of different ages are not constant in the data, either. In the baseline model we set α = .33. This results in agents devoting 32% of their time to market work during working years.

The discount factor, β, is set to 1.011, based on the empirical work of Hurd (1989), which employed a structure similar to that used here. It is common in the infinitely lived agent model to set β so as to match a rate of return on capital. As we will see, the chosen value of β displays a satisfactory rate of return on capital. I also explore settings that are designed to match a particular value for the rate of return.

Early retirement is imposed on agents at age 65. If they were left free to choose, agents would retire at age 70, even though in the last five years of work they would devote less than 10% of their time to market activities. The choices that they make are highly dependent on the efficiency units profile after 65, which, given the large selfselection problems involved is very hard to measure. For this reason, I think that a retirement age of 65 is appropriate.

6We should be careful when using estimates of this parameter from models without leisure. For example, a value of σ = 2 in a utility function without leisure corresponds to σ = 4.03 when α = .33 and when leisure is set to be constant.

4.2 Technology

Unlike preferences, technology is basically standard. The production function is Cobb- Douglas: f ( K, (1 + λ_y)^tN ) = K^{1−θ} ( (1 + λ_y)^tN )θ . The rate of growth of labor productivity is λ_y = 1.83%, which is the rate of growth of per capita consumption for the last one hundred years (see Mehra & Prescott (1985)).

The labor share is θ = .64. I follow the Cooley & Prescott (1995) procedure to allocate income to capital, except that I abstract completely from the government. This implies that θ = .64. Auerbach & Kotlikoff (1987) use a value of .75, but their economy is very different from the one in this article: they do not have depreciation.

The depreciation rate is set to δ = .0541. In the real business cycle literature, the parameters β and δ are chosen to deliver two conditions: a certain investmentoutput ratio and a certain capital-output ratio. In Cooley & Prescott (1995), after excluding both the stock of government capital and the income that it generates, the investment-output ratio becomes .252 and the capital-output ratio becomes 2.94. In the overlapping-generations model, the discount rate is not set to get a ratio, but is measured in the data. This implies that δ can be set to get one ratio, but not both. I choose δ so that the investment-output ratio is .25, which implies that δ = .0541.

Efficiency units are derived from the series by Hansen (1993) for median weekly earnings over the period 1979-1987, by sex and by various age groups. The series is aggregated into consistent age groups.^7 Then the average between the sexes is computed. Finally, to obtain a smooth series I linearly interpolate between the center of the age brackets.^8 The profile for females is smoother than the one for males. Also, their participation rate is smaller. For this reason, I also used the profile for males —in this

7The age brackets are not the same for males and for females. They are intertemporally aggregated so that the two sexes have the same age-bracket structure.

8Auerbach & Kotlikoff (1987) use estimates of Welch (1979) on the relation between experience and weekly earnings. Specifically, they use the coefficients of experience and experience squared in a regression of the weekly earnings of white males who completed high school but did not attend college. The independent variables of the regression include cohort size, interaction with early career spline, exclusion rate due to nonwork, exclusion rate due to income imputation, unemployment rate, and a trend, but not tenure. With these estimates, the age profile of efficiency is very flat, with a ratio between the maximum and the minimum of 87% (with the minimum occurring at age 74). Compared with age 20, the maximum endowment of efficiency units is just 8.3% higher.

case without interpolating across age groups. Figure 1 depicts the baseline-smoothed case, while Figure 2 shows the males-only, unsmoothed profile.

For Z and Γ (the process on the technology shock), I assume that Z = {.976, 1.024} and that Γ is symmetric, with Γ_{11}=.907. This process generates an unconditional standard deviation of 2.4% and an autocovariance of .814. These are exactly the same values generated at annual frequencies by a quarterly AR(1) process for the Solow residual with parameters of .95 and .763%, which are the parameters in Prescott (1986). It is important to note that in the overlapping-generations model, aggregate hours worked and the labor input do not coincide, and if we used Solow’s procedure to obtain the residual, we would not obtain the original shocks. This could bias our findings. However, when comparing the Solow residual generated by the model economies with the realizations of the stochastic shock z_t, we obtain almost identical properties. For example, the proportional standard deviations of the unfiltered series are within .1% of each other. Furthermore, this difference is the same as the sample standard deviation of this statistic. The autocorrelations, on the other hand, are equal up to the third decimal point.

4.3 Steady state under alternative calibration

Table 2 shows the key growth observations to be matched, according to Cooley & Prescott (1995) (after adjusting their targets to abstract from the government). These are the capital-output ratio (K/Y ), the investment to output ratio (I/Y ), the net national product to output ratio (NNP/Y ), the rate of return, and the fraction of time spent working among those of working age. The first line of Table 3 reports these steadystate ratios for the baseline economy. These tables show that the ratios obtained in the baseline economy are very similar to those used in the real business cycle literature.^9 Figure 3 shows the steady-state profile of hours worked by age for the baseline economy and compares it with the average hours worked, by age, as reported in the Consumption

9This should not be taken as a statement that life-cycle savings account for all the wealth in the economy. There is a large literature on savings that tries to measure the relative importance of different saving motives (like altruism or precautionary savings), and there is a relative consensus that the lifecycle motive is, in itself, insufficient to account for all savings (see Kotlikoff (1989), especially Chapter 2). In this paper, the model completely abstracts from the role of the government, and if we introduced income taxes and social security, it is likely that the model would have generated a much lower capitaloutput ratio.

Expenditure Survey of 1990. For the ages that the model considers, the model captures the increase in hours worked during the early twenties and the decline after the early fifties. However, the model economy overstates the hours worked by people under the age of 40. Some of the reasons for this are that the model completely abstracts from child rearing, which is a particularly time-intensive activity that is concentrated in people under 40, and from human capital accumulation.

The age profile is an important property, especially for understanding the relative volatility of hours worked versus the labor input. For this reason, and in order to find how robust the findings are, other calibrations are explored. The age profile is a complicated function of all the parameters of the model economy, and it cannot be affected without also affecting other targets of the calibration. I start by describing how the five calibration targets in Table 2 and the age profile of hours worked vary with alternative parameterizations.

Table 3 also shows the key growth ratios generated by a variety of departures from the baseline calibration. We can see that some of these departures matter more than others. Especially dramatic is the case of the discount rate: if β is set to a lower level, it generates a very large rate of return, a small capital-output ratio, and a very small investment to output ratio. A decrease in the parameter that governs the relative weight of consumption versus leisure, α, from a value of .33 to a value of .27, reduces the steadystate fraction of time spent working, but it increases the steady-state capital-output ratio by 7%. An increase of the labor share parameter θ from .64 to .67 reduces the capitaloutput ratio by 5%, while increasing by about 1% the fraction of time spent working. Changing the depreciation rate to the value δ = .08 has a big effect on the capitaloutput ratio and on the investment to output ratio. A smaller risk-aversion parameter (σ = 1.6) generates large changes in the steady state, among other things, it dramatically increases the capital-output ratio. The reason for this is that this parameter also governs the intertemporal elasticity of substitution, which affects the effective discount rate in a growing economy. For this reason, to better understand the role of a large intertemporal elasticity of substitution, I also explore an economy with σ = 1.6, and with a lower discount rate, β = .975, that generates the same capital output ratio as the baseline economy. Little effect is derived from changing the profile of efficiency units of labor to that of males only, without smoothing. Table 3 also shows the ratios of an economy with the age profile for males-only efficiency units. While some of these economies generate a satisfactory set of growth ratios, none of them produce an age profile of hours worked that is closer to the one in the data than the age profile displayed by the baseline economy.

For these reasons, I changed the calibration in another direction: the age-range of agents is now 16 to 90 rather than 20 to 74. Extending the life of agents requires the reparameterization of the economy in order to reproduce the growth ratios of Table 2. Therefore, I explored three alternative calibrations for economies with agents living a large number of periods that have satisfactory growth ratios. In these experiments with long-lived agents, the imposed age of retirement is greater than in the economies with shorter life spans. It is set to 72 years of age.^{10} The calibration of these three economies with long-lived agents is like in the baseline except for the following parameters:

• The discount rate is β = 1.005.

• The discount rate is β = .974 and the coefficient of risk aversion is σ = .1.5. • The discount rate is β = .972, the coefficient of risk aversion is σ = .1.5, and the coefficient for consumption in the utility function is α = .27.

Figures 4 to 6 show the associated age profiles of hours worked for the economies with long-lived agents that produce satisfactory growth ratios. Figure 4 shows hours worked in the data and in the long-lived model, for a value of β = 1.005. We see that the model does particularly well for agents older than 40, but it overstates hours worked by younger people, especially among the youngest group, those between 16 and 25 years of age, when a large fraction of young people are involved in education. In the economy where the risk-aversion parameter is set at the low value of σ = 1.6 (and β = .974, to keep the steady-state capital-output ratio at the target value), the behavior of hours by the youngest agents is a lot closer to the data, (see Figure 5). However, in this version of the model, agents between the ages of 25 and 45 work much more than is shown in the data. Figure 6 shows the associated lifetime hours profile for the economy with

10The algorithm used to compute the equilibrium, linear quadratic approximations, cannot handle situations where certain constraints are binding sometimes but not always. For this reason, even in the long-lived economies, an upper bound on the working age is always imposed at the simulation of the stochastic paths stage.

σ = 1.6, α = .27, and β = .972. As we can see, the model still generates a few more hours worked for the agents in their thirties than is shown in the data, but it also has the property that agents of age 50 and higher work slightly less hours than they do in the U.S. economy. This last parameterization produces the overall pattern of hours worked across ages that is the closest to the data.^{11}

5 Findings

Table 4 reports some business cycle statistics for the U.S. economy. These include the standard deviations of GNP, consumption (including its durables, and nondurables plus services), investment (including fixed private investment), total hours worked (as measured by the Bureau of Labor Statistics in the Current Population Survey), total hours worked by various age groups (below 25, 25-44, 45-64, and 65 and over), and the Hansen index of labor input, where hours of different age groups and sexes are weighted by their average hourly earnings (see Hansen (1993) for details). The table also reports the correlations of those variables with output, including two periods of leads and lags, which indicate whether the variables lead or lag the cycle. The data have been filtered, after taking logs, by using the Hodrick-Prescott filter. The data are in annual terms. For this reason, the value of the smoothing parameter of the Hodrick-Prescott filter (which weighs current deviations versus one-period changes), is not set at the value of 1,600 which is often used when filtering quarterly data. Following Backus & Kehoe (1988), a

11Bullard & Russell (1993) also calibrate the steady state of a similar economy. Their objective is to argue that the overlapping-generations model is a plausible model for monetary analysis, therefore taking the position that the life-cycle motive for savings suffices to generate the observed wealth to output ratio. This requires the rate of return in the economy without money to be smaller than productivity plus population growth. They choose a different calibration procedure than the one I follow. The parameters that are key in generating different capital-output ratios (and rates of return) are the discount rate β, which they set to a high value of 1.04, based on a different (and more extreme) reading of Hurd (1989), and labor share θ, which they set to .75. In order to obtain such a large labor share, their calibration procedures abstract from the services from durables and assume that all proprietors’ income can be imputed to the labor input. Other differences in their choices are α = .2, based on 24 (rather than 14) available hours per day, and a 100% labor participation rate. They also use the lifetime efficiency units profile that Auerbach & Kotlikoff (1987) used, and a value of δ = .1. The key steady-state ratios generated by the parameters chosen by Bullard & Russell (1993) (except for the age-efficiency profile, where the profile in Hansen (1993) from CPS was used instead) are capital-output ratio, 3.05, rate of return, -1.8%, investment to output ratio, .351, Net National Product to output ratio, .695, and fraction of time working, .223. It is obvious from these ratio that their parameterization accomplishes reductions in the rate of return, but this is done at the expense of large differences with the calibration targets of Cooley & Prescott (1995).

value of 100 is chosen.

Table 4 shows some of the familiar key business cycles features: procyclicality of hours, consumption, and investment, and the fact that investment is a lot more volatile than consumption —around 5 times more volatile. In the calibration I have counted durables as part of investment, so we should exclude purchases of durables from consumption. If we look only at nondurables plus services, the ratio becomes 7.3.

Some other important properties of the data are that both consumption and investment slightly lead the cycle (the reason is that the other two components of output, —government expenditures and net exports— lag it). Another property is that within two periods of difference, most of the correlations become slightly negative or zero.

The standard deviation of aggregate, unweighted hours is 84% of the standard deviation of output, while that of Hansen’s measure of the labor input is 76% of that of output. Both series are highly correlated with output. Regarding the age distribution of the volatility of hours, the hours of the youngest workers show the highest volatility, followed by the people over 65, then by the 25–44 group, and, finally, by the 45–64 group. This is related to the well-known property that hours are more volatile for unskilled workers than for skilled workers (see Clark & Summers (1981), Kydland (1984), Kydland & Prescott (1988) and Ríos-Rull (1993)).

5.1 The baseline economy

Table 5 reports these same statistics for the baseline economy. The statistics are the averages of 50 realizations of 32 periods each. Each realization is computed 300 periods after departing from the steady state. The variables of the model economies have also been logged and filtered in exactly the same way as were the data for the U.S. economy.^{12} As Table 5 shows, the artificial economy also generates the key business cycle facts.

All variables move together (they are procyclical). Output is less volatile than investment, but more volatile than consumption. The phase shift is such that the correlations of aggregate flow variables with lead and lagged output are basically zero within two periods (the large standard deviations of the sample statistics of the model economy put

12In the other experiments conducted, the realizations for the exogenous shocks were identical to those used for the baseline economy.

the values of the U.S. phase shift well within the margins of sampling error). Investment leads the cycle and consumption lags it; the two variables cannot simultaneously lead the cycle.

The variance of output in the baseline economy is 55% of the variance of output in the U.S. economy. This compares to Cooley & Prescott (1995), who find that variations of the Solow residual account for 62% of the variance of output, and to Kydland & Prescott (1991) who account for 70% of output volatility in a model where the labor input can be adjusted by changes in the extensive margin as well as the intensive margin. The volatility of investment is 6 times larger than that of consumption, which is smaller than the ratio of 7.3 found in the data.

In the baseline economy, hours are only about 31% as volatile as in the U.S. data. By contrast, the representative-agent model of Cooley & Prescott (1995) implies that hours are about 50% as volatile as the data. The behavior of the Hansen measure of the labor input is almost identical to that of aggregate hours, resulting in a standard deviation that is 34% of the labor input in the data. The similarities between the behavior of the two series in the baseline economy are due to the fact that the age group with the highest volatility of hours is the group with agents aged 45–64, followed by the group with agents aged 25–44, which is the opposite of what is shown in the data.

Overall, we see that, with the parameterization chosen for the baseline economy, the fluctuations obtained have many of the features that characterize the business cycle. The baseline economy indicates that fluctuations in the Solow residual account for a smaller fraction of output fluctuations than do standard, representative-agent models. Furthermore, the model economy fails to produce a volatility pattern of variation of hours across age groups that resembles the data. Consequently, the baseline economy does not produce a measure of the labor input that is less volatile than aggregate, unweighted hours.

In the next subsection I explore whether these properties of the baseline economy are sensitive to changes in parameter values.

5.2 Alternative parameterizations

I will now explore various alternative parameterizations of the model. Table 6 shows the standard deviations of the variables studied for a variety of economies whose parameterizations differ from the baseline economy.^{13}

If we use a higher valuation of leisure versus consumption (α = .27, rather than the baseline value of .33), then the volatility of hours worked increases by about 12%. The volatility of hours worked by all age groups increases in roughly the same proportion.

A reduction in the coefficient of risk aversion (with associated reduction in the discount rate to obtain steady-state ratios that are in line with the targets) increases the standard deviation of output by 5.5%, and that of hours worked by 23%. This increase is proportionally bigger in the youngest group, making the behavior of hours worked across the different age groups in the low risk-aversion economy closer to the data than is the behavior of hours worked in the baseline economy. The higher standard deviation of output translates into a much higher standard deviation of investment as the volatility of consumption becomes a little smaller than that in the baseline economy. The ratio between the volatility of investment and that of consumption becomes 7. This feature resembles the data more than the corresponding feature of the baseline economy does.

The study of economies where agents live a long number of periods allows for the study of hours worked by the group that is over 65 years of age. Recall that we study three versions of the long-lived economies that differ in risk-aversion, in the valuation of leisure and in the discount rate, and that the three economies satisfy the calibration targets. In the model economy with the high coefficient of risk-aversion (which is the same as the one in the baseline economy), we see that the volatility of aggregate variables is quite similar to that of the baseline economy. The only differences arise in the age distribution of the volatility of hours worked. In this economy the volatility of the youngest is higher than in the baseline economy, while that of the middle age is smaller

13Some of them resulted in no changes from the properties of the baseline economy, and, therefore, their properties are not reported. They include changes of labor share to θ = .67 and changing the age profile of efficient units to unsmoothed males-only, as depicted in Figure 2. Setting the depreciation parameter to δ = .08 reduces the steady-state capital-output ratio, rate of return, and net national product to output ratio; it also and results in a slightly lower volatility of output and hours worked and in a relatively large reduction in the volatility of investment, while that of consumption shows a very small increase.

and that of the group between 25 and 44 remains basically unchanged. The volatility of the group above 65 is very high, almost as high as in the data. Overall, this age distribution of volatility is much more in line with the data than the age distribution of the baseline economy.

Regarding the economy where agents live a large number of periods and have relatively low-risk aversion, we see that it also has a high value for the standard deviation of output, the same as the economy where agents live up to age 74 (and it has the same low risk-aversion). However, the age profile of the volatility of hours worked is different. Now the volatility of the group over 65 years of age is higher than that in the data, and the volatility among those below 25 years of age is also very high —higher than that of any of the middle groups, as in the data. This is the first economy for which the Hansen measure of labor input is less volatile than the measure of aggregate unweighted hours (about 95%).

The last economy that I looked at —the one that produces a steady-state age profile that is the closest to the one in the data— has agents who live from age 16 to age 90, a coefficient of risk-aversion, σ, of 1.6, and a parameter that weighs consumption versus leisure, α, of .27. This economy has the highest volatility of output among the model economies studied: its variance is 64% of the one observed in the data. The ratio of the volatilities of investment and consumption is 7.1, close to that in the data. The volatility of hours worked is 45% of the one observed in the data. The match of the age profile of the volatility of hours is similar to the one in the data, except for the relative behavior of those in the 25–44 and 45–64 age groups which is reversed, and for the excessive volatility of the over-65 group. The volatility of Hansen’s measure of labor input is 94% of that of aggregate unweighted hours, while it is 91% in the data. Among the model economies studied here, this is the one that performs best: first, its output is the most volatile and the volatility of investment relative to the volatility of consumption is also the highest (this property makes it the closest to both the Cooley & Prescott (1995) economy and the U.S. data; second, it generates the most satisfactory age profile of steady-state hours worked; and, third, it generates a pattern of volatility of hours across age groups and, consequenly, of Hansen’s measure of the labor input that resembles the data the most.

The behavior of this last economy regarding the relative volatility of hours worked across age groups shows that a profile similar to the one in the data —where the persons that are either very young or very old have a much higher volatility of hours worked than those in the middle age groups— can be generated in a model economy where there are no cyclical changes in the relative efficiency of the various age groups. The key to understand this result lies in the life-cycle nature of the model. In models with infinitely lived agents and Cobb-Douglas preferences, permanent differences in the efficiency of agents do not generate differences in the behavior of hours worked.^{14} Not all life-cycle economies, however, generate the same age profile of volatility of hours. The specific properties of this profile depend on:

• The age profile of efficiency units. The age profile is crucial in determining the periods in which there is a comparative advantage of working longer hours. If agents were equally efficient at all ages, then the age profile of hours worked would have been monotonically decreasing since the interest rate is lower than the discount rate. In this case the associated age profile of the volatility of hours worked would have been very different from the one observed in the data.

• The paramater σ, that determines the intertemporal elasticity of both consumption and leisure in Cobb-Douglas utility functions. The lower the value of σ, the higher the intertemporal elasticity of substitution, and a high elasticity of substitution is necessary to induce high volatility of hours for both the young and the old. In table 6 we can see that in economies with low σ the volatility of hours worked by the middle age groups relative to that of the youngest and the oldest age groups is lower than in economies with high values of σ.

6 Conclusion

In this paper I have explored the business cycle behavior of large, stochastic, overlappinggeneration economies that are calibrated with the aid of demographic, microeconomic, and National Income and Product Accounts measurements. I have found that the

14For this to hold all agents have to have the same nonhuman wealth.

behavior of these economies is similar to the behavior found in standard, representativeagent, real business cycle models. In particular, a model economy where agents live from ages 16 to 90, with a relatively low risk-aversion parameter and with an attitude toward the consumption-leisure trade-off that matches the average age profile of hours worked, generates a set of business cycle statistics that is almost identical to the one found in Cooley & Prescott (1995), which has been taken to be the standard description of the findings of real business cycle theory. Furthermore, overlapping-generations economies can be used to study properties of the age distribution of various variables. In this respect, the aforementioned economy generates an age profile of the volatility of hours worked that is very similar to the one in the data (with the exception of the 25–44 age group). Associated with this feature, the model also produces the familiar fact that the volatility of hours worked of the individuals with low skills is higher than the one of individuals with high skills.

The approach used to model this class of economies and to solve the equilibria has applications that go beyond business cycle issues. These include attempting to answer the following questions: What are the long-term implications for savings and interest rates of the current aging of the population? Can large current account deficits be generated by differences in the age structure of the population? Also, in this class of economies, there is active trade of securities, as agents insure themselves against risks. This permits the study of issues related to the volume of trade, the risk premia, and the quantitative importance of markets for securities that are contingent on the aggregate state of the economy.

References

Altig, D. & Carlstrom, C. T. (1991). Inflation, Personal Taxes, and Real Output: A Dynamic Analysis. Journal of Money, Credit, and Banking, 23 (3), 547–71.

Arrow, K. J. (1964). The Role of Securities in the Optimal Allocation of Risk-bearing.

Review of Economic Studies, 31, 91–96.

Auerbach, A. J. & Kotlikoff, L. J. (1987). Dynamic Fiscal Policy. Cambridge University Press, New York.

Backus, D. K. & Kehoe, P. J. (1988). International Evidence on the Historical Properties of Business Cycles. Federal Reserve Bank of Minneapolis Working Paper 402.

Balasko, I., Cass, D., & Shell, K. (1980). Existence of Competitive Equilibrium in a General Overlapping-Generations Model. Journal of Economic Theory, 23, 307– 22. Baxter, M. (1989). Money and Market Incompleteness in Overlapping Generations Models. Journal of Monetary Economics, 24 (1), 69–91.

Bullard, J. & Russell, S. (1993). Monetary Steady States in a Low Real Interest Rate Economy. Mimeo.

Clark, K. B. & Summers, L. H. (1981). Demographic Differences in Cyclical Employment Variation. Journal of Economic Resources, 16, 61–79.

Cooley, T. F. (1995). Frontiers of Business Cycle Research. Princeton University Press, Princeton.

Cooley, T. F. & Prescott, E. C. (1995). Economic Growth and Business Cycles. In Cooley, T. F. (Ed.), Frontiers of Business Cycle Research, chap. 1. Princeton University Press, Princeton.

Debreu, G. (1954). Valuation Equilibrium and Pareto Optimum. Proceedings of the National Academy of Sciences, 40, 588–592.

Hansen, G. D. (1993). The Cyclical and Secular Behaviour of the Labor Input: Comparing Efficiency Units and Hours Worked. Journal of Applied Econometrics, 8 (1), 71–80.

Hurd, M. A. (1989). Mortality Risk and Bequests. Econometrica, 57 (4), 779–813.

Kotlikoff, L. J. (1989). What Determines Savings. MIT Press, Cambridge.

Kydland, F. E. (1984). Labor-Force Heterogeneity and the Business Cycle. Carnegie- Rochester Conference Series on Public Policy, 21, 173–209.

Kydland, F. E. & Prescott, E. C. (1982). Time to Build and Aggregate Fluctuations.

Econometrica, 50 (6), 1345–1370.

Kydland, F. E. & Prescott, E. C. (1988). Cyclical Movements of the Labor Input and its Real Wage. Federal Reserve Bank of Minneapolis Working Paper 413.

Kydland, F. E. & Prescott, E. C. (1991). Hours and Employment Variation in Business Cycle Theory. Economic Theory, 1 (1), 63–81.

Labadie, P. A. (1984). A Test of Risk Premia Behavior in an Overlapping Generations Model. Unpublished manuscript, Graduate School of Business, Columbia University.

Mehra, R. & Prescott, E. (1985). The Equity Premium: A Puzzle. Journal of Monetary Economics, 15, 145–61.

Ni, X. (1989). Asset Pricing in General Overlapping Generation Economies. Unpublished Manuscript, University of Minnesota.

Prescott, E. C. (1986). Theory Ahead of Business Cycle Measurement. Carnegie- Rochester Conference Series on Public Policy, 25, 11–44. Karl Brunner and Alan H. Metzer, eds. (Autumn). Reprinted in Federal Reserve Bank of Minneapolis Quarterly Review, (Fall), 10 (4): 9-22.

Ríos-Rull, J.-V. (1993). Working in the Market, Working at Home and the Acquisition of Skills: A General-Equilibrium Approach. American Economic Review, 83 (4), 893–907.

Taylor, J. B. & Uhlig, H. (1990). Solving Nonlinear Stochastic Growth Models: A Comparison of Alternative Solution Methods. Journal of Business and Economic Statistics, 8, 1–17.

Welch, F. (1979). Effects of Cohort Size on Earnings: The Baby Boom Babies’ Financial Bust. Journal of Political Economy, 87, S65–S97.

Wright, R. D. (1987). Market Structure and Competitive Equilibrium in Dynamic Economic Models. Journal of Economic Theory, 41, 189–201.

Zilcha, I. (1991). Characterizing Efficiency in Stochastic Overlapping Generations Models. Journal of Economic Theory, 55 (1), 1–16.

Appendix

Proof of Proposition 1, Existence of Equilibrium. Proof: The argument follows that of Balasko, Cass, & Shell (1980).

1. Let x ≡ {c_i(h_t), l_i(h_t), a_i(h_t), {b_i(h_t, z_{t+1})}_{zt+1∈Z} }_{i∈I,ht∈H} be an allocation. Define p^c(h_t) ≡ Π^t_{τ=0}q(h_τ , z_{τ+1})R(h_τ ) as the time-zero value of a unit of the good in state h_t, while p^l(h_t) ≡ p^c(h_t)W (h_t) is the price of one efficiency unit of labor. The constraints faced by agents in the model that are presented in the text are clearly the same as those faced by an agent that has a single budget constraint, with prices given by p ≡ {p(h_t)}_{ht∈H} ≡ {p^c(h_t), p^l(h_t)}_{ht∈H} , as long as the agent is indexed not only by his date of birth, but also by the history of shocks up to his birth date (see Wright (1987)). Therefore, it suffices to show the existence of equilibria for the newly defined prices.

2. Define an h_t-equilibrium as a pair of feasible allocations and strictly positive prices, for every node in H, that clear all markets up to h_t; denote this as {x^{ht} , p^{ht} }. Standard arguments yield the existence of an h_t-equilibrium for all h_t. By construction, if {x^{ht+1} , p^{ht+1} } is an h_{t+1}-equilibrium, then it is also an h_t-equilibrium. Let {x^{hτ} , p^{hτ} }_{hτ ∈H} be a sequence of h_τ -equilibria. Then there exists a subsequence of nodes with corresponding h_ξ-equilibria {x^{hξ} , p^{hξ} } such that lim_{ξ→∞} x^{hξ} = x^∗.

3. Note that the economy in this paper is irreducible, since every generation is endowed with positive amounts of efficiency units of labor in every period, and K_t is bounded away from zero in every period. This guarantees the equivalence of compensated and competitive equilibrium (see Balasko et al. (1980)), which can be used to establish that for every h_t, {x^∗, p^{∗,ht} } is an h_t-equilibrium, where p^{∗,ht} consists of the pointwise limits of the first h_{t+1} elements of the subsequence h_ξ that yielded x^∗.

4. We want to show that every h_t-equilibrium (x^∗, p^{ht} ) can be rewritten with renormalized prices p̂^{ht} so that ‖p̂^{ht} (h_0)‖ = 1 and ‖p̂^{ht} (h_τ )‖ ≤ B(h_τ ) for all τ ≤ t. To see this, note first that ‖p^{ht} (h_0)‖ > 0. Next, suppose that the bounds did not exist; then there would exist a sequence of h_t-equilibria, {x^{ht}_ξ , p^{ht}_ξ }^∞_{ξ=1}, ‖p^{ht}_ξ (h_0)‖ > 0, with the property that lim_{ξ→∞}^{‖p} ht ξ (hτ )‖ ‖p^ht ξ(h0)‖ = ∞. Renormalize the ξ sequence so that

‖p^{ht}_ξ (h_0), · · · , p^{ht}_ξ (h_{t+1})‖ = 1. Then take a subsequence so that these first elements converge pointwise to some {p^∞(h_0), · · · , p^∞(h_{t+1})}. As was argued before, p^∞ ≡

{p^∞(h_0), · · · , p^∞(h_{t+1}), p(h_{t+2}), · · ·}, with ‖p^∞(h_0)‖ > 0, is an h_t-equilibrium for any strictly positive continuation prices {p(h_{t+2}), · · ·}. But this is contradicts the limit behavior of {p^{ht,ξ}}^∞_{ξ=1}, so the proposed bounds exist.

5. By now it can be argued that p^{∗,ht} has a convergent subsequence with limit p^∗. By construction, it is immediate that the pair {x^∗, p^∗} is a competitive equilibrium.2

Lemma 1 A fixed point of this operator, with associated decision rules, is a recursive equilibrium.

Proof: We check the conditions of the definition. Conditions (b) and (f) are directly imposed by substitution in the approximation. (21) guarantees (c), while (24) implies (d). Aggregation of the labor input (e) is guaranteed by (22). Finally, and in a less obvious way, notice that a fixed point of T requires that ∑ i∈I μ_iB^z0_{iz} = ∑ i∈I μ_iB^{znz}_{iz} for all z^′ ∈ Z. Both sides of these equations give us aggregate capital in the next period as a function of the current state. Condition (23) prevents the next period’s shock from affecting aggregate capital, but this is exactly condition (a) from the definition of recursive equilibria. 2

Lemma 2 A fixed point of T̂ implies a fixed point of T . That is, let v^∗ ∈ V, v^∗ = T̂ (v^∗), and let (N^∗, q^∗, g^∗) = Ĝ(v^∗); then (v^∗, N^∗, q^∗, g^∗) = T (v^∗, N^∗, q^∗, g^∗). Proof: Compare the decision rules from (19) —{b_{iz}, l_{iz}}, functions of (1, k, a)— with those from (25) —{b̂_{iz}, l̂_{iz}}, functions of (1, k, a, N, q, k^′): the latter, evaluated at N = N^∗_z (^1_k ), q = q^∗_z (^1_k ), k^′ = g^∗_z (^1_k ) ≡ {g^∗_{z,z}0(^1_k )}_z0_{∈Z} , equal the former. Next, aggregation of labor in both sets of decision rules implies that N̂_z(1, k, N^∗_z (^1_k ), q^∗_z (^1_k ), g^∗_z (^1_k )) = N_z(^1_k ) and B̂_z(1, k, N^∗_z (^1_k ), q^∗_z (^1_k ), g^∗_z (^1_k )) = B_z(^1_k ). Finally, write the n_z − 1 market-clearing conditions of T̂ as

(0, 0, 0, · · · , 1, · · · , μ, 0, −μ)(1, k, N^∗_z ( 1 k ), q^∗_z ( 1 k ), g^∗_z ( 1 k ))^T ≡ φ̂^z

0_z (1, k, N^∗_z ( 1 k ), q^∗_z ( 1 k ), g^∗_z ( 1 k ))^T .

But this is exactly the definition of (T q_z). So we can write all this in a compact way as

N^∗_z q^∗_z g^∗_z

( 1 k ) = N̂_z φ̂_z B̂_z/s

1 0 0 1 N^∗_z q^∗_z g^∗_z

( 1 k ) = N_z (T q_z) B_z/s

( 1 k ) = (T N^∗_z ) (T q^∗_z ) (T g^∗_z )

( 1 k ) , (27) where the first equality arises from algebraic manipulation of equation (26), and the last equality arises from the definition of T . 2

0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4

20 30 40 50 60 70 Age

Profile of Efficiency Units: Interpolated and Averaged Across Males and Females

Figure 1: Source: Hansen (1993), who Used CPS Data.

0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4

20 30 40 50 60 70 Age

Unsmoothed Profile of Efficiency Units for Males

Figure 2: Source: Hansen (1993), who Used CPS Data.

0

500

1000

1500

2000

20 30 40 50 60 70 80 90 AGE

Hours Worked by Age in the Baseline Economy and in the U.S. (1990)

Baseline Model U.S. Economy

Figure 3: Source: Consumption Expenditure Survey, 1990.

0

500

1000

1500

2000

20 30 40 50 60 70 80 90 AGE

Yearly Hours Worked by Age in a Model with Agents Aged 16–90 and with the Same Parameters as in the Baseline Economy and in the U.S. (1990)

Model Economy U.S. Economy

Figure 4: Source: Consumption Expenditure Survey, 1990.

0

500

1000

1500

2000

20 30 40 50 60 70 80 90 AGE

Yearly Hours Worked by Age in a Model with Agents Aged 16–90 and Where σ = 1.6 and β = .974, and in the U.S. (1990)

Model Economy U.S. Economy

Figure 5: Source: Consumption Expenditure Survey, 1990.

0

500

1000

1500

2000

20 30 40 50 60 70 80 90 AGE

Yearly Hours Worked by Age in a Model with Agents Aged 16–90 and Where σ = 1.6, β = .972 and α = .27 and in the U.S. (1990)

Model Economy U.S. Economy

Figure 6: Source: Consumption Expenditure Survey, 1990.

Table 1: Parameterization of the baseline economy Targets λ_μ σ α β λ_y θ δ 1.24% 4 1.011 .33 1.83% .64 .0541 z_1 z_2 Γ_{11} Γ_{22} ϵ s Retirement .976 1.024 .907 .907 Hansen (1993) U.S. 1985 65

Table 2: Cooley and Prescott’s Representative-Agent Calibration Targets,

Adjusted to Exclude the Government K/Y Rate of I/Y NNP/Y Fraction of Return Time Working 2.94 6.9% .252 .858 .31

Table 3: Steady States of Explored Calibration Procedures K/Y Rate of I/Y NNP/Y Fraction of Return Time Working Agents Aged 20–74 baseline economy 2.94 6.8% .250 .841 .324 α = .27 3.16 6.0% .269 .829 .269 β = .97 2.14 11.4% .182 .884 .306 θ = .67 2.78 6.5% .236 .850 .328 δ = .08 2.52 6.3% .280 .798 .329 σ = 1.6 4.14 3.3% .352 .776 .360 σ = 1.6 and β = .975 2.93 6.9% .249 .842 .325 Males Only 2.92 6.9% .248 .842 .323 Agents Aged 16–90 Baseline 3.12 6.1% .265 .831 .321 β = 1.005 2.94 6.8% .250 .841 .317 β = .974, σ = 1.6 2.95 6.8% .251 .840 .316 β = .972, σ = 1.6, α = .27 2.94 6.8% .250 .841 .268

The parameters not referred to explicitly are those of the baseline economy, except that the age of retirement in long-lived economies is set to 68.

Table 4: Cyclical Behavior of the U.S. Economy Deviations of Key Variables From Trend 1956–1987

Cross-Correlations of Output With Variables x St Dev Relt x(t-2) x(t-1) x(t) x(t+1) x(t+2) % to Y Gross National Product 2.23 1.00 -.10 .50 1.00 .51 -.10 Total Consumption 1.69 .76 .04 .62 .86 .34 -.14 Durable Goods 5.94 2.66 .17 .63 .80 .14 -.39 Nondurables and Services 1.19 .53 -.02 .55 .82 .44 -.08 Investment

Total Expenditures 8.66 3.88 -.03 .46 .87 .14 -.44 Fixed Private 6.20 2.78 -.08 .49 .89 .28 -.38 Total Hours 1.88 .84 -.11 .44 .94 .52 -.22 Hours by 16–24 3.94 1.76 -.15 .33 .82 .44 -.24 Hours by 25–44 1.83 .82 -.13 .41 .87 .43 -.32 Hours by 45–64 1.43 .64 .06 .49 .83 .51 -.03 Hours by 65 + 3.22 1.44 -.21 .05 .35 .44 .48 Labor Input 1.72 .77 -.07 .46 .93 .46 -.28

Source: Citibank Data Base, and Hansen (1993), who Used CPS Data.

Table 5: Cyclical Behavior of the baseline economy Agents Live from 20 to 74 Years of Age and Retire at 65 Deviations From Trend of Key Variables, 32 Observations

Variables x St Dev Relt x(t-2) x(t-1) x(t) x(t+1) x(t+2) % to Y Output 1.645 1.00 .109 .468 1.00 .476 .106 (.006) (.274) (.221) (.000) (.232) (.291) Aggregate Consumption .743 .45 .004 .378 .969 .581 .261 (.003) (.287) (.231) (.016) (.210) (.275) Aggregate Investment 4.450 2.71 .157 .497 .985 .402 .010 (.017) (.260) (.205) (.056) (.227) (.266) Total Hours .592 .36 .148 .479 .945 .340 -.050 (.002) (.291) (.284) (.258) (.280) (.277) Hours by 20–24 .575 .35 .145 .480 .952 .341 -.042 (.002) (.282) (.263) (.212) (.245) (.262) Hours by 25–44 .473 .29 .165 .492 .955 .353 -.037 (.002) (.245) (.225) (.186) (.251) (.266) Hours by 45–64 .828 .50 .155 .486 .950 .343 -.046 (.003) (.274) (.261) (.221) (.259) (.269) Labor Input .589 .36 .148 .480 .946 .341 -.049 (.002) (.291) (.283) (.256) (.278) (.276)

Table 6: Key Cyclical Statistics of Economies With Alternative Calibration Percentage Standard Deviation of Y C I Total Hours Hours Hours Hours Labor Economy Hours < 24 25-44 45-64 65+ Input U.S. Economy^⋆ 2.23 1.19 8.66 1.88 3.94 1.83 1.43 3.22 1.72 Agents Aged 20-74 baseline economy 1.64 .74 4.45 .59 .58 .47 .83 - .59 α = .27 1.70 .75 4.38 .68 .68 .54 .96 - .69 σ = 1.6, β = .975 1.73 .72 5.03 .73 .90 .57 .98 - .72 Agents Aged 16-90 β = 1.005 1.68 .76 4.56 .62 .67 .46 .69 2.90 .61 β = .974, σ = 1.6 1.73 .71 5.00 .76 1.08 .53 .78 6.42 .72 β = .972, σ = 1.6

α = .27, 1.78 .73 5.20 .85 1.42 .60 .94 7.61 .80

All parameters not explicitly referred to are those of the baseline economy reported in Table 1. In the long-lived economies, agents retire at 68.

The statistics reported for the U.S. are for Consumption of Nondurables and Services and for Total Investment Expenditures.