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1 Introduction

High-dimensional factor models are widely used to analyze macroeconomic and financial
panel data, where a small number of unobserved factors drive the comovement of a large
number of time series. This paper focuses on the complications in the estimation of factor
models that arise from potential structural breaks such as the 2007-2009 Great Recession,
which, unlike other post-war U.S. recessions, was characterized by a severe disruption of
financial markets, a slow recovery, and a lasting episode of zero nominal interest rates and
unconventional monetary policies. The empirical application raises a number of interesting
and important questions: Did the Great Recession trigger a long-lasting change in business
cycle dynamics? In the context of a factor model representation for macroeconomic and
financial indicators, was the Great Recession associated with the emergence of new factors,
e.g., a financial or a credit factors? Did the loading on existing factors change” When exactly
did this change occur: during the subprime mortgage crisis in mid 2007, during the Bear

Stearns rescue in March 2008, or during the Lehman Brothers collapse in September 20087

None of the existing econometric techniques for factor models can answer all of these
questions simultaneously. Existing methods to determine the number of factors, e.g., Bai
and Ng (2002), Onatski (2010), or Ahn and Horenstein (2013), would require the knowledge
of the break date and are unable to detect changes in loadings only. Structural break tests
for factor loadings, e.g., Breitung and Eickmeier (2011), Chen, Dolado, and Gonzalo (2014),
or Han and Inoue (2014) require ex ante knowledge of the number of factors. Conventional
residual-based procedures to determine the break date, e.g., Bai (1997), also require the
number of factors to be known. Stock and Watson (2012) assess the evidence for a break
in the number of factors during the Great Recession by testing for the presence of a factor
structure in the errors associated with the forecasts of the post-break observations based on
extensions of the pre-break factors. However, their approach requires knowledge of the break
date and is not designed to distinguish a change in the number of factors from a change in

factor loadings.

The main contribution of this paper is to develop an econometric procedure that con-
sistently detects changes in factor loadings, determines the numbers of pre- and post-break
factors, and estimates the break date if it is unknown. Formally, we consider two types of
factor model instabilities: large changes in the factor loadings when the number of factors is

constant (type-1 instability), and changes in the number of strong factors (type-2 instability).



Beyond the particular application studied in this paper, a consistent estimator for the unob-
served factor structure in large-scale panel data models is essential in many other empirical
contexts. In general, ignoring a break point leads to an overestimation of the numbers of
pre- and post-break factors and distorts any subsequent econometric analysis that conditions
on the number of factors. In forecasting applications, using unnecessary predictors leads to
imprecise forecasts. In a structural dynamic factor analysis that uses factor models to trace
out the effect of structural innovations such as monetary and technology shocks on a large
set of macroeconomic and financial indicators an incorrect estimate of the number of factors

and their loadings makes it infeasible to recover the “true” impulse responses.

Our estimator utilizes two novel identification results for factor models. Because only
the product of factors and loadings is identifiable, we use a normalization that attributes
changes in this product to changes in the loadings. First, we show that a structural change
is identifiable if either the space spanned by the factor loadings or the scaling of the factor
loadings changes. Second, we show that the unknown break point is determined by the
dimensionality of the factor model. It has been previously shown in the literature (e.g.,
Breitung and Eickmeier (2011)) that the presence of large breaks leads to the overestimation
of the number of factors. As a consequence, the sum of the numbers of pre- and post-break
is minimized if the break date is correctly specified. We exploit this insight to robustify the
inference about the number of pre- and post-break factors against lack of knowledge of the
exact break date. Moreover, we show that once the number of factors has been determined,
one can estimate the location of the break date using a traditional sum-of-squared residuals

criterion (e.g., Bai (1997) in a model with observed regressors).

The estimator developed in this paper is based on the minimization of a penalized
least squares (PLS) criterion function in which adaptive group-LASSO penalties (Tibshi-
rani (1994), Zou (2006), and Yuan and Lin (2006)) are attached to pre-break factor loadings
and to changes in factor loadings. The PLS estimator is a shrinkage estimator because,
compared to the unrestricted least squares estimator, it sets small coefficient estimates equal
to zero. The numbers of pre- and post-break factors are determined based on the number
of non-zero columns in the matrices of factor loadings and the change of factor loadings. A

new factor appears if a column of zero loadings becomes non-zero after the break.

Although the idea of data-dependent penalty for LASSO originates from Zou (2006),
our specific penalty is novel in three dimensions. First, to improve the finite-sample perfor-

mance, the adaptive LASSO penalty is determined in a two-step procedure, in which the



second-stage penalty is computed based on a first-stage shrinkage estimator. Importantly,
in the second step an orthogonal procrustes problem is solved to match the columns space
of the pre- and post-break loadings obtained in the first-stage estimation. Second, to handle
the unknown break date case, the penalty is constructed as an average over the penalties
computed conditional on each potential break date. Unlike break-date-specific penalties, this
averaging penalty ensures uniform convergence of the penalized least squares criterion over all
break dates, similar to the uniform results in Andrews (1993), and robustifies the estimated
number of factors against small perturbations of the break date in finite-samples. Third,
we develop a cross-validation procedure that lets the user fine-tune the LASSO penalties to

improve the finite-sample performance of the shrinkage estimator.

Our theoretical results establish consistency of the estimation of the numbers of pre- and
post-break factors, the detection of changes in loadings in case of type-1 instabilities, and
the estimation of the break date. The results are obtained under large N and 7" asymptotics.
The inference problem is high-dimensional because the number of elements in each column
of the loadings vector goes to infinity asymptotically and this rate can be faster than the
rate at which the number of time periods diverges. Throughout this paper we assume that
the number of factors is fixed as the sample size increases, that the factors are strong, and
that the breaks in the loadings large in the sense that they do not shrink with the sample
size.! Extensions to small breaks, weak factors, and numbers of factors that increase with

sample size are beyond the scope of this paper and left for future research.

The empirical analysis in this paper revisits a recent study by Stock and Watson (2012),
who investigated whether new factors appeared at the onset of the Great Recession, con-
sidering a large data set of macroeconomic and financial times series. In a nutshell, Stock
and Watson (2012) extended the pre-break factor to the post-break period and examined
whether there was evidence of an un-modeled factor in the residuals of the post-break sample.
They found no such evidence. Using a similar set of time series, but sampled at a monthly
frequency, and being agnostic about the specific break date, we find evidence of a type-2
instability at the beginning of the Great Recession, i.e., the emergence of a new factor which

mostly affects financial variables, but also has spill-over effects on real activity variables.

!Onatski (2012) analyses a model in which some of the factors only have a weak influence on the ob-
servables. Stock and Watson (2002) and Bates, Plagborg-Mgller, Stock, and Watson (2013) show that in
the presence of small structural instabilities of the factor loadings the principal component estimator of the

factors remains consistent.



Conditional on the normalization of the pre- and post-break factors our estimation results
indicate that the factor loadings changed drastically during this episode. Because Stock and
Watson (2012) normalized the size of the loadings rather than the variance of the factors in
their analysis, some but not all of the change in loadings in our analysis mirrors the increase

in factor volatility in their analysis.

Our work is related to, but in several important dimensions distinctly different from,
the existing literatures on factor model estimation, structural break testing, and LASSO
estimation. If the break date were known, one could study the emergence of new post-break
factors by applying one of the existing methods for determining the number of factors in a
stable environment to the pre- and post-break subsamples. In a seminal paper, Bai and Ng
(2002) provide information criteria to consistently determine the number of factors in time-
invariant static factor models. Subsequent work, often distinguishing between the number
of static and dynamic factors includes Amengual and Watson (2007), Bai and Ng (2007),
Hallin and Lika (2007), Onatski (2009), Onatski (2010), Alessi, Barigozzi, and Capasso
(2010), Kapetanios (2010), Caner and Han (2014), Ahn and Horenstein (2013), Breitung
and Pigorsch (2013), and Choi (2013). However, as discussed above, if the break date is
unknown the direct application of these econometric procedures will overestimate the number

of factors as soon as the break date is misspecified and pick up “pseudo-true” factors.

The procedure developed in this paper not only allows researchers to consistently estimate
the numbers of pre- and post-break factors but also consistently detect changes in factor
loading if the number of factors stays constant. Several structural break tests for factor
loadings have been developed, including Stock and Watson (2009), Breitung and Eickmeier
(2011), Chen, Dolado, and Gonzalo (2014), Han and Inoue (2014), and Corradi and Swanson
(2014). Our procedure differs in several dimensions. First, it detects the instabilities without
requiring any knowledge of the numbers of pre- and post-break factors. This is important
because a consistent estimator of these factors is not available in the literature when the
break point is unknown. Second, to achieve consistency, we only require that the number of
time series variables and the number of time periods are both large without any restriction
on their relative rates, whereas structural break tests in the literature typically restrict their
relative rates to ensure that the generated-regressor effect from the estimation of unobserved
factors is negligible. Third, the procedure controls the model selection error jointly by
treating all time series variables as a group. This is particularly desirable for large-scale

datasets.



There exist some recent work that utilizes shrinkage methods to estimate stable factor
models (e.g., Bai and Liao (2012), Caner and Han (2014), and Lu and Su (2013) ) and
to detect structural breaks in models with observed regressors (e.g., Lee, Seo, and Shin
(2012) and Qian and Su (2013, 2014)). Our paper differs from the above-mentioned work
because the factor structure is both unobserved and unstable. Recently Baltagi, Kao, and
Wang (2015) and Chen (2015) consider break point estimation in large scale factor models.
There is also a growing literature on modeling heterogeneity in panel data with latent group
structure. Various classification and shrinkage methods have been proposed, see Bonhomme
and Manresa (2015), Lin and Ng (2012), Ando and Bai (2015), Su, Shi, and Phillips (2014).
These papers consider a latent structure that is different from the one that is estimated in
the current paper. The structure in this paper is comparable to time-varying interactive
fixed effects. There are no additional exogenous regressors in our model because the factor
structure is the parameter of interest instead of the nuisance parameter. A general form of

time-varying group heterogeneity is considered by Bonhomme and Manresa (2015).

The remainder of this paper is organized as follows. Section 2 describes the factor model
and the types of instabilities considered in this paper. It also provides identification condi-
tions for changes in the loadings and identification results for the break point if it is unknown.
Section 3 presents the shrinkage estimator and the model selection method. The selection of
the tuning parameters as well as the practical implementation of the shrinkage estimation
are addressed in Section 4. Section 5 develops the asymptotic theory for our estimator and
establishes the consistency of the estimator of the number of the pre- and post-break factors,
the stability of the loadings, and the break date. Monte Carlo results on the finite-sample
performance of the proposed shrinkage estimator are reported in Section 6. These results
include comparisons with existing procedures that are designed to determine the number
of factors in a stable environment and procedures that test for the stability of loadings co-
efficients if the number of factors is known and stable. Section 7 contains the empirical
application. Finally, Section 8 concludes. All proofs as well as additional simulation and

empirical results are relegated to the Appendix.

2 A Factor Model with Structural Break

We observe panel data {X;; € R:i=1,....N,t =1,...,T} Let X; = (X14,...,Xn) €

RN*1 denote the observations at time period ¢. For t = 1,..., T}, the observed N series are



driven by 7, unobserved common factors. At time period Tj, the number of factors and/or
the magnitude of the factor loadings may change. We assume that there are no further
breaks after Tj. In general, the break point 7 is unknown. In Section 2.1 we introduce
the data generating process and in Section 2.2 we discuss the identification of a structural

change and its date.

2.1 The Data Generating Process

The DGP before T is
X, =AF +e, fort=1,...,Tp, (2.1)

where A° € RNV*"a denotes the factor loadings and e, € RY denotes the idiosyncratic errors.
Using matrix notation, we write

Xa = FCLAO/ -+ €a, (22)

where X, = (X1,...,Xp,) € RN F, = (F{,...,F}) € R™" and e, = (eq,...,ep,) €

RTo*N _The matrices F, and A° are both unknown and they are not separately identified.

To take into account the potential structural break in period T;, we write the post-break

DGP in matrix form as
Xb = Fb71<A0 + F(i))/ + Fbgrgl + €p, (23)

where X}, = (Xq11,...,X7), Fyo1 = (Fpyyys - D), Foa = (Ff oy, Fp), and e, =
(é1y41,---,er)’. Here the T} X r, matrix Fy; extends the pre-break factors to the post-break
period, whereas the T} x (r, —r,) matrix Fy 5 collects the new factors that may emerge after
the break. The matrix 'Y captures possible changes in the loadings of the pre-break factors
F?, whereas the matrix T'Y contains the loadings for the new factors F;. The changes in
the factor loadings are summarized in ' = (I'{, T'9). If the loadings of the old factors stay
constant, then I'Y = 0. Likewise, in the absence of new factors I') = 0. After Ty, there are 7,
factors Fy, = (Fyy, Fy2) with factor loadings U° = (A +T9, T'9). Thus, the model in (2.3)
can be equivalently written as

Xy = U + ¢, (2.4)

We now state some technical assumptions on the large sample behavior of the factors and
the loadings. These assumptions are analogous to Assumptions A and B of Bai and Ng (2002)
with the modification to accommodate additional factors and changes of factor loadings at

Ty. They ensure that all r, factors before the break and r, factors after the break make



nontrivial contributions to the variance of the data.? For t > Ty, let Fg = (FY F") € R™
denote the r, factors after the break. Throughout this paper, we use C' € R to denote a

generic positive constant.

Assumption A. E[||F?||"] < C, E[HFSH‘*] < C and there exist positive definite matrices
——=0-507

Yp and X7 such that Ty ' S0, FOFY = Sp + O,(T, %) and T7' Y1, FiFy, = S5+
O,(1; ). O

Write AY = (A9,...,A%), where \? € R™*! is the factor loading for series i before the
break. Similarly, write U° = (¢9,...,9%)’, where ¢/? € R™*! is the factor loading for series

1 after the break.

Assumption B. (i) [|[\)| < C, ||¢?|] < C and there exist matrices X5, Yy and Y,y such
that |[[AYAY/N — Z,|| = 0, [[$YWO/N — Bg|| — 0, and ||[AY PO /N — S]] — 0 as N — oo,
where ¥, and Xy are positive definite. (ii) The matrices X)X and ¥¢ 3% both have distinct

eigenvalues. []

The factors and their loadings in (2.2) and (2.4) are not separately identified. In order
to develop an estimation theory for the factor model, we have to impose normalization

restrictions. We rewrite the DGP as
X, =F,R, RN + ey = FEAY +e,, X, = F,R,R, 'V + ¢, = FFUY e, (2.5)

The transformation matrices R, and R, are formally defined in the Appendix such that the
factors have an identity covariance matrix in the sense (omitting a and b subscripts) that
TFRER = I, 4+ O,(T7'/?) and the vectors of factor loadings are orthogonal and sorted
according to length in the sense that N"'AFAR =V, and N-'W*U! =V, where V, and

V, are diagonal matrices.?

Note that our normalization interprets changes in the law of motion of the factors F, and

F}, as changes in the loadings A" and U#. For example, consider a DGP with r, = r, = 1,

2Assumption A is sufficient for the identification conditions in Assumption ID. It is also one of the
sufficient conditions for consistent model selection with a known break date. For consistent model selection

with an unknown break date, Assumption A is strengthened to Assumption A* in Section 2.2.
3ST-1FR'EER is not defined as an exact identity matrix because the limiting covariance matrices £ and

Y, rather than the sample covariance matrices pre and post-break, are used to define the rotation matrices
pre- and post-break, respectively. This definition ensures that the rotation matrices pre- and post-break are
identical as long as Xy = X and the factor loadings are constant. In addition, the signs of the factors and
loadings need to be normalized. However, because this sign normalizaton is immaterial for our analysis, we

do not provide further details.



constant factor loadings A = ¥, and a break in the persistence of the factor, which follows
an AR(1) process F; = p,F;_1 + ¢ for t < Ty and F, = pyFy_q1 + ¢ for T > Ty, where
gy ~ 1.0.d.N(0,1) for all £. The change of the autocorrelation of F; from p, to p, in our
setting translates into a change of the transformed factor loadings from A% = A/ \/1—7@%
to W = A/\/1— p?. This leads to V; = V,(1 — p?)/(1 — p?). If r, = 1, > 1, a model with
changes in factor loadings can only be reparameterized to attribute all the changes to the
factors if AY and U° span the same column space, that is, there exists a full rank matrix P
such that W = A°P and therefore [, 0" = (F,P)A” = FA”. We will come back to this

issue in the empirical application in Section 7.

2.2 Identification of a Structural Change and its Date

In the remainder of this paper, we assume that the number of post-break factors is not smaller
than the number of pre-break factors: r, > r,. If the application suggests that r, < r,, then
labeling the subsample before Ty as X, and the subsample after T, as X, maintains the

validity of the proposed method. We distinguish between two types of instabilities:

type-1 instability : 73, =7, and ') # 0
type-2 instability : 7, > r,. (2.6)

Under a type-1 instability, the number of factors is constant, but there is a change in the
factor loadings. For a type-2 instability, new factors appear in the model after Ty, while

some of the loadings of the old factors also may change.

Known break data T,. The numbers of pre- and post-break factors r, and r;, are identified
and can be consistently estimated using existing methods, e.g., the model selection criteria
proposed by Bai and Ng (2002). The strict inequality r, > 7, identifies type-2 instabilities
without further assumptions on the DGP. To identify type-1 instabilities, further restrictions
are necessary. Given our normalization of the factor covariance matrix, a type-1 change is,
intuitively, identifiable if either the space spanned by the factor loadings or the scaling of
the factor loadings changes. Define a (r, + rp) X (r, + 75) augmented covariance matrix

ZX\I/ = (2.7)

YA 2aw ]

!
AU 2w



Let p¢(A) be the ¢-th largest eigenvalue of a square matrix A. The following assumption,
stated in terms of the coefficients of the DGP in (2.2) and (2.3), is sufficient for identifying

type-1 structural instabilities.

Assumption ID. One of the following two conditions holds:
(i) rank(X3y) > ra;

(ii) pe(XpXa) # po(EF2y) for some ¢ < r,. O

Assumption ID(i) holds if and only if A° and ¥° do not span the same column space
asymptotically. It implies that the column spaces of A® and U® in (2.5) are different.
Assumption ID(ii) focuses on the scaling of the loadings and provides an alternative identi-
fication condition through the eigenvalues of ¥, ¥ and ¥y ¥%. This condition does not put
restrictions on the asymptotic column spaces generated by the factor loadings. It translates
into V, # V,, where the V’s are the diagonal covariance matrices of the rotated pre- and

post-break loadings.

Unknown break date 7y. Let my = To/T, where T is the number of periods in the
sample. For simplicity, we call 7y, rather than 7j, the “true” break date and assume that
mo € II, where II is some closed subset in the interior of [0,1]. For any potential break
date 7 € II, we split the full sample into two subsamples X,(7) = (X1,..., X7,) € RToxN
and Xy(m) = (X1,41,..., X7)' € RN where T, = |T'r| is the integer part of T'm and
T, =T —T,. To obtain an identification condition for the unknown break date 7, we now
study the number of factors in X,(7) and X,(7) when m # my. We denote the number of
factors by r,(m) and ry(7). They are defined as the number of non-vanishing eigenvalues of
(NT) 1 X, (7) X,(m) and (NT)* Xy (7)' X (7), respectively, as N, T — oo.

Building on previous results in the literature, e.g., Breitung and Eickmeier (2011), if
the break date is misspecified, then the subsample that consists of pre- and post-break
observations contains one or more additional factors. Thus, the break date can be identified
by minimizing the sum of the numbers of pre- and post-break factors by varying the potential
break date m. We verify the following relationship between the conjectured break date and

the numbers of pre- and post-break factors in the Appendix:

a < k DI <
ro(m) = " N T=T0 and rp(m) = rank(Exg) T <o : (2.8)
rank(Xyy) m> o T T 2T
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where rank(X},) > 1, > r, and the matrix X}, was defined in (2.7). It follows from (2.8)

that
To + rank(Xiy) 7™ < mo

ro(m) + 1p(m) = To + 19 T="Ty - (2.9)

ry 4+ rank(Xty) T > m

Because rank(X1y,) > ry > 74, we see that r,(m)+7p(7) is minimized at 7o, with the minimum
value 7, + r,. Define the set of values 7 such that r,(m) + r,(7) achieves the smallest value
Tq + Tp as

D={rell:ry(m)+rp(m) =rs+ 1} (2.10)

By definition, we know that my € D and hence D is a well-defined nonempty set. In order to
ensure that 7y is the unique minimizer of r,(7) + ry(7), i.e., 7y = D, we need to assume that
the column space generated by A is asymptotically not contained in the space generated by

U0 which leads to the stronger Assumption ID*.

Assumption ID*. rank(X5y) > 7.

3 Shrinkage Estimation

Starting point of the proposed estimation procedure is a conjectured break date T,. If the
break date is correctly specified then T, = Ty. We define T;, = T'— T,,. Because we treat the
number of factors as unknown, we introduce a user-selected upper bound k on the sum of
pre- and post-break factors: r, + 7, < k. In order to motivate the criterion function in the
shrinkage estimation, we rewrite the normalized DGP in (2.5) as the following augmented

system:

AR/
X, = [ Ff Ffli Fcfgi ] O(ry—ra)xN | T €a = Ff+(AR+)/+ea-
O(k—ry)x N
AR + T
X, = [ FEFR FR } v +ep = FF (AT 4+ TR 4¢. (3.1)

O(k—ry)x N

Here, F7+ denotes a T x (k — r,) orthogonal complement of F®. We partition F*t into

T x (ry — o) and T x (k — 1) submatrices Fi- and FJ5-. Likewise, Fy** is an orthogonal
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complement of Ff. Below, we call FI* and Ff* the “true” and Ft and FR* the irrelevant
factors. In the augmented model (3.1), A" and (Af* + ') are the factor loadings before
and after the break, respectively. Estimating the number of factors and detecting instability
in factor loadings can be executed simultaneously in (3.1), because they are equivalent to
consistent selection of the zero and and nonzero components in A%+ and I'**. Hence, for
consistent model selection, it is key to obtain estimators that can consistently distinguish
zeros from nonzeros in A®* and I'*. The shrinkage estimator proposed below is designed

to achieve such consistency.

Although the main theoretical innovations lie in the analysis of the unknown break date
case, we first present the main idea of the estimation method under the assumption that
the break date is known and T, = Ty. The estimation objective function and the shrinkage
estimator are introduced in Section 3.1. The consistent estimation of the numbers of pre- and
post-break factors and the occurrence of a break in the loadings are discussed in Section 3.2.
Section 3.3 provides the extension to the unknown break date. Finally, Section 3.4 discusses

the post-model-selection estimation of the factor loadings and the break date.

3.1 Estimation Objective Function (Known Break Date)

The k potential factors are estimated by the principal component estimator in each subsam-
ple. Specifically, for subsample j € {a, b}, let 1*:] € RTi*k be the orthonormalized eigenvectors
of (NT;)"'X;X i associated with its first k largest eigenvalues. For both subsamples, esti-
mating an overfitted model with k factors gives the unrestricted least square estimators of
the factor loading matrices /N\LS = T;lXC’L}Nf}, \T/Ls = Tb_lX,;ﬁb and IN“LS = \T/Ls — /N\Lg. Given
fa and fb, we propose shrinkage estimators of Af* and I'* by minimizing a PLS criterion
function:

(A,T)= argmin [M(A,T)+ Pi(A) + Py()], (3.2)

AERNXk,FERNXk
2
)

k k
Pi(A) = anr Y _wp |Adl and Po(T) = Byr Y w] T, (3.3)
P =1

where

2 -
+ HXb — Fy(A+T)

A, and Ty are the ¢-th column of A and T, respectively, ayr and By are two sequences

of positive constants that depend on N and T, and w; and w, are data-dependent weights
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defined as:

“i = <N_1||AZIIQI{M¢0M}+N_1||Ae,Ls||QI{K£=ole}> ,
T ~ -2
wi = <N71||FEHQI{E¢OM}+N71\|Fe,LS|VQI{m:oNX1}> : (3.4)

Here Z;,—,) is the indicator function that is equal to one if x = a and equal to zero otherwise.
A € RV*k and T € RV** are some preliminary estimators of A* and I't, where the ¢

subscript denotes the ¢-th column of the matrices.*

In this adaptive estimation, the data-dependent weights w}' and w, are designed to dif-
ferentiate the zero columns of A and I'®* from the nonzero columns. Assuming that the
preliminary estimators have the property that N ! |/~\g| |* =, 0if and only if the (-th column
of ARt is zero and N7||T,||* —, 0 if and only if the (-th column of I* is zero, we expect
N=Y|Ag|? to converge to a positive constant for £ < r, and to converge to zero for £ > r,.
In the latter case, w) diverges to infinity, which delivers strong penalization in the shrinkage
estimation (3.2) to the estimators of the zero columns in A°. The weights, w;, have similar

effects on the estimation of I't.

The penalty functions P;(A) and P»(I"), defined in terms of the column norms ||A/|| and
|IT||, are group-LASSO penalties (cf., Yuan and Lin (2006)). A group-LASSO estimator
either sets all the elements in a group equal to zero or estimates them as nonzeros altogether.
This feature is particularly useful for large-scale factor models because the irrelevant factors
have zero factor loadings for all series. As such, the group-LASSO estimator automatically
controls the group-wise model-selection error over all series, which is challenging if the model-
selection is performed series by series. The solution to the minimization problem in (3.2)
can be computed efficiently, because it is a convex optimization problem after the first &

principal components of the data set have been calculated.

3.2 Consistent Model Selection (Known Break Date)

The shrinkage estimator defined above is used to determine the numbers of pre- and post-
break factors and to detect the occurrence of type-1 and type-2 structural changes. Let

By € {0,1} be a binary variable such that By = 0 indicates that there is no structural break

4The simplest preliminary estimators are the unrestricted least squares estimators Ars and T'zg. Other
preliminary estimators may set columns of A or I' equal to zero, which is why we introduced the indicator

function notation.
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(ie., TO = (9 TY) = 0 in (2.3)). If By = 1 and r, = 1y, then the DGP exhibits a type-1
instability. By = 1 and r, < 7, corresponds to a type-2 instability. For the remainder of this

paper, we refer to a model as a collection of DGPs that are associated with the triplet
Mo = (Bo,’f‘a,’l"b). (35)

We propose consistent estimation of M based on the simultaneous estimation of By, r,, and
rp. For the consistent determination of By, it suffices to estimate the normalized version of
the factor model in (2.5), because T'° = 0 if and only if I'® = 0, where I'® = (T'f, T'}) are
defined by rewriting the normalized version of the post-break DGP in (2.5) as

Xy = FU% + e, = (A + T + FETY + ¢ (3.6)

Estimation of M, is based on the column norms of A and T'. The estimator of the break
indicator By is given by

~

B =150 (3.7)

The estimators of r, and r, are obtained by finding the last non-zero columns of A and T

7, = min {j A2 = 0 for all £ >j}

Tp = max (fa, min {j S ||T||? = 0 for all £ > j}) . (3.8)

The model selected by the shrinkage estimator is

—

M = (B, 7, 7). (3.9)

In Section 5 we formally show that
Pr(M = M,) — 1 as N, T — oo (3.10)

provided that the tuning parameters ayr and Sy are chosen within the bounds specified
below. Even for a known break date, our procedure differs from the existing methods in
some very important dimensions. First, our method not only detects a structural break but
also automatically determines its type. Second, to detect a break in factor loadings, our
method does not require knowledge of the number of factors before and/or after the break.

Instead, it determines the pre- and post-break factors structures simultaneously.
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3.3 Estimation and Model Selection with Unknown Break Date

If the break date is unknown, the factor model has to be estimated for a range of hypo-
thetical break dates 7. For any 7 € Il = [, 7], let F,(w) € RT** be the orthonormalized
eigenvectors of (NT,) ' X, (m) X, ()" associated with its first k largest eigenvalues. Similarly,
let Fy(m) € RT** be the orthonormalized left eigenvectors of (NT}) ™ X, ()X, (7)’ associated
with its first k& largest eigenvalues. The unrestricted estimators of the factor loadings are
Aps(m) = T X (7)) Fy(m0), Upg(m) = T, ' Xy (n) Fy(m), and Tpg(m) = Upg(m) — Apg(m).

By applying the procedure in Sections 3.1 and 3.2 with 7y replaced by m, we obtain
a shrinkage estimator indexed by 7 € II, which yields consistent estimators of r,(7) and
ry(m) for any 7w € II. In preliminary work, we found that this simple procedure is undesirable
because the estimators of r,(7) and 7,(7) are highly sensitive to . To stabilize the estimator
in finite samples, we propose the following shrinkage estimator with averaging penalty:

(A(m),D(x)) = argmin  [M(A,T;7) + Pr(A) + PE(I)], (3.11)

AERNXk,FERNXk

where

M(A,T;70) = (NT)™! [HXQ(W) ~ B+ HXI;(W) ~ By(r)(A+T)

1 L (312)

This estimator depends on 7 only through the least squares criterion function. The averaging
penalty functions P;(A) and Py (A) are

k k
Pi(A) = Eelanr(©wp OV AL, P5(T) =D Ee[Bur(€)w) ()] T4l (3.13)

(=1 {=1
where ¢ has a uniform distribution on IT and E¢[-] denotes the expectation with respect to £.°
In practice, II is approximated by a set of equally spaced grid points 1, and the expectation

in (3.13) is replaced by an average.

The tuning parameters ayr(7) and Sy () are two sequences of constants that depend

on N and T for each m and the sequences can vary with 7. The specific choices are provided

5By definition,

(€ () =€ and EelBr (€] (] = [ Bwr(€u] (€)=

s

T

Belawr(€)(©)] = |

s

where ™ and 7 are the lower and upper bounds of II. Note that the above two terms depend on N and 7.
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in Section 4.4. For each 7 € II, let A(w), ¥(x), and I'(x) be some preliminary estimators.
We define adaptive weights w)* () and w)"(7) as

B —2

Wt () = <N_1||Ae( WL oy + N MHAers(MIPL, 0Nx1}> ’
—2

w/(m) = (N ' min {||Fz P, (1) [? 1z {Ty(r 750Nx1}>

~ —2
+ (N Vi {J[Fens (M 18050 g 0y ) (3.14)

Comparing the weights in (3.14) with those in (3.4), we see that w)*(m) = w; but w]™(m) #
w). If the break date is unknown, it is crucial to use w;"(m) for consistent estimation
of 7, because, for m > m and £ > ry, N7| W, ps(7)||2 converges (in probability) to 0, but
N71||f5’L5(7T)||2 may not converge (in probability) to 0. Thus, the modified adaptive weights
can deliver larger penalties, when needed.

The model specification estimator M* = (g* 7%, 75) can be obtained as follows. First,

s Las
let

B" = Lisup en 1509 (3.15)
Second, the number of pre- and post-break factors can be estimated according to
7o =min 7,(7) and 7, = min 7(7), (3.16)

mell well

where 7, () and 7,(7) are defined as in (3.8), replacing A and I' by A(r) and T'(r), respec-

tively. In Section 5 we show that
Pr(M* = M) — 1 as N, T — 0o (3.17)

for the suggested choice of the tuning parameters. To the best of our knowledge this is
the first estimator of the “true” number of factors that is robust to both type-1 and type-2
instabilities at an unknown date. In addition, it detects instabilities in a large number of

time series (N — 00) as a group.

3.4 Post Model Selection Estimation

In addition to estimating the model specification our shrinkage estimator also provides an
estimate of the loading matrices A and I'. However, because the penalty terms of the

estimator are not optimized to estimate the non-zero coefficients of the loading matrices
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efficiently (e.g., in a mean-squared error sense), we recommend to re-estimate the loadings
using least squares conditional on the selected model specification. We subsequently adopt
the notation for the unknown break date case. For the known break date case, one can

simply drop the *-superscripts and the (7)-arguments.

If B* =0 (no break) then the factor model should be re-estimated on the full sample. In
this case, let F € RT** be the (orthonormalized) first & principal components constructed
from the full sample. Let A denote the first 7% columns of the full sample least squares
estimator /~\Ls = T-1X'F and set ¥ = A5 Alternatively, if B = 1, then the factors
and the loadings should be re-estimated for the two subsamples separately. Let ﬁa(w) and
Fy(m) denote the factor estimates for the two subsamples. Moreover, let A(w) be the first T
columns of the least squares estimator Apg(w) = T~ X/ (7)F,(r) and ¥(r) be the first 7
columns of W g(n) = T~1X](r) Fy(r). The post model selection estimator can be defined as

follows
Apus(m) = (K(r), 04) and Wpys(m) = (T(m), Oy), (3.18)
where 0y is a N x (k —7) zero matrix, and Oy is a N x (k —7}) zero matrix.

Building on work by Bai (1997), we will show below that the break date 7y can be

estimated consistently by using a least-squares objective function. Let

T = argmin Qnr(m; 75, 7). (3.19)
well

where
Qnr(m575,7) (3.20)
= 1[5 - B Rouss()| + [ Xm) - Flm Fpusst)] ]

In practice, this estimator should only be computed if the shrinkage estimator detects a
break, i.e., B=1.

4 Practical Guidance for Implementation

We first introduce the estimation algorithm with a known break date and extend it to the

unknown break date subsequently. Section 4.1 provides a practical procedure for choosing

6Because the columns of F are orthogonal by construction, A is identical of the OLS estimator obtained

by regressing X on the first 7 columns of F.
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the tuning parameters ayr and Syp. Section 4.2 describes a two-step shrinkage estimation
procedure proposed in which the second-stage tuning improves the finite-sample performance
of the estimation procedure while maintaining its asymptotic validity. A cross-validation
procedure to fine-tune the penalty weights is presented in Section 4.3. Finally, Section 4.4
discusses the choice of penalty weights and the two-step estimation algorithm if the break

date is unknown.

4.1 Choosing the Penalty Weights (Known Break Date)

The penalty functions P;(A) and P5(T") depend in addition to w; and w; also on the tuning
parameters a7 and Syr. Roughly speaking, a7 is the weight attached to the penalty on
the coefficients related to X,, whereas Sy is the penalty weight on the coefficients of Xj,.

We suggest choosing these factors as
aNT = HIN_1/2C;[3TQ and 6NT == HQN_1/2CN%J, (41)

where x; and kg are two constants, Cyr, = min (N1/2,T;/2), and Cy7, = min (N1/2,Tb1/2).
These rates are justified by the asymptotic results in Section 5. Specifically, Theorem 2 in
Section 5 states that consistent estimation of the model requires a7 and Sy to converge
to 0 at least as fast as N~Y/2Cy1. and slower than N~Y/2C%. In practice, we choose a7
and Syt to balance these two rates and replace the overall sample size T" by the subsample

sizes T, and T,. We set k1 and ko equal to

Ky = 01{(NTQ)_1/2‘

ea(1~\)H 4 (NT) 2 Heb(K + ’f)H} (4.2)

Ry = CQ(NTb)il/z €b(K+f)H’

where A and T are preliminary estimators and the residual matrices e,(A) and e,(A +T) are
defined as
ea(A) = X, — FyA and ey(A+T) = X, — Fy(A+T)'. (4.3)

A justification for this choice is provided in the Appendix. Our default choice for the con-
stants ¢; and ¢, is ¢ = ¢ = 1, but we develop a cross-validation procedure to fine-tune these

constants over a fixed interval in finite samples.
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4.2 Two-Step Estimation Procedure (Known Break Date)

We recommend a two-step estimation procedure. The preliminary estimator obtained in the
first step is used to fine-tune the penalty terms of the second-step shrinkage estimator. The
two-step procedure improves the finite sample performance through two channels. First, the
tuning parameters are better calibrated in the second step because the residual matrices
in (4.2) are more accurate when A and T are based on a first-step model selection rather
than the estimation of an unrestricted model with k& factors. Second, a better preliminary
estimator I is obtained through a rotation of the factor loadings A and U, For i = 1 and
2,1let A®, U@ and I'@ denote the preliminary estimators, A®, U@ and T'® denote the PLS
estimators, and /A\g)MS, {1\1%45 and fgﬁ)M ¢ denote the PMS estimators in step . The two-step

estimation can be implemented with the following algorithm:

Algorithm 1 (Two-Step Estimation Procedure)

1. First-Stage Shrinkage Estimation:

1.1 Compute the unrestricted least squares estimators /~\L5 and fLS.

1.2 Let AO = A;g and TW = T'1s. Calculate wp, w), ant and Byt following (3.4),
(4.1), and (4.2) with A = AV and T =TW.

1.3 Compute the shrinkage estimator A® and TO by minimizing the criterion func-
tion (3.2).

1.4 Estimate ro and ry based on (3.8) with A = AV and T =T, Call the estimators
7 and ﬁl).

1.5 Construct subsample PMS estimators K%J)WS and \TJ%S using the definition in
(5.18). If ?1(71) = ?((11), transform the columns of T s follows: Let AT =
UDV' be the singular value decomposition of AW, Define the transformed
factor loading as

7, =0, (4.4)

where Q = VU'. Define the modified PMS estimator of ¥ as
= —(1
Vhhis n = (‘1’33)7 0\1;<1>) € RV, (4.5)

2. Second-stage Shrinkage Estimation:



19

2.1 Let
& 1) _ =)
RO R0 g = Yeuser UT =T g Goy_fe) (4
‘I’gz)us zf’<1)>ra)

and calculate w), w], anr, and Byt following (3.4), (4.1), and (4.2) with A=A®
and I =T®@,

2.2 Compute the shrinkage estimators A® gnd T® by minimizing the criterion func-

tion (3.2).
2.3 Compute BY, 7, and 7 e ) based on (3.8)-(5.9) with A = A® and T =T®@.

2.4 Conditional on the selected model M = (l?(g) % 42)) construct the PMS es-

timators AEDMS and \IJP])\/[S using the definition in (3.18)

The preliminary estimators in the second step are based on the PMS estimators of the
first step. The rotation in Step 1(e) minimizes the risk of falsely reporting a structural
break when there is no instability in the data. It is designed to match the column spaces
of A" and T This leads to a smaller T" if T° = 0. While this rotation may also reduce
the probability of reporting a “true” break, we found in our simulation experiments that
overall it leads to an improved performance. Formally, the problem is to find an orthogonal
matrix () such that HKU) ~g Q|2 is minimized. This is an orthogonal procrustes problem.
It is equivalent to maximizing the correlation between the columns of AY and ﬁ(l)Q. The
solution is @) = VU’ (see Schénemann (1966)), where U and V' are obtained from the singular
value decomposition AYTY — UDV’. In Section 5, we show that if there is indeed a type-1
instability, the @ rotation will not eliminate the difference between A% and W£. Moreover,
we show that the asymptotic theory we established in the previous section applies to the

two-step shrinkage estimator.

4.3 Cross Validation

We recommend to fine-tune the constants ¢ = (¢1,¢2) € C that appear in the penalty
weights (4.2) using a cross-validation procedure. We first partition the data matrix in the
cross-sectional dimension, creating disjoint subsamples X(;,) and X(_;,). Given a particular
¢ we apply the model selection procedure to X(_;,), which yields an estimated model spec-

ification M (—jn,c) and an estimate of the unobserved factors. Conditional on M (—Jn,c©)
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we construct regression and prediction samples from the hold-out sample X;, along the
T-dimension and generate rolling pseudo-out-of-sample forecasts. Because we are using the
factor estimates from the X(_;,) sample, we can treat the regressors in hold-out sample
analysis as known. Our cross-validation criterion is based on the mean-squared forecast er-
rors. The details of this procedure are summarized in the following algorithm (a graphical

representation is provided in the appendix):

Algorithm 2 (Cross Validation)

Initialization:

1. Start with an arbitrary series and denote it by X1. Fori =2 to N: Choose X; among
the remaining N — i + 1 series such that |Corr(X;, X;—1)| > |Corr(X;, X;_1)| for any
j>i.7

2. Partition X in the N dimension into ny (approvimately) equal size subsamples X ;y),

jN = 1, NN such that X = (X(l), c. ,X(nN)).
Main Loop: For each ¢ = (¢1,¢3) € C execute the following steps:

1. For gy =1,...,ny:

1.1 Define X(—jy = (Xys - s X(in—1)s X(jw+1)s - - » X(nn))-

1.2 Apply Algorithm 1 to X ;.. Denote the selected model by
M(=in,€) = (B(=jx, €), Fa(=i, ), To(=iw, ©)).

1.3 If g(—jN,c) = 0 (no break), let F(—jn,c) be the first T,(—jn,c) principal com-
ponents of X(_;yy (full sample). Split F(—jn,c) into Fo(—jn,c) and Fy(—jn,c).
If B(—jn,c) = 1 (break), let F,(—jn,c) be the first To(—jn,c) principal compo-
nents of Xq (—jy) (pre-break sample) and Fy(—jn, c) be the first 7y(—jn, ) principal

components of Xy (—jy) (post-break sample).

1.4 Forjr=1,...,np:

"In unreported simulations we found that the initial ordering of the series improves the performance in

situations in which the idiosyncratic components of the X; series have fairly strong cross-sectional correlation.
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1.4.1 Partition Xy into X, (jn), Xoy)- Patract regression (R) and prediction
(P) samples along the T dimension from X (jy), Xon)s Fa(=jn,c), and
Fy(—=jn,c) as follows (to simplify the notation we assume that T,/(2nr) and
Ty/(2nr) are integers):

T T T,

XE(ip. 4 FR(jp, —j ct=14+Gr—1D—2 . =24 (jp—1)2
o Uy jn,e)s Fy(jr, —jn,c) + (Jr )2nT’ ' + (Jr )ZnT
T T T T

XP(ir. g FP(jp. —i ot =2 i —1)—= 1,.... =2 ] 4
a(]T7jNac)7 a(jTa jN?C) 2 +(JT )2nT+ ) 72 +3T2nT

The first regression sample ist = 1,...,T,/2 and the first prediction sample is
t="T,/241,...,1,/24T,/(2nr). The subsequent samples are shifted forward
by T,/(2n7) observations. The definitions of XE(jr,jn,c), XL (r,in,c),
FE(jr,jin,¢), Ff (jr,jin,c) are obtained by replacing the a subscripts with b
subscripts.

1.4.2 Estimate /AX(jT,jN, ¢) and \Tf(jT,jN, c) by regressing XE(jr, jn, c) on FE(jr, —jn,c)
and XE(jr,in,c) on FE(jr, —jn,c), respectively. If g(—jN,c) = 0 combine
the two samples.

1.4.3 Compute the predicted values )A(f(jT,jN, c) = FF(jr, —ijn, c)/A\/(jT,jN, c) and
X (Grojns ©) = FE Gy —in, €)W (G, jivs ).

2. Compute the mean-squared error (MSE)

ny  nr
MSE(c) = Z Z (HXf(jT,ij) — )A(f(jT,jN,C)Hz + || X8 Grsdnse) — )A(zf)(jT,jN,C)||2> :
jn=1jr=1
The tuning constants are chosen to minimize MSE(c) with respect to c. It is important
that this minimization is carried out over a bounded set C. According to the theoretical
results presented in Section 5, the model selection procedure is consistent for each fixed
c € Cas (N, T) — oo. Our cross-validation procedure helps researchers to fine-tune the
constant to achieve good finite sample performance — as we will demonstrate in the Monte

Carlo experiments presented in Section 6.

4.4 Implementation for Unknown Break Date

Next, we extend the estimation algorithm to the case with an unknown break date. The

recommended tuning parameters are

anr(m) = Ky (W)N_1/2C';,?}a and By (m) = ﬁg(ﬁ)N_l/zC';,:}b, (4.7)
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where k1 (7m) € [k, R1]| and ko(m) € [ky, ko] for some k|, Kk, > 0 and Ry, Re < 0o. They are
analogous to those in (4.1). In practice, we can choose k1(m) and ko(7) as in (4.2) but with

A and T replaced by A(r) and I'(r), respectively.

As in the known-break-date case, we consider a two-step procedure to estimate the true
model. Follow the steps in Section 4.2 by setting my = 7, AV () = Apg(n), VO (1) =
U pg(m), and TO(7) = T pg(n); replacing w), w), anr, and Syr with w)* (), w)* (7), ayr (),
and Byr(m), respectively; replacing the PLS criterion (3.2) with (3.11); and replacing the
estimators 7, and 75 in (3.8) with those in (3.16). Note that the first-step estimators 7Y and
ﬂbl) do not vary with 7 following the definition in (3.16). Therefore, one should first obtain
the first-step estimator A (7) and T () for each 7 € II and get 7Y and 7’?(b1), and then
obtain the second-step estimator A® (x) and I'®(x) for each 7 € II. The selected model
M is based on the two-step PLS estimator A® (r) and T'® () following the specifications

in Section 3.3.

The cross-validation procedure also has a straightforward extension to the unknown break
date case. We choose a common c for all potential break dates. For each m, the X_;,)
subsamples are designed in the same way as in the known-break-date case, with my replaced
by m. For each ¢ we obtain a selected model, which does not depend on 7 by definition.
From the validation sample X(;,) we first eliminate the observations that lie outside of the

conjectured break interval II and then proceed with Step 1.4 of Algorithm 2.

In order to use the proposed shrinkage estimator, the user has to make four choices: the
maximum number of potential factors k, the break date interval II, the domain C for the
tuning constants, and the number of sample partitions ny and nr. In practice, the choice
of k and II is likely to be based on some preliminary examination of the data. For instance,
many researchers have estimated the number of factors in variants of the Stock and Watson
(2012) data set, which can help choosing k. Asset pricing theory often gives some indication
of how many factors to expect in panels of financial data. Choosing an unreasonably high
value of k delivers a large number of potential regressors and may lead to a deterioration of
the performance of the shrinkage estimator. If 7, = k£ that might indicate that k& was chosen
too small. The choice of II is closely tied to the application. The interval could be centered
around 1984 if the goal is to detect breaks associated with the Great Moderation; or centered
around 2007 if the Great Recession is the topic of interest. Choosing an overly large interval

is likely to lead to a deterioration of the performance of our estimator. Finally, we provide
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a particular choice for C, ny, and ny that performs well in our Monte Carlo study under a

variety of data generating processes.

5 Asymptotic Theory

We now provide a formal asymptotic theory for the proposed shrinkage estimator. We first
consider the case of known break date in Section 5.1 and then generalize the results to allow

for an unknown break date in Section 5.2.

5.1 Known Break Date

To derive the asymptotic behavior of the PLS estimator and establish that the proposed
model selection procedure is consistent some additional assumptions are necessary. First, we
need to control the degree of time-series and cross-sectional dependence in the idiosyncratic
errors as well as the degree of dependence between the factors and the idiosyncratic errors.
Here, we follow the literature and make assumptions that are analogous to Assumptions C

and D of Bai and Ng (2002). These assumptions are formally stated in the Appendix.

Second, we will make high-level assumptions on the large sample properties of the pre-
liminary estimators A and T and on the convergence rates of the sequences ayr and SByr.
We begin with the assumptions on the stochastic order of the preliminary estimators, which
affect the data-dependent weights w) and w; defined in (3.4). Define Cyp = min(7T%/2, N1/2),
where C'yr is the convergence rate of the unrestricted least square estimator in Bai and Ng
(2002).

Assumption P1. The preliminary estimators Aand T satisfy
() Pr(N"H|AL2 > C) = Lhor £ =1,...,74, N7Y|Ag||2 = Op(CRE) for £ =rq +1,... k;

(i) If T % 0, Pr(NH|Ty|]2 > ©) — 1 for £ = 1,...,r,, N7H|TY|]2 = 0,(CR2) for € =
’f’b—|— 1,...,]{5;

(iii) If 10 = 0, N~H|Ty|]2 = O,(Cy2) for £=1,.... k. O
Assumption P2. Assumption P1 holds with A= /~\Ls and [ = fLS. O

Under the conditions in Assumption P1, the columns of the preliminary estimators

are divided into two categories. For the first category, Pr(N7Y|A,|[? > C) — 1 and
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Pr(N7Y|T||2 > C) — 1 such that the data-dependent weights, wp and w), are stochas-
tically bounded. For the second category, N7|A||2 = O,(C2) and N7![|Ty||2 = 0,(C%),
which implies that w} and w) diverge in probability faster than C4r. These large penalties in
the second category yield shrinkage estimators that are equal to 0 w.p.a.1. Assumption P1
is imposed on any preliminary estimators of A and I'®. In the second step of the two-step
estimator (Algorithm 1), the preliminary estimators are different from A,g and I'zg. How-
ever, Assumption P2 is still necessary because w; and w, depend on A s and r s Whenever
A or T has zero columns. Note that A, = 0 is a special case of N71|A|2 = 0,(Cy2) in

Assumption P1, and the same argument applies to I,

While the data-dependent weights w; and w] determine the relative penalties of different
columns of factor loadings, the tuning parameters ayr and Sy determine the overall penal-
ization. We make the following assumptions about the rates at which the tuning parameters

vanish asymptotically.

Assumption T. The tuning parameters ayr and Syt satisfy
(i) anr = O(N~Y2CyL) and Byr = O(N~Y2CWL);

(ii) N=Y2045 = olant) and N™YV2045 = o(Byr). O

Assumption T imposes bounds on the tuning parameters ayr and Syr. These bounds
control the magnitudes of penalization on all columns and are designed for consistent model
selection. The upper bound in Assumption T(i) ensures that if the data-dependent weights
w; and w] are stochastically bounded, the penalties on the nonzero columns are small such
that the shrinkage bias is negligible asymptotically. On the other hand, we aim to shrink
the estimators of zero columns to zero. For this purpose, the lower bound in Assumption
T(ii) requires that the tuning parameters ar and Syr converge to zero not too fast. The

choice of ayr and Sy made in Section 4.1 satisfies Assumption T.

We are now in a position to state the asymptotic limits of the PLS estimators AandT.
The estimators converge to the coefficients of the normalized version of the DGP in (2.5).

As before, let the subscript ¢ denote the ¢-th column of a matrix.

Theorem 1 Suppose Assumptions A, B, C (see Appendiz), D (see Appendiz), P1-P2, and
T hold. Then,

(a) Pre-break loadings of relevant factors: N=|Ay — AB||2 = O,(C2) for 6 =1,... 14;

(b) Pre-break loadings of irrelevant factors: Pr(||Ag|[2 =0 for ¢ =1, +1,... k) — 1;
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(¢) Post-break changes in loadings of relevant factors: IfT° # 0, N=Y||T, —T'E||2 = 0,(C2)
forl=1,...,ry;

(d) No-break: IfT° =0, Pr(||Ty|[2 =0 for 1,...,m) — 1;

(e) Post-break changes in loadings of irrelevant factors: Pr(] |fg| 2 =0 forl=ry+1,...,k) =
1.

Parts (a) and (b) of Theorem 1 characterize the limits of the PLS estimators of the pre-
break factor loadings. Due to the penalization, the factor loadings of the irrelevant factors
are estimated as exactly zero w.p.a.1. This superefficiency result cannot be achieved by the
unrestricted least square estimators. In contrast, for the true factors, the penalization does
not affect the consistency and the convergence rate of their estimators. For £ =1,...,r,, the
PLS estimator A, converges in probability to the factor loadings Af of the transformed DGP.
Parts (c) to (e) of Theorem 1 characterize asymptotic properties of the PLS estimators of the
changes in the factor loadings, which is essential to detecting structural instabilities. In the
absence of structural instabilities, the PLS estimators of the changes are equal to 0 w.p.a.1.
In the presence of a structural instability, the superefficiency in Part (e) of Theorem 1 only

applies to the redundant factors, which pins down the number of factors after the break.

Thus far, we showed that the factor loadings of the irrelevant factors are estimated as
zeros w.p.a.l. We also showed that the changes in the loadings of the relevant factors are
estimated as zero w.p.a.l, if their loadings are not subjected to any instability. Hence, to
establish the model selection consistency for the PLS estimation, it is sufficient to show
that the asymptotic limits N7!||AF||> and N~1||T%||* in Parts (a) and (c) of Theorem 1 are
bounded away from zero, which requires the identification Assumption ID. The consistency

result is stated in the following theorem.

Theorem 2 Suppose Assumptions A, B, C (see Appendiz), D (see Appendiz), ID, P1, P2,

and T hold. Then the estimated model is consistent:

Pr(ﬂzMo) — 1 as N,T — oc.

Theorem 2 provides model selection consistency for the shrinkage estimation based on
any set of preliminary estimators that satisfy Assumption P1 and P2. If the unrestricted
least squares estimators are used as preliminary estimators, our model selection procedure is

consistent under a set of primitive conditions that do not involve Assumptions P1 and P2.
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Corollary 1 If (K, f) = (KLS, fLS); then Theorem 2 holds under Assumptions A, B, C (see
Appendiz), D (see Appendiz), ID, and T.

We now extend the consistency result in Theorem 2 to the two-step estimator described
in Algorithm 1. It can be shown that under our assumptions, in the presence of a type-1

change, there exists a set of columns such that
Z={: NP = N7 o = AP = O (5.1)

The columns in the set Z are crucial for the identification of a type-1 instability. Due to the

orthogonal rotation in Step 1.5 of Algorithm 1, we need the following additional assumption:
Assumption R. If r, = ry, then infjy =y N Y| UFw — Aff||> > C for £ € Z. O

Assumption R is not restrictive. It holds whenever Al is not in the column space gen-
erated by U¥. Assumption R is imposed on the loadings A® of the normalized version of
the DGP rather than on the loadings A° of the DGP itself. Assumption R allows the load-
ings of some of the “structural” factors in the unnormalized DGP to remain constant while
the loadings of other “structural” factors change. In the absence of structural instabilities,
Z is empty and Assumption R is not necessary. Using Assumption R, the general consis-
tency result established in Theorem 2 can be extended to the two-step estimation procedure

described in Section 4.2, as summarized in the following corollary:

Corollary 2 If A=A® qnd T = f(z)} then Theorem 2 holds under Assumptions A, B, C
(see Appendiz), D (see Appendiz), 1D, R, and T.

5.2 Unknown Break Date

Next, we show that the shrinkage estimator based on the averaging penalty in (3.13) yields
consistent estimation of the model. The tuning parameters and the two-step estimation
algorithm follow the specifications in Section 4.4. For the case with an unknown break date,
we establish the consistency of M directly rather than by first establishing the asymptotic
behavior of the shrinkage estimator A(w) and I'(w) for all 7 as in Theorem 1. The main
reason is that the shrinkage estimator with the averaging penalty does not yield consistent

estimation of r,(7) and ry(mw) for all 7. The averaging penalty tends to over-penalize for
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m # m. However, we can still obtain consistent estimation of r, and r, because r, < r,(7)
and ry, < ry(m).

To show that the two-step PLS estimator described in Section 4.4 yields consistent esti-
mation of the model, we strengthen Assumption R to take into account the unknown break

date and the averaging penalty. For any 7w € II, we can write the normalized system as

Xy(n) = FRm)UE(n) + ey(m), (5.2)

where Ff(r) and A®(x) are T, x (r, + ) and N x (r, + 1) matrices, respectively, and

Ff(r) and ¥F(7) are T}, x (r, + 1) and N X (r, + 1) matrices, respectively.
Assumption R*. (i) If r, = ry, then inf ey infjy =y N7H|[UF(m)w—Af(7)|[? > C for £ € Z;
(ii) If 7y > 74, then inf, ., N7 WE(7) — AR(7)||? > C for £ =1y, O

Assumption R*(i) generalizes Assumption R from 7 = 7y to any 7 € II. Assumption
R*(ii) is not necessary if the break date my is known because Al(m) = 0 for £ = r, >
rq. Similar to Assumption R, we do not view the modified Assumption R* as restrictive
because in many applications the matrices Af(7) and WE(7) are transformations of loading
matrices for factors with a structural interpretation. Assumptions R and R* are compatible
in applications where the loadings of some “structural” factors change and the loadings of the
other “structural” factors do not. The following theorem states that even with an unknown
break date we can still estimate the occurrence of a break and the numbers of pre- and

post-break factors consistently.

Theorem 3 Suppose that Assumptions A* (see Appendiz), B, C* (see Appendiz), D (see
Appendiz), 1D, and R* hold. Then the model selected by the two-step estimator in Algo-
rithm 1 1s consistent:

Pr(M* = My) = 1 as N, T — co.

The proof strategy of Theorem 3 is different from that of Theorem 2 due to the averaging
penalty. To establish consistency of .//\/\l*, it is sufficient to show that (i) if 7 = m, the
shrinkage estimator with the averaging penalty behaves similarly to that in Theorem 1 and
(ii) if ™ # mp, the estimated model is not smaller than the true model. In this regard, the
identification result in Section 2.2 is used constructively. Whenever 7 substantially differs

from my, the averaging penalty tends to over-penalize those loadings that would be set to



28

zero for m = m. This means that there is a tendency to underestimate either r,(7) or r,(m)
if the conjectured break point is incorrect. At m = my the averaging penalty is smaller than

the pointwise penalty, but still sufficiently large to ensure consistency.

Using the estimates 7 and 7, the least squares objective function in (3.19) delivers a

consistent estimate of the break date.

Theorem 4 Suppose that Assumptions A* (see Appendiz), B, C* (see Appendiz), D (see
Appendiz), ID*, and R* hold. Then, © —, my as N,T — oo.

The consistency of 7 shown by Theorem 4 complements the consistency of M+ =
(B\*,f;*,ﬁ,*) Deriving the asymptotic distribution of 7 requires analyzing the generated
regressors issue due to latent factors. Some results along this line are developed in Bai
(2003) and Bai and Ng (2006). Incorporating these results in break point estimation is left

for future research.

6 Monte Carlo Simulations

In this section, we conduct Monte Carlo simulations to illustrate the accuracy of the proposed
model selection procedure, and the mean squared errors (MSEs) of the shrinkage estimators
and the PMS estimators in finite samples. Section 6.1 describes the DGPs and the estima-
tors used in the experiments. The simulation results are presented in Section 6.2 and we
report some comparisons to existing factor selection and structural break test procedures in
Section 6.3.

6.1 Design

The design of the DGPs roughly follows that in Bates, Plagborg-Mgller, Stock, and Watson
(2013), with the additional flexibility to accommodate both type-1 and type-2 instabilities
and the shift of focus from small breaks to large breaks. The DGP takes the form

Pre-break: X, = NF, +ei, Fio= paFio10+ tp,
t=1,...,|Tno|, €=1,... 74,

Post-break: X = Y/ F; + ey, Fio= ppFi_ 10+ sy,
t=|Tm| +1,....;7, (=1,... 1,
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Where 1 = 1,. . .,N, Ft = (Ft,17~ .. 7Ft,7'a)/7 Ft = (Ft,lu . 7Ft,7“b),7 and Ut,é ~ N(O, 1) To

model the temporal and cross-sectional dependence of the idiosyncratic errors, we consider
eit = a1 + Vg, Uy = (V1, ..., vne) ~ N(0,9), (6.2)

where the (i, j)-th element of Q is I"=9l. The processes {us, : ¢ = 1,...,m} and {v;;} are
mutually independent and are i.i.d. across t. All innovations are normally distributed. The
initial values Fy and ey = (ejy, ..., eno)’ are drawn from their stationary distribution. When
ry = rq, Fyy = Fr,. When 1, > r,, Fp, = (Fj,, F;(’))’ , where each element of F7}. is drawn
independently from the distribution of F},. The parameters {N, T, mo, 74, T, Pa, P, @, S} are
specified below.

The pre-break factor loadings {\; : i = 1,..., N} are independent across 7 and indepen-
dent of the factors and the idiosyncratic errors. Let A; ~ N(0,%;), where ¥; is a diagonal
matrix with diagonal elements o2(1),...,0%(r,). These diagonal elements are distinct to
ensure that Assumption ID holds, and their sum controls the population regression R? of
X;; on the factors. To this end, we set 02(¢) = 0.9¢"Vg2(1) and Y2, 0?(f) = o*(R?),
where the scalar o*(R?) is chosen such that E[(\;F})?]/E[X2] = R? for t < T, and R? is the

pre-specified regression R? of the i-th series.®

We consider two different ways of choosing R? for i = 1,..., N. One is the homogeneous
case of R? = 0.5, which is considered in Bai and Ng (2002) to assess their information criteria
and the benchmark DGP in our simulations. Another is the heterogeneous case in which R?
is calibrated to match the distribution of R? values in the data sets used in the empirical
applications. Taking the data set before December 2007, which is the conjectured break
date of the recent recession, we regress each time series variable on the principal component
estimators of five factors and obtain the empirical distribution of the regression R?. We then
draw R? for i = 1,..., N independently from this empirical distribution and use the realized

R? to construct the pre-break factor loadings ;.

Depending on the type of the instabilities, we consider two different ways of constructing
the post-break factor loadings ;. For a type-1 instability, we set 1; = (1 — w)\; + WAT,
where A7 and ); are independent and have the same distribution. We vary the scalar w
to control the size of the instability, with w = 0 corresponding to the special case of no
break in the factor loadings. For a type-2 instability, ¢; is drawn independently of every-
thing else with a distribution that is similar to that of \;, except that r, is changed to

Lo 1-p2 R}
8The choice is o* (R?) = T T
K3
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ry, E[(¥iF)?/E[X2] = R? for t > Ty, and the post-December 2007 subsample is used to

calibrate R? in the heterogeneous R? case.

We normalize the simulated time series to have zero means and unit variance before
using principal components analysis to extract a maximum of k£ = 8 potential factors from
either the subsamples or the full sample.® For experiments with known break dates, the
model selection is based on the two-step PLS estimator described in Algorithm 1. The

cross-validation Algorithm 2 is used to choose the tuning constants ¢; and ¢y from the set

1113 1113
===, 2, 21,2 S .
C {67472747773}®{6’472’47’73}7 (63)

where ® here denote the Cartesian product. We set ny = 5 and we choose ny = 10.°
In general, the cross-sectional division is computationally more costly because the model
selection procedure has to be applied to each cross-sectional regression sample. Conditional
on the selected model, the time-series rolling window forecast is fast because it only requires

least squares regressions with orthogonalized regressors.

For simulations in which the break date is not assumed to be known, the model selection
and estimation are based on modified versions of Algorithms 1 and 2, described in Section 4.4,
where II is approximated by a discrete set I1;. The grid size in II; is 7 = 0.01, a shift by a
quarter for a monthly data set of 300 periods, like the data set in our empirical application.
We consider 11, = {r. — 47,71, — 37, ..., Te, ..., Te + 37, 7. + 47}, which spans a two-year
interval and is symmetric around the true break date 7. To define a post-break subsample
for the PMS estimator, the least square estimator of the break date described in Section 3.4

is used because 7y is unknown.

In addition to assessing the probability of selecting the correct model specification we also
compute mean-squared errors for out-of-sample forecasts (MSFE) generated by the selected

model. The series to be forecast follows the law of motion

Pre-break: yi1=¢LFi+e1, t=1,...,T,

_ 6.4
Post-break: yi1 =@ Fi+ €41, t=T,+1,...., T, + 7T, (6.4)

The ¢'s are i.i.d. N(0,1) distributed and independent of the processes {u;¢} and v;;. The

loading vector is generated from the distribution ¢, ~ N(0,1,,). In a stable model, ¢, =

9As a robustness check we also report some results for £ = 12 in the Appendix.
Due to computational constraints, we did not conduct an extensive exploration for the optimal choice

of ny and np. In the context of structural break tests for factor augmented forecasting models Corradi and

Swanson (2014) considered different sample splitting schemes in the time series dimension.
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@q. For a type-1 change, ¢, = (1 — W)@, + Wy}, where ¢ and ¢, are independent and
have the same distribution. For a type-2 change, ¢}, is drawn independently according to
wp ~ N(0, I,,). The out-of-sample forecasts are generated as follows. We first determine the
selected model and the factors based on the X sample. Second, under the no-break scenario
we estimate p, = ¢, based on the full samplet =1,...,T, + 7T, — 1 and evaluate the MSFE
associated with the prediction of yr,+7,+1. Under break scenario we estimate ¢, based on the

subsample t =T,+1,...,T,+ T, — 1 and evaluate the MSFE associated with the prediction
Of yTa+Tb+1'

We compare the MSFE of the predictor based on the PMS estimator to the MSFE of
a predictor that is based on full-sample estimation. The full-sample estimator is defined as
the first r columns of the full sample least squares estimator KLS = T-1X'F , Where r = r,
if By = 0 (no break) and r = r, + rp if By # 0 (break).

6.2 Results for Shrinkage Estimator

In the remainder of Section 6 we present results from three types of Monte Carlo experiments,
which are summarized in Table 1. In the first experiment, the regression R? is homogeneous
across all series, the break date is located in the middle of the sample (7o = 0.5) and the cross-
sectional correlation is modest. The second experiment is considerably more challenging as it
is designed to mimic the problem: the regression R? is heterogeneous across the series and the
break takes place toward the end of the sample (mp = 0.8). The third experiment is similar
to the first, but the cross-sectional correlation among the series is stronger. We conduct
Experiments 1 and 3 under the assumption that the break date is known and consider the
known and unknown break date case for Experiment 2. In all three experiments we set the
temporal correlation to p, = p, = 0.5. All results reported below are based on averages over
1,000 Monte Carlo.

We begin with an illustration of the cross-validation procedure for Experiment 2 (known
break date) in Figure 1. The figure depicts the probability of selecting the correct model
specification in a setting in which no break occurs and in a setting with type-2 structural
change. The solid vertical line in each panel indicates the success rate of cross-validation
Algorithm 2, whereas the other lines correspond to different combinations of ¢; and ¢ taken
from the set C defined in (6.3). The figure shows that some choices of the tuning constants,

e.g., ¢y = 1/6 or ¢; = 3, can lead to poor performance of the shrinkage-based model selection
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Table 1: MONTE CARLO EXPERIMENTS

Exp. R? 7o «,8 Break Date

1 homogeneous 0.5 0.2 Known

2 heterogeneous 0.8 0.2 Known, Unknown
3 homogeneous 0.5 0.5 Known

Figure 1: CHOICE OF TUNING CONSTANTS AND CROSS VALIDATION

Probability of Selecting the Correct Model

No Break Type-2 Instability
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Notes: Known break date; heterogeneous R?, my = 0.8; cross-sectional correlation o = 8 = 0.2; temporal
correlation p, = pp = 0.5; sample size N = 150, T' = 150; true number of factors r, = 3, and r, = 3 (no
break) or r, = 4 (type-2 instability).

procedure. Other choices, e.g., ¢; = 1/2 or ¢; = 1, combined with ¢y > 2 for the no change
case or 1/2 < ¢y <1 for the type-2 change case, lead to perfect model selection. Our cross-
validation algorithm is able to select ¢; and ¢y values that lead to the selection of the correct

specification with probability close to one in this experiment.

Detailed Monte Carlo results for Experiment 1 are presented in Table 2. The table
contains three panels, corresponding to no break, type-1 instability, and type-2 instability,
respectively. For a type-1 instability, we consider w = 0.2 and 0.5. For a type-2 instability,
we consider the changes of the number of factors from 1 to 2 and 3 to 4. Various values of

N and T are considered. We report the probability of correctly determining M, r,, and r,
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Table 2: KNOWN BREAK DATE, HOMOGENEOUS R?, 7y = 0.5

DGP Configuration Model Selection Relative
re 1w W N T Pr(M=M) Pr(f,=r.) Pr(7=m) MSFE
Panel A. No Break

100 100 1.00 1.00 1.00 1.00

150 150 1.00 1.00 1.00 1.00

3 3 200 200 1.00 1.00 1.00 1.00
Panel B. Type-1 Instability

3 3 02 100 100 0.00 1.00 1.00 0.99

3 3 02 150 150 0.00 1.00 1.00 0.98

3 3 0.2 200 200 0.00 1.00 1.00 1.00

3 3 05 100 100 0.79 0.99 0.99 0.94

3 3 05 150 150 1.00 1.00 1.00 0.94

3 3 0.5 200 200 1.00 1.00 1.00 0.94
Panel C. Type-2 Instability

1 2 0 100 100 1.00 1.00 1.00 0.97

1 2 0 150 150 1.00 1.00 1.00 0.97

1 2 0 200 200 1.00 1.00 1.00 0.99

3 4 0 100 100 0.89 1.00 0.90 0.92

3 4 0 150 150 1.00 1.00 1.00 0.93

3 4 0 200 200 1.00 1.00 1.00 0.94

Notes: Cross-sectional correlation a = = 0.2; temporal correlation p, = pp = 0.5. The last column
contains the mean-squared-forecast error relative to a forecast based on full-sample estimation of the factors,
where the number of factors is set to r, for Panel A. and to r, + r, for Panels B. and C. A number less than
one means that the proposed PMS predictor is more accurate.

as well as the MSFE of the predictor based on the PMS estimator relative to the predictor
based on the full-sample least squares estimator. Values less than one favor our proposed
PMS predictor.

Table 2 shows that our procedure is overall very accurate in estimating the model spec-
ification M, if the break date is known and located in the middle of the sample. The only
notable inaccuracy arises under a small type-1 change with w = 0.2. Because our selection
procedure is designed to be consistent for the no-break case, it has low power against small
changes in the loadings. Here the break in the factor loadings is so small, that it remains
undetected. For the sample sizes N =T = 100 and N = T = 150 the MSFE of our PMS
predictor is slightly lower than the MSFE of the full-sample predictor because we are using
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an estimated number of factors of 7, = 7, = 1, whereas the full-sample predictor is based on
r = 2 factors. Once the break in the factor loadings is increased to w = 0.5 our procedure
detects the structural change with probability 0.79 for the sample size N = T = 100 and
with probability one for the two larger sample sizes. Our procedure has generally no problem
detecting the type-2 changes. Only for a change from 3 to 4 factors and a sample size of
N =T = 100 is the selection probability less than one. Here we sometimes underestimate
rp. For all type-2 change configurations, the PMS predictor attains a lower MSFE than the

full-sample predictor.!!

Table 3 is based on Experiment 2 (unknown break date) and shows that a heterogeneous
regression R? and an unknown break date make the model selection procedure less accurate.
Under the no-change scenario our procedure correctly determines the model specification for
all three sample sizes. Under the type-1 change we now need a larger break in the loadings
(w = 1 instead of w = 0.5) for the break to be detectable and a relatively large sample
size for detection probabilities above 0.9. For w = 0.5 our PMS predictor is dominated by
the full-sample predictor, whereas the ordering reverses w = 1 and 7' = 300. While our
procedure has no problems detecting a type-2 change from one to two factors, it has some
difficulties correctly determining the number of post-break factors if the number of factors
changes from three to four. However, once we increase the sample size to N = 200 and

T = 400, the probability of selecting the correct model becomes close to one.

In the last column of Table 3 we are reporting the MSE for the break date estimator,
which is measured in terms of number of time periods, i.e., MSE(7) = E[(T(7 — 770))2].
Suppose that the break date estimator is approximately unbiased and normally distributed.
Then under this MSE definition a value of 1 would imply that with 95% probability the
break date estimate lies in the interval T + 2. We only report MSE for the simulation in
which there is an instability (Panels B and C). In the simulations, the break date estimator
is applied regardless of whether our shrinkage estimator detects a break or not. Most of the
MSEs in Table 3 are less than one and they become smaller as the sample size increases.
Overall, the break date estimates are very precise. The only exception is the case of a small
type-1 change - but here we fail to correctly determine the presence of a break in the first

place.

11 As a robustness check, we repeat Experiment 1 using k = 12. The results are reported in Table S-1 and

virtually identical to those obtained for k = 8.
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Table 3: UNKNOWN BREAK DATE, HETEROGENEOUS R?, my = 0.8

DGP Configuration Model Selection Relative 7
re Ty W N T Pr(M =M) Pr(7, =r,) Pr(@ =rm) MSFE MSE
Panel A. No Break

100 200 1.00 1.00 1.00 1.00 N/A

100 300 1.00 1.00 1.00 1.00 N/A

3 3 150 300 1.00 1.00 1.00 1.00 N/A
Panel B. Type-1 Instability

3 3 0.5 100 200 0.00 0.98 0.98 1.05 3.66

3 3 0.5 100 300 0.00 1.00 1.00 1.04 3.69

3 3 05 150 300 0.00 1.00 1.00 1.07 0.66

3 3 1 100 200 0.57 0.88 0.91 1.09 0.17

3 3 1 100 300 0.92 0.98 0.98 0.65 0.13

3 3 1 150 300 0.97 0.99 0.99 0.79 0.05
Panel C. Type-2 Instability

1 2 0 100 200 0.90 0.99 0.91 1.00 0.94

1 2 0 100 300 1.00 1.00 1.00 0.93 1.12

1 2 0 150 300 1.00 1.00 1.00 0.95 0.34

3 4 0 100 200 0.10 0.93 0.10 1.08 0.14

3 4 0 100 300 0.46 1.00 0.46 0.96 0.11

3 4 0 200 400 0.97 1.00 0.97 0.95 0.03

Notes: Cross-sectional correlation a = f = 0.2; temporal correlation p, = p, = 0.5. The second-to-last
column contains the mean-squared-forecast error relative to a forecast based on full-sample estimation of
the factors, where the number of factors is set to r, for Panel A. and to r, + r; for Panels B. and C. A
number less than one means that the proposed PMS predictor is more accurate. In the last column we report

MSE(7) = E[(T(% — 0))°].
6.3 Comparison with Alternative Procedures

We compare our model selection procedure with two groups of alternative procedures. The
first group includes procedures that estimate the number of factors in a stable model. If the
break date is known, these procedures can be applied separately to the two subsamples X,
and X, to estimate r, and 7y, respectively. These procedures do not consider the possibility
of a type-1 instability. The second group includes testing procedures for the null hypothesis
of the absence of a break versus the alternative hypothesis of a type-1 instability. Proce-
dures belonging to the second group assume that the number of factors is known and do

not allow for a type-2 instability. All of the alternative procedures estimate or test some
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Table 4: COMPARISON WITH FACTOR NUMBER ESTIMATION PROCEDURES

DGP Config. Pr(7, =14) Pr(7, =1)
re 1, N T CLS BN ON AH CLS BN ON AH

Panel A. Heterogeneous R?, myp = 0.8, a = 5 = 0.2

3 3 100 200 1.00 0.90 1.00 0.98 1.00 0.04 0.58 0.35
3 3 150 300 1.00 1.00 0.99 1.00 1.00 0.45 0.98 0.78
1 2 100 200 1.00 1.00 0.98 1.00 1.00 0.99 0.98 0.98
1 2 150 300 1.00 1.00 0.98 1.00 1.00 1.00 0.99 1.00
3 4 100 200 0.99 0.58 0.99 0.95 044 0.18 0.89 0.61
3 4 150 300 1.00 1.00 0.99 1.00 0.98 0.87 1.00 0.96
Panel B. Homogenous R?, my = 0.5, a = 8 =0.5
3 3 100 100 094 0.70 0.87 0.78 094 0.72 0.88 0.78
3 3 200 200 1.00 1.00 0.99 1.00 1.00 1.00 0.99 1.00
1 2 100 100 0.99 0.79 0.93 1.00 095 0.75 0.96 0.98
1 2 200 200 1.00 1.00 0.97 1.00 1.00 1.00 0.98 1.00
3 4 100 100 0.89 0.70 0.92 0.85 0.68 0.68 0.65 0.62
3 4 200 200 0.99 1.00 0.99 1.00 1.00 1.00 0.99 1.00

Notes: Known break date, temporal correlation p, = pp = 0.5. CLS is our proposed shrinkage estimator;
BN is Bai and Ng (2002); ON is Onatski (2010); AH is Ahn and Horenstein (2013).

aspect of the model specification assuming that the rest of the specification is known. In
contrast, our paper tackles all unknown aspects of the model specification simultaneously.
We only make comparisons with an alternative procedure in cases where (i) the alternative
is implementable and (ii) the alternative specifies the unknown parts of the model correctly.

Thus, our experimental designs generally favor the alternative procedures.

Three factor estimation procedures are considered for comparison: Bai and Ng (2002)
(henceforth BN), Onatski (2010) (henceforth ON), and Ahn and Horenstein (2013) (hence-
forth AH). We apply each of these procedures to the pre- and post-break subsamples and
report the probabilities of 7, = r, and 7, = r,. For Bai and Ng (2002), we report results
from the /C)y criterion, which is widely applied in practice. For Onatski (2010), the result
is based on the edge distribution algorithm suggested in the paper. For Ahn and Horenstein
(2013), we compute both the eigenvalue ratio and the growth ratio results and report the
latter for its better performance in most of the experiments. Because the alternative fac-
tor selection procedures are not designed to handle unknown break dates we focus on the

known-break-date case.
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The results for Experiments 2 (known break date) and Experiment 3 are summarized in
Table 4. We do not tabulate results for Experiment 1, because under the homogeneous R?
design with my = 0.5 all procedures performed very well and are able to determine the true
number of pre- and post-break factors with probability close to one. Under the heterogeneous
R? design some important differences emerge. Except for the case of r, = 3, r, = 4, N = 100
and T = 200, our procedure does very well in determining r, and r, and weakly dominates

all the alternative procedures.

Most procedures select the correct number of pre-break factors with probability 0.98 or
higher. The determination of the post-break factors is more difficult because the subsample
is short. While our shrinkage procedure is able to determine the correct number of factors
with probability one, for the case of r, = 1, = 3 and N = 100 and T" = 200 the success rates
of the alternative procedures are below 60%. Only if the number of factors changes from 3
to 4 is our procedure dominated when it comes to the estimation of the post-break factors.
For the small sample size, ON and AH have success rates of 89% and 61%, respectively,
whereas our shrinkage estimator determines the correct number of post-break factors with
probability 44%.'2

The second panel of Table 4 considers the case of strong cross-sectional correlation with a
homogeneous R?. Compared to the almost perfect selection in Experiment 1, which only had
modest cross-sectional correlation, the error rates increase with the degree of cross-sectional
correlation. Nonetheless, the shrinkage procedure performs overall quite well. In most of
the configurations, our shrinkage estimator determines the correct number of factors with
probability of 95% or more. Moreover, it tends to dominate the alternative procedures —

sometimes by a wide margin.

We now turn to the comparison with existing break test procedures. For Breitung and
Eickmeier (2011), we reports result based on both the series-by-series dynamic LM test and
the pooled dynamic LM test.!® For Chen, Dolado, and Gonzalo (2014) and Han and Inoue

(2014), the reported results are for the Wald test.'* The comparison is focused on the known-

2For the comparison between our procedure and the alternatives, the estimation of r, is more fair than
that of r,. The reason is that the change in loadings is used to detect type-1 instability as well as estimate
7, for a type-2 instability. The goal to detect a type-1 instability reduces its power to estimate 7, correctly

for a type-2 instability, see the rotation in Step 1.5 of Algorithm 1.
13The lag order is selected by the Bayesian information criterion (BIC) with a maximum of three lags.
1410 Breitung and Eickmeier (2011), the HAC estimator of the covariance uses the truncation rule suggested

in the paper. For Chen, Dolado, and Gonzalo (2014) and Han and Inoue (2014), the Bartlett kernel is used
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Table 5: COMPARISON WITH TESTING PROCEDURES

DGP Configuration Reject. Prob. of No-Break Hyp.
re ™ W N T CLS BE(S) BE(P) CDG HI
Panel A. Heterogeneous R?, 7 = 0.8, a = 3 = 0.2.

0 100 200 0.00 0.09 0.07  0.07 0.04
0 150 300 0.00  0.09 0.06  0.07 0.06
0.5 100 200 0.00 0.30 0.26 0.15 0.25
0.5 150 300 0.01 0.38 0.33 0.18 0.66
100 200 093 043 0.38  0.20 047
1 150 300 1.00 0.50 045 0.31 0.89
Panel B. Homogenous R?, my = 0.5, a = 8 =0.5
0 100 100 0.01 0.23 0.07  0.09 0.04
0 200 200 0.00 0.20 0.06  0.09 0.06
0.2 100 100 0.03 0.31 0.13  0.10 0.13
0.2 200 200 0.00 0.36 0.22  0.09 0.39
0.5 100 100 091 0.60 048  0.25 0.60
0.5 200 200 1.00 0.79 0.76  0.56 0.98
1 100 100 1.00 0.68 0.60 1.00 0.17
1 200 200 1.00 0.87 0.85 1.00 0.60

W W W w w w
W W W w w w

W W W W w w w w
W W W W W w w w

Notes: Known break date, temporal correlation p, = pp = 0.5. CLS is our proposed shrinkage estimator;
BN is Bai and Ng (2002); BE is Breitung and Eickmeier (2011), (S) is series-by-series and (P) is pooled;
CDG is Chen, Dolado, and Gonzalo (2014); HI is Han and Inoue (2014). The nominal size for the hypothesis
tests is a = 0.05.

break date case. For each test, we report the probability of rejecting the null hypothesis,
setting the nominal size of the tests to @ = 0.05. For the series-by-series test of Breitung
and Eickmeier (2011), the rejection probability is averaged across series. The Bai and Ng

(2002) ICyy criterion is used to select the number of factors for all of these procedures.'

Table 5 reports rejection probability of the null hypothesis that there is no break in the
loadings. For our shrinkage procedure, a rejection corresponds to B = 1. Under Experiment 2
(known break date), our procedure is able to detect the absence of a break if By = 0

and the presence of a break if the break in loadings is large (w = 1). Because consistent

following suggestions in these papers.
5For Breitung and Eickmeier (2011) test, Bai and Ng (2002)’s method is first applied to estimate the

number of factors in pre- and post-break subsamples. These two numbers are the same by assumption.
However, when the two estimators are different, the larger one is used as the number of factors in the

subsequent test.
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model selection procedures generally have low power in distinguishing very similar model
specifications, the shrinkage estimator is unable to detect small changes in the loadings
(w = 0.5). The hypothesis testing procedures, by design, generate a non-zero type-1 error
and in return have some local power. In turns out that our shrinkage procedure is more likely
to detect large breaks than any of the competing test procedures. We obtain qualitatively
similar results for Experiment 3. The ranking among the competing procedures is generally
not uniform. For instance, in Experiment 2 the HI test has a lot of power against large breaks,
whereas in Experiment 3 the CDG test is able to beat the other three testing procedures for
w = 1. The BE(S) test performs well in terms of power for w = 0.2 and w = 0.5 but also

suffers from size distortions under the null hypothesis.

7 Structural Changes During the Great Recession

Unlike in other post-war recessions, the disruption of borrowing and lending played an im-
portant role in the 2007-2009 recession. Narratives emphasize a collapse of the U.S. housing
market; massive devaluations of mortgage-backed securities that spilled over to other asset
markets and ultimately led to a large-scale disruption of financial intermediation; a drop in
real activity caused by the crisis in the financial sector; and an extended period of zero nom-
inal interest rates in combination with unconventional monetary policy interventions. We
use the shrinkage methods developed in the preceding sections to investigate the stability of
factor loadings and the emergence of new factors. Section 7.1 describes the data set and the

empirical findings are presented in Sections 7.2 and 7.3.

7.1 Data Set

The data set used for the empirical analysis is based on Stock and Watson (2012), who
compiled a set of 200 macroeconomic and financial indicators. These 200 series contain both
high-level aggregates and disaggregated components. To avoid double counting, Stock and
Watson retained 132 of the 200 series, and we refer to the resulting data set as SW132. Using
SW132 as starting point, our data set is constructed as follows: (i) We extend the series in
the SW132 data set to 2012:M12, using May 2013 data vintages. (ii) We replace the quarterly
series in SW132 by their monthly counterparts, if available. This is possible for consumption

of nondurables, services, and durables; for nonresidential investment; and for 16 price series.
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Table 6: MODEL SELECTION, T, 1S 2007:12

Interval Factors Break Dates Tuning Const Time (Min)
Size To (Th—T4) Least Sq.  Revised c Co
0 1 1 2007:-M12  2007:M12 1/2 1 2
3 1 1 2007:M9  2007:M12 1/2 1 12
6 1 1 2007:-M6  2007:M12 1/2 2 21
9 1 2 2007:-M3  2007:M12 1/2 2 30

Notes: We center the interval II at 2007:M12 and use the averaging penalty functions Pj(A) and Py (A)
defined in (3.13) where the average is taken over the interval 2007:M12 + Size. The run times (in minutes)
are based on MATLAB code run run on a single Intel Core i7 2.93 Ghz processor.

We remove the remaining quarterly series for which no monthly observations are available.
(iii) We add two GDP components that are available at monthly frequency: change in private
inventory and wage and salary disbursements. (iv) Following Stock and Watson (2012), we
remove local means from all series using a biweight kernel with a bandwidth of 100 months.
The local means are approximately the same as the ones obtained by a centered moving
average of 70 months. After making these modifications, our data set consists of N = 102
series of monthly macroeconomic and financial indicators. The sample begins after the Great
Moderation and ranges from 1985:M1 to 2013:M1 (7" = 337).

7.2 The Number of Factors Before and After 2007:M12

The empirical analysis is based on the two-step estimation procedure described in Section 4.2.
We use Algorithms 1 and 2 with the adjustments described in Section 4.4 to account for the
fact that the “true” break date is unknown. Throughout the empirical analysis, we fix the
number of potential factors to k = 8 and use the cross-valudation procedure with ny = 5 and
ny = 10 to choose the penalty tuning constants among the set C defined in 6.3. The model
selection results are summarized in Table 6. We consider four different sets of potential
break dates II, which are centered around the conjectured break date T, = 2007:M12. T, is
the beginning of the Great Recession, according to the business cycle dating of the National
Bureau of Economic Research (NBER). For Size = 0 the set II corresponds to a single month,
2007:M12, meaning that we are treating the break date essentially as known. For Size = 9
the set of potential break dates ranges from 2007:M3 to 2008:M9.
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For each choice of IT we obtain a single pre-break factor (7, = 1) and two or three post-
break factors. Thus, our procedure finds clear evidence of a structural change in the number
of factors. In column 4 of Table 6 we report the least squares estimate of the break date
defined in (3.19). We minimize the least squares criterion over the interval II, characterized
in the first column of the table. In turns out that the minimum is always attained at the
boundary, which may be an indication that Assumption ID* may not hold. The analysis in
Section 2.2 implies that at the “true” break date the sum of pre- and post-break factors is
minimized. Thus, for each break date in a given II we compute 7, +7 and check whether the
minimum over this interval is attained at the conjectured break date T, = 2007:M12. If it
is, we set the revised break date equal to the conjectured break date. If the minimum is not
attained at T, then we define the revised break date as the date closest to the conjectured
break date at which the minimum is achieved. For all choices of II there is no evidence in
the data that leads us to revise the conjectured break date. The run time on a single core

processor for the largest interval II is approximately 30 minutes.

7.3 Decomposing the Structural Change

In empirical applications, it is interesting and useful to decompose type-2 changes into the
contribution of the new factors and changes in the effects of old factors. While the (non-
identifiable) DGP in (2.2) and (2.3) provides a natural decomposition of type-2 structural
changes into changes resulting from the new factors, Fb,QFg/, and changes associated with
the effect of the extended versions of the old factors, FbylF[ly, after normalizing the pre- and
post-break factors to have unit variance there is no sense in which the first 7, post-break

factors can be viewed as extensions of the pre-break factors.

To obtain a meaningful decomposition, we proceed as follows. We construct an r, x r,
matrix with orthogonal columns by maximizing the correlation between the old normalized

loadings A and the new loadings WF(),:
Q, = argmaxg .o tr[ AT wEQ,), (7.1)

where O is the class of r, X r, matrices with orthonormal columns. The solution is given
by Q, = VU’, where V is an r, X r, and U an r, X r, orthogonal matrix obtained from
the singular value decomposition AFWF = UDV' (see Cliff (1966)). Let 2, be the null
space of Q/ and define Q = (€,,€,). Moreover, define the rotated loadings and factors



42

Figure 2: R? GAINS FROM NEW LOADINGS AND FACTOR

N 1)

Q}Q

& Q& E SHL &

Notes: Base line case new loadings only. Dark bars (above zero) indicate R? gain due to new factor relative to
new loadings only. Light grey bars (below zero) indicate R? losses from using the old loading matrices. Results
are based on 7, = 1, 7, = 2, and a break date of 2007:M12. The series are ordered according to the following
categories: National Income and Product Accounts (NIPA), Industrial Production (IP), Employment and
Unemployment (Emp), Housing Starts (HSS), Orders, Inventories, and Sales (Ord), Productivity (Pri),
Interest Rate Levels (IntL), Interest Rate Spreads (IntS), Money and Credit (Mon), Stock Prices and Wealth
(StPr), Exchange Rates (ExR), and Others.

FFY = FPRQ and UE? = WO, This rotation preserves the normalization of the factors,
ie., FRYERYT, = I, . Partitioning F/% = (B FSY) and UA? = (U 0F9) we can

decompose X, as follows:

Xy = BFQQUY + e, = FfPAT 4+ BENOI? — AR + BRI e, (7.2)
SN—— N ~~ 4 ~~
old loadings change in loadings new factor

As a baseline, we compute R? values for each individual series based on the variation
explained by FlﬁQAR' + B (02— ARY (new loadings only). We compare the baseline R?s to
R?s associated with FX*A® (old loadings) and R?s associated with all three terms in (7.2)
(i.e., new loadings and factor). The results are plotted in Figure 2. Bars below the zero
baseline indicate the R? loss due to ignoring the change in loadings. Bars above the zero
line indicate the R? gain from also accounting for the effect of the new factor. Each set of
bars corresponds to an individual series, and the vertical lines delimit groups of variables

(see Notes for Figure 2).

Two observations stand out. First, capturing the change in the loadings and the change in

the number of factors is approximately equally important, in the sense that the contribution
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Figure 3: IN-SAMPLE PREDICTION: INDIVIDUAL SERIES
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Notes: Gray line: actual; black dashed: old loadings; thick dashed red: new loadings only; thick blue: new
loadings and factor. Results are based on 7, = 1, 7, = 2, and a break date of 2007:M12.

of FE (W — AR) to the overall R? is similar to the contribution of F5*WH?. Second, the

new factor predominantly affects financial variables, namely those series in the two interest

rate categories (IntL, IntS), the money and credit group (Mon), the stock price and wealth

group (StPr), and the exchange rates group (ExR). While there are some spillovers to the

real side (i.e., industrial production (IP) and orders, inventories, and sales (ORD), the R?

differential is generally lower than for the financial variables.

Figure 3 depicts the fitted time path of four series: the spread between commercial paper

and Treasury bills, housing starts in the southern Census district, capital utilization, and
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employment in durable goods manufacturing. We overlay the actual sample paths with three
(in-sample) predicted paths, which, as before, we refer to as old loadings, new loadings only,
new loadings and factor. The spread starts to rise toward the end of 2007. This rise is not
captured by the path predicted under the pre-break loadings, which stays fairly constant
throughout 2008. As suggested by Figure 2, the discrepancy between the old loadings and
the new loadings only paths is substantial during the Great Recession period. Once the
loadings are allowed to change, the predicted spread rises drastically throughout 2008, and
even more so once the new factor is accounted for. Capital utilization and employment drop
drastically in the second half of 2008 and only start recovering in 2010. The old loadings
path is unable to capture the large drop in real activity. With the new loadings only, on the
other hand, the model is able to track both capital utilization and employment quite well
during and after the recession, and the additional factor has not altered the predicted paths
of these series. However, there are real series that show a noticeable effect of the new factor,

one of them being the housing starts series in the top right panel of Figure 3.

At first glance, the results in Figure 3 look very different from those presented in Figure 2
of Stock and Watson (2012). Part of the discrepancy is due to the different normalization
schemes. We are normalizing the variance of the factors to one, whereas Stock and Watson
(2012) normalized the length of the loading vectors to one (i.e., AA/N = I,). To be able
to explain the macroeconomic dynamics during and after the Great Recession with factors
that have unit variance, a big change in the loadings is required. This is evident from our
Figures 2 and 3. If we normalize the length of the loadings vector before and after the break
to one, then the increase in the volatility after 2007 is absorbed by an increase in the factor
volatility. The ratio of pre- to post-break factor standard deviation under this alternative
normalization is approximately 2. Stock and Watson (2012) interpret this phenomenon as
an unchanged response to “old” factors combined with large innovations to the “old” factors
in the post-2007 sample. In the absence of the emergence of a new factor, we would interpret

this phenomenon as a type-1 instability of the factor model.

To summarize, our model selection procedure provides strong evidence that the loadings
in the normalized factor model changed, generally implying a stronger comovement of the
series after 2007. There is also evidence of the emergence of a new factor, which to a large
extent seems to capture important co-movements among financial series but also spills over

into the real activity variables.
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8 Conclusion

We develop a shrinkage estimation procedure for high-dimensional factor models that gen-
erates consistent estimates of the numbers of pre- and post-break factors. The estimator
is appealing because it is robust to instabilities at an unknown break date. Moreover, in
situations in which the number of factors is constant throughout the sample, the procedure
can consistently detect changes in the factor loadings. We show that once the numbers of
pre- and post-break factors have been consistently estimated, one can use a conventional
least squares approach to determine the break date consistently. Our Monte Carlo analysis
demonstrates that the shrinkage procedure has good finite sample properties and either is
competitive with or strictly dominates existing procedures that are either designed to deter-
mine the number of factors in a no-break environment or designed to test for a break in the
loadings if the number of factors is known. In an application to U.S. data, our procedure
detects an increase in the number of factors for a large macroeconomic and financial data
set at the onset of the Great Recession and a substantial change in the factor loadings. The
new factor mainly affects financial variables but also generates spillovers to the real economy;,

which is consistent with the narratives of the 2007-2009 recession.
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Instabilities

Xu Cheng, Zhipeng Liao, and Frank Schorfheide

A Supplemental Figures and Tables

Figure 4 provides a graphical illustration of the cross-validation procedure.

Table S-1 provides some additional Monte Carlo results. The DGP for Table S-1 is identical

to that for Table 2 but the maximum number of factors is changed from k = 8 to £ = 12.

Tables S-3 to S-5 provide a list of variables used in the empirical application.
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Figure 4: GRAPHICAL REPRESENTATION OF ALGORITHM 2
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Supplemental Appendix

Table S-1: KNOWN BREAK DATE, HOMOGENEOUS R?, 7y = 0.5, k = 12

DGP Configuration Model Selection Forecast
re Ty W N T Pr(M =M) Pr(f,=r.) Pr(@=rm) MSFE
Panel A. No Break

100 100 1.00 1.00 1.00 1.00

150 150 1.00 1.00 1.00 1.00

3 3 200 200 1.00 1.00 1.00 1.00
Panel B. Type-1 Instability

3 3 0.2 100 100 0.00 1.00 1.00 0.99

3 3 02 150 150 0.00 1.00 1.00 0.98

3 3 02 200 200 0.00 1.00 1.00 1.00

3 3 05 100 100 0.79 0.99 0.99 0.94

3 3 05 150 150 1.00 1.00 1.00 0.94

3 3 05 200 200 1.00 1.00 1.00 0.94
Panel C. Type-2 Instability

1 2 0 100 100 1.00 1.00 1.00 0.97

1 2 0 150 150 1.00 1.00 1.00 0.97

1 2 0 200 200 1.00 1.00 1.00 0.99

3 4 0 100 100 0.88 1.00 0.88 0.94

3 4 0 150 150 1.00 1.00 1.00 0.93

3 4 0 200 200 1.00 1.00 1.00 0.94

A3

Notes: Cross-sectional correlation a = = 0.2; temporal correlation p, = pp = 0.5. The last column
contains the mean-squared-forecast error relative to a forecast based on full-sample estimation of the factors,
where the number of factors is set to r, for Panel A. and to r, 4+ r, for Panels B. and C. A number less than
one means that the proposed PMS predictor is more accurate.
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Table S-2: CATEGORIES OF TIME SERIES

Symbol Description Series
NIPA National Income and Product Accounts )
IP Industrial Production 9
Emp Employment and Unemployment 30
HSS Housing Starts

Ord Orders, Inventories, and Sales 7
Pri Productivity 22
IntL Interest Rates (Level) 2
IntS Interest Rates (Spread) 7
Mon Money and Credit 5)
StPr Stock Prices and Wealth 3
ExR Exchange Rates )
Others  Consumer Expectation 1

A4



Supplemental Appendix A5

Table S-3: L1ST OF VARIABLES - PART 1

Name Category TC Long Description

Cons: Dur NIPA

ot

Real Personal Consumption Expenditures: Durable Goods

Cons: Sve NIPA 5  Real Personal Consumption Expenditures: Services

Cons: NonDur NIPA 5  Real Personal Consumption Expenditures: Nondurable Goods

Real InvtCh NIPA 1 Component for Change in Private Inventories, deflated by JCXFE

Real WageG NIPA 5  Component for Government GDP: Wage and Salary Disbursements by Industry, Government,
NIPA Tables 2.7A and 2.7B, deflated by JCXFE

IP: DurGds materials 1P 5  Industrial Production: Durable Materials

IP: NondurGds materials 1P 5  Industrial Production: Nondurable Materials

IP: DurConsGoods 1P 5  Industrial Production: Durable Consumer Goods

IP: Auto P 5  IP: Automotive products

IP: NonDurConsGoods 1P 5  Industrial Production: Nondurable Consumer Goods

IP: BusEquip 1P 5  Industrial Production: Business Equipment

IP: EnergyProds 1P 5 IP: Consumer Energy Products

CapU Tot Ip 1 Capacity Utilization: Total Industry

CapU Man 1P 1 Capacity Utilization: Manufacturing (FRED past 1972)

Emp: DurGoods Emp 5  All Employees: Durable Goods Manufacturing

Emp: Const Emp 5  All Employees: Construction

Emp: Edu&Health Emp 5  All Employees: Education & Health Services

Emp: Finance Emp 5  All Employees: Financial Activities

Emp: Infor Emp 5  All Employees: Information Services

Emp: Bus Serv Emp 5  All Employees: Professional & Business Services

Emp: Leisure Emp 5  All Employees: Leisure & Hospitality

Emp: OtherSves Emp 5  All Employees: Other Services

Emp: Mining/NatRes Emp 5  All Employees: Natural Resources & Mining

Emp: Trade&Trans Emp 5  All Employees: Trade, Transportation & Utilities

Emp: Retail Emp 5  All Employees: Retail Trade

Emp: Wholesal Emp 5  All Employees: Wholesale Trade

Emp: Gov(Fed) Emp 5  All Employees: Government: Federal

Emp: Gov (State) Emp 5  All Employees: Government: State Government

Emp: Gov (Local) Emp 5  All Employees: Government: Local Government

URate: Agel6-19 Emp 2 Unemployment Rate - 16-19 yrs

URate: Age > 20 Men Emp 2 Unemployment Rate - 20 yrs. & over, Men

URate: Age > 20 Women Emp 2 Unemployment Rate - 20 yrs. & over, Women

U: Dur < 5Hwks Emp 5  Number Unemployed for Less than 5 Weeks

U: Dur 5-14wks Emp 5  Number Unemployed for 5-14 Weeks

U: Dur > 15-26wks Emp 5  Civilians Unemployed for 15-26 Weeks

U: Dur > 27wks Emp 5  Number Unemployed for 27 Weeks & over

U: Job Losers Emp 5  Unemployment Level - Job Losers

U: LF Reentry Emp 5  Unemployment Level - Reentrants to Labor Force

U: Job Leavers Emp 5  Unemployment Level - Job Leavers

U: New Entrants Emp 5  Unemployment Level - New Entrants

Notes: TC is transformation code; see Stock and Watson (2012).
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Table S-4: L1ST OF VARIABLES - PART 2

Name Category TC Long Description

Emp: SlackWk Emp 5  Employment Level - Part-Time for Economic Reasons, All Industries
AWH Man Emp 1 Average Weekly Hours: Manufacturing

AWH Privat Emp 2 Average Weekly Hours: Total Private Industrie

AWH Overtime Emp 2 Average Weekly Hours: Overtime: Manufacturing

HPermits HSS 5  New Private Housing Units Authorized by Building Permit
Hstarts: MW HSS 5  Housing Starts in Midwest Census Region

Hstarts: NE HSS 5  Housing Starts in Northeast Census Region

Hstarts: S HSS 5  Housing Starts in South Census Region

Hstarts: W HSS 5  Housing Starts in West Census Region

Constr. Contracts HSS 4 Construction contracts (mil. sq. ft.) (Copyright, McGraw-Hill)
Ret. Sale Ord 5  Sales of retail stores (mil. Chain 2000 $)

Orders (DurMfg) Ord 5  Mifrs’ new orders durable goods industries (bil. chain 2000 $)
Orders (ConsumerGoods/Mat.) Ord 5  Mfrs’ new orders, consumer goods and materials (mil. 1982 §)
UnfOrders (DurGds) Ord 5  Mifrs’ unfilled orders durable goods indus. (bil. chain 2000 $)
Orders (NonDefCap) Ord 5  Mirs’ new orders, nondefense capital goods (mil. 1982 $)
VendPerf Ord 1 Index of supplier deliveries — vendor performance (pct.)

MT Invent Ord 5  Manufacturing and trade inventories (bil. Chain 2005 $)
PCED-MotorVec Pri 6  Motor vehicles and parts

PCED-DurHousehold Pri 6  Furnishings and durable household equipment
PCED-Recreation Pri 6  Recreational goods and vehicles

PCED-OthDurGds Pri 6 Other durable goods

PCED-Food-Bev Pri 6  Food and beverages purchased for off-premises consumption
PCED-Clothing Pri 6  Clothing and footwear

PCED-Gas-Enrgy Pri 6  Gasoline and other energy goods

PCED-OthNDurGds Pri 6 Other nondurable goods

PCED-Housing-Utilities Pri 6  Housing and utilities

PCED-HealthCare Pri 6  Health care

PCED-TransSvg Pri 6  Transportation services

PCED-RecServices Pri 6  Recreation services

PCED-FoodServ-Acc. Pri 6  Food services and accommodations

PCED-FIRE Pri 6  Financial services and insurance

PCED-OtherServices Pri 6 Other services

PPI: FinConsGds Pri 6  Producer Price Index: Finished Consumer Goods

PPI: FinConsGds(Food) Pri 6  Producer Price Index: Finished Consumer Foods

PPI: IndCom Pri 6  Producer Price Index: Industrial Commodities

PPI: IntMat Pri 6  Producer Price Index: Intermediate Materials: Supplies & Components
NAPM ComPrice Pri 1 NAPM COMMODITY PRICES INDEX (PERCENT)

Real Price: NatGas Pri 5  PPI: Natural Gas, deflated by PCEPILFE

Real Price: Oil Pri 5  PPI: Crude Petroleum, deflated by PCEPILFE

Notes: TC is transformation code; see Stock and Watson (2012).
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Table S-5: LiST OF VARIABLES - PART 3

Name Category TC Long Description
FedFunds IntL 2 Effective Federal Funds Rate
TB-3Mth IntL 2 3-Month Treasury Bill: Secondary Market Rate
BAA-GS10 IntS 1 BAA-GSI10 Spread
MRTG-GS10 IntS 1 Mortg-GS10 Spread
TB6m-TB3m IntS 1 tb6m-tb3m
GS1-TB3m IntS 1 GS1-Th3m
GS10-TB3m IntS 1 GS10-Th3m
CP-TB Spread IntS 1 CP-Thill Spread: CP3FM-TB3MS
Ted-Spread IntS 1 MED3-TB3MS (Version of TED Spread)
Real C&I Loan Mon 5  Commercial and Industrial Loans at All Commercial BanksDefl by PCEPILFE
Real ConsLoans Mon 5  Consumer (Individual) Loans at All Commercial Banks
Outlier Code because of change in data in April 2010 see FRB H8 ReleasDefl by PCEPILFE
Real NonRevCredit Mon 5  Total Nonrevolving Credit Owned and Securitized, OutstandingDefl by PCEPILFE
Real LoansRealEst  Mon 5  Real Estate Loans at All Commercial BanksDefl by PCEPILFE
Real RevolvCredit ~ Mon 5  Total Revolving Credit OutstandingDefl by PCEPILFE
S&P500 StPr 5  S&P’S COMMON STOCK PRICE INDEX: COMPOSITE (1941-43=10)
DJIA StPr 5 COMMON STOCK PRICES: DOW JONES INDUSTRIAL AVERAGE
VXO StPr 1 VXO (Linked by N. Bloom) .. Average daily VIX from 2009
Ex rate: Major ExR 5  FRB Nominal Major Currencies Dollar Index (Linked to EXRUS in 1973:1)
Ex rate: Switz ExR 5 FOREIGN EXCHANGE RATE: SWITZERLAND (SWISS FRANC PER USD)
Ex rate: Japan ExR 5 FOREIGN EXCHANGE RATE: JAPAN (YEN PER USD)
Ex rate: UK ExR 5 FOREIGN EXCHANGE RATE: UNITED KINGDOM (CENTS PER POUND)
EX rate: Canada ExR 5 FOREIGN EXCHANGE RATE: CANADA (CAD PER USD)
Cons. Expectations Others 1 Consumer expectations NSA (Copyright, University of Michigan)

Notes: TC is transformation code; see Stock and Watson (2012).
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B Auxiliary Results

B.1 Normalization of the DGP

The matrices R, and R, that normalize the DGP in (2.5) are constructed as follows. Let
Y, = AYAY/N € Rre*"a let Zéﬂ be the Cholesky factor of ¥,, and let T, be a matrix of

orthonormal eigenvectors such that
T (S SpEY T, =V, (B.1)

where V, is a diagonal matrix of eigenvalues, ordered from largest to smallest. Note that by

Assumptions A and B, the matrix (E}l/ ys #X4/? has positive and distinct eigenvalues with

large N, which means that (B.1) holds for large N. Now define the transformation matrix
R, = X121, V-1, (B.2)

For the post-break DGP, we let &, = WYWY/N € R™ ™ substitute X in (B.1) by X7,
and otherwise replace a subscripts by b subscripts. The second transformation matrix R is
defined as

R, =%, 1,V, 2 (B.3)

It can be verified that the transformation induces the desired normalization. For the pre-

break period, using Assumption A and the fact that T, is a finite matrix, we have
T, FYER = VI PTEPEe Sl PY V2 4 Op(T?) = yer, + Op(T,7).

Moreover, by definition of 3,, N7'AAR = ValﬂTflE;l/QEa(2;1/2)’Ta%1/2 = V,, which is a

diagonal matrix, as desired.

The transformation matrices R, and Ry, defined in (B.2) and (B.3), that were used to
normalize the DGP are related to, but essentially different from, their counterparts consid-
ered in the literature, such as those in Bai and Ng (2002) and Bai (2003). In the definitions
of R, and Ry, one subtle point is that ¥, and ¥, are averages that depend on N, whereas
Yr and X5 are asymptotic limits as 7' — oo. This subtle difference is crucial for deriving
asymptotic limits of the PLS estimators if potential structural change is considered. In the
absence of structural instabilities, R, = R} by construction. This immediately implies that
I'® = 0 for any N, instead of I'* — 0, as both N and T go to infinity.
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We first present a lemma on the transformation matrices R, and R, defined in (B.2) and
(B.3) of the main text. This lemma is used in the proof of Theorem 1. Let F7 € RToxra
and ﬁg e RT-To)xm denote the first r, and r, columns of fa and fb, respectively. The
rq X 1, diagonal matrix ‘7a consists of the first 7, largest eigenvalues of (TyN)™' X, X! in a
decreasing order, and the r, X r, diagonal matrix V, consists of the first r, largest eigenvalues
of (TyN)™' X}, X] in a decreasing order. Under Assumptions A-D, Theorem 1 of Bai and Ng
(2002) shows that

Ty '||Fy — FuHo||” = 0,(Cy7,) and T [Fy — By = O,(CR7), (B.4)
where
H,=%, aTav and H, = szbvl (B.5)

Lemma 1 Suppose that Assumptions A-D hold. Then,

Proof of Lemma 1. Note that R, is invertible w.p.a.1. Hence, we can write
F,AN = F,R,R;'\" = FFAY | where FFf = F,R, and A" = R 'A". (B.6)

The transformed factors satisfy

FR/ FR
Ty

F'F,

_ V 1/2T/ 21/2 EI/QT V 1/2
Th

— ‘/a—l/Q (T;ZI/QE ZI/QT )V 1/2 +O ( —1/2)
= VY2V Vo4 O (T ) = I, + O,(Ty ), (B.7)

where the first equality follows from Ff* = F,R, and R, = =Y Y Va 1/2 , the second equality
follows from F)F,/Ty — X = O,(T,, Y ?) in Assumption A, and the third equality follows
from (B.1). The transformed loadings satisfy

AR AR

= VP,
N

i I/QT;—I‘/;I/Q — Val/QTng;_lval/2 — V(“ (Bg)

12 AYA0
N

where the first equality follows from A = RZ'AY and R, = Y27 V2, the second
equality follows from ¥, = AYA°/N by definition, the third equality holds because T, Y, =
I..
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Let L, be a r, X r, matrix defined as

AAR FRET

La - 5
N T, ¢

(B.9)

which is a transformation matrix analogous to H, but with F, and A° replaced by F and
AT respectively. Stock and Watson (2002) and Bai and Ng (2002) show that L, is invertible
w.p.a.l and ﬁg is a consistent estimator of F*L,. The transformation matrix H, and the

new transformation matrix L, satisfy

R;AYAYRIY R, FLFT
Ha — Ra a” a aV 1
N 1o

AR/AR FR/Fr
- R, —a oy V= R,L,, B.10

where the first equality follows from the definition of H, in (B.5), the second equality follows
from F® = F,R, and A" = R;'AY, the third equality follows from the definition of L, in
(B.9).

Equation (2) of Bai and Ng (2013) shows that L, = I,, if the underlying factor matrix
FE satisfies FFR /T, = I, and the underlying loading matrix AT satisfies that A®A® is
a diagonal matrix with distinct elements. By (B.7) and (B.8), we know that these condi-
tions are satisfied asymptotically by the transformation above. Following the arguments for
equation (2) of Bai and Ng (2013), we obtain

Lo =L, + O,(CyL), (B.11)

with two modifications to the proof in Bai and Ng (2013): (i) Ty '(Fr — FEL,)FE =
O,(Cy%,) in Bai and Ng (2013) is changed to Ty (FT—FRL,YFR = O,(Cy1, ), which follows
from FRL, = F,H,, (B.4), and the Cauchy-Schwarz inequality, and (ii) FFFR/T, = I, is
changed to FFR/Ty = I, +0,(T, *'*) and the O, (T, */?) term is absorbed in O »(Cyp,) In
(B.11). The reason for the first change is that Assumptions A-D in this paper are comparable
to Assumptions A — D of Bai and Ng (2002), which are weaker than similar assumptions in
Bai and Ng (2013). The Assumptions in Bai and Ng (2013) are needed to obtain asymptotic
distributions of the estimated factors and loadings, which is not the purpose here. After

making these two modifications above, the rest of the arguments for equation (2) of Bai and
Ng (2013) follow directly to yield the result in (B.11).

Combining the results in (B.10) and (B.11), we obtain H, — R, = O,(Cx}) because
To/T — 7 € (0,1). Similar arguments give H, — Ry = O,(Cyy). O
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B.2 Identification of the Break Date

We will discuss the case of m < m in detail. For the first subsample X, (), the DGP is the

same as that in (2.2), which can be written as

Xo(m) = F(m)AY + e,(7), where
Fu(r) = (F,...,F2) € RTwx,
ea(m) = (e1,...,e1,) € RTN, (B.12)

For the second subsample X;(7), which includes observations for t = T, + 1,...,Tp, ..., T,
the DGP corresponds to (2.2) for t < Tj and to (2.3) for ¢t > T,. Thus, the DGP for X,(7)

can be written as

Ty XTa
FT N PR FT()’OTII (T TO) < R bXT ,

= (
= (O (10 FOTO+1,...,F ) € RTv<re,
= (

CT.+15 - ) S RTbXN (B]_S)

Here the r, factors in F., (m) with loadings A° are only for observations before the true
break date, and the 7}, factors in Fy(7) with loadings WY are only for observations after the
true break. By construction, F,"(7) and Fy(7) are orthogonal to each other. By definition,
F.(mo) = Fy, FF(m) = 0, and Fy(my) = Fp. The DGPs in (B.12) and (B.13) reduce to (2.2)
and (2.3), respectively, if 7 = my and T, = Tp.

Let r,(7) and ry(7m) denote the number of factors in X, (7) and X,(), respectively. By
definition, they are the number of non-vanishing eigenvalues of (NT) !X, (7)' X,(7) and
(NT)' X, (7)' X (), respectively, as N, T — oo. We extend Assumption A to Assumption

A* for the uniform convergence of the factor covariance matrices over time.

Assumption A*. IE||FO||4 < C, IE||FO||4 < C and there exist some positive definite
matrices Yp and Y such that T SITW FORY — 7% 4 O,(T7?) for 7 < m and
-ty \Tr] 41 FF) = (1—-7m)%s+ O,(T~/2) for m > 7, where both O,(T~%/?) terms

are uniform over 7 € II. O

Assumption A* assumes covariance stationarity, as in the instability test by Andrews
(1993). It can be generalized to time-varying variance as in Cheng and Phillips (2012) under

some additional conditions. Section 5 provides regularity conditions (Assumptions C* and
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D) on the idiosyncratic errors similar to those in Bai and Ng (2002). We analyze r,(7) and

rp(7) under these assumptions.

For the first subsample, the DGP in (B.12) is a factor model with r, factors (i.e., rq(7) =
r, for m < ) because there is no break in this subsample. To study the number of factors

in (B.13) for the second subsample, note that

T ES (m) Fy(m)) (F (), Fiy(m)) = Sp(7),
N7H(A%00) (A% 0%) —, ©%,, where
(77-0 - 71-)EF Oraxrb

Yh(n) =
F( ) OTbXTa (1 - 7T0>Zf

(B.14)
and X}, is defined in (2.7). Because Xf(7) has full rank by construction, the number
of factors in Xj(7) depends on the rank of X1, (i.e., rp(7) = rank(X}y) for 7 < m). If
A% = U0 we know that rank(X},) = rp. If, on the other hand, the column spaces generated
by Y and A° do not overlap, we have rank(X},) = r, + rp. Typically, we would expect
the column spaces generated by ¥ and A® to be overlapping but non-nested, which means

rank(X3y) >, > 1, and hence ry(m) > 1, for T < .

Note that r,(7) and ry(7) can be derived for the case m > m, using the same steps as
above. For the first subsample, we have r,(7) = rank(Xy ), which implies r,(7) > 7, > r,,

while for the second subsample, we simply get 7,(7) = 7.

B.3 Choosing k1 and ko

In choosing the scaling constants x; and k9, we consider the optimality conditions that lead
the PLS estimators to have zero solutions for some columns in A and/or I". Intuitively, the
criterion function in (3.2) is minimized at 0 if the marginal penalty for deviating from 0 is
larger than the marginal gain on the least square criterion function. Translated into our

notation, ||A|| = 0 for ¢ > r, if'6
|etB) P + (R + T) oo | < NTawru 2, (B.15)
where the residual matrices were defined as

ea(A) = X, — FyA and ey(A+T) = X, — Fy(A+T)'. (B.16)

16See Lemma 4.2 of Biihlmann and van de Geer (2011).
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The inequality in (B.15) suggests that doubling every element in the residual matrices e,(A)
and e,(A + T') has to be compensated for by doubling x; to ensure that the inequality in
(B.15) holds. Therefore, to standardize the left-hand side of (B.15), a reasonable choice of
K1 is

m = {(NT,)"2

ea(K)H 4 (NTy) 2

en(A + f)H}. (B.17)

A similar argument can be made for k5. We introduce constants ¢; and ¢, that can potentially

differ from 1 to fine-tune the penalty in small samples.

B.4 Additional Technical Assumptions

Suppose To/T — 79 for some constant 75 € (0,1) as T — oo. We assume the following
assumptions in addition to Assumptions A and B. Let e = [e,...,er] € R¥*T be the
matrix of idiosyncratic errors and e; denote the (i,t) element of e that is associated with

series ¢ in period t.

Assumption C. (i). E[ey] = 0, E[|ey|?] < C;

ih). EIN"' SN ereen] = on(s,t), lon(s,s)| < C forall s, TP S5 ST Jon(s,t)| < C;

iii). Elege;,] = 7554 with |75;4| < |7;] for some 7;; and for all £, and N~' STV Zjvzl |7 < C
E

(
(
(iv). Elesejs] = Tijue and (NT)7 320 ST ST S0 il < C
(v). For every (t,s), E[|[N~-Y23"N (s ei — Elesseu]]|!] < C;

(

i=1
vi). pi((NT)esel) = Op(max[N~H, T 1) and pi (NT) tepe;) = Op(max[N~1, T71)). O
Assumption D. E[N! sz\il || T—1/%( tTil Flei + ZtT:TO—H Fgeit)HQ] <C.O

Assumptions C and D are analogous to Assumptions C and D of Bai and Ng (2002).
Assumption C allows for time-series and cross-sectional weak dependence in the idiosyncratic
errors. Assumption C(vi) or a similar condition is needed for the consistent selection of
the number of factors (see Amengual and Watson (2007)). Assumption D allows for weak

dependence between the factors and the idiosyncratic errors.

To handle the unknown break date case, we strengthen Assumption C on the idiosyn-
cratic errors to Assumption C* such that the weak dependence and stationarity hold for any

subsamples considered.

Assumption C*. Assumption C holds with e, and e, replaced by e,(7) and e,(7) and
Assumption C(vi) holds uniformly over = € II. OJ
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B.5 Technical Results Used To Prove Main Theorems

The following Lemma provides a link between the identification assumptions, in particular

Assumption ID, and the consistent model determination.

Lemma 2 Suppose Assumptions A-D hold. Then,
(a) Pre-break factors: N—! HA?”2 = pe(XpXp) +o(l) ford =1,... 7y,
(b) New factors: If ry > 1o, N7H|ITE|? = po(Z0X5) +0(1) for b =1y +1,...,1p;

(c) Change to column space of loadings: If ry = r, and rank(X}1,) > r,, N7ITETE 3¢
for some ¥r # 0 as N — oo;

(d) Change to scaling of loadings: N7'|TE|? > [/ pe(SeXw) — /pe(ZaZr)]? + o(1) for
(=1,...,7,.

Proof of Lemma 2. Because At = AOR;” and Ul = \IJORb_ll with R, = Z}/QTQVZUZ and
Ry = E;/QTbV;;l/Q, we have

\I/RI\I’R
— V. (B.18)

0
—— Y27, V2 =V, and

By definition, V, is a diagonal matrix and its /-th diagonal element is the ¢-th largest
eigenvalue of DY FZ}Z/ 2, which is the same as the ¢-th largest eigenvalue of 3,3 r. Following
Assumption B and the continuity of the eigenvalue (with respect to the matrix), it converges
to the (-th largest eigenvalue of XY r, denoted by py(X2Xr). Similarly, the (-th diagonal
element of Vj, converges to the (-th largest eigenvalue of Xy ¥4, denoted by ps(X¢2%).

Let as be a selection vector that selects the ¢-th column of a matrix. Part (a) holds

because
Nt HAf”2 = ay (NT'AYAT) ap = a)Vaar = po(SaAZF) + o(1). (B.19)

To prove part (b), note that for 7, < £ <7y, the {-th column of I'® is equivalent to the ¢-th

column of U#. Hence,

N7YICH? = ap (N7 ap = ajViar = po(SoXg) + o(1). (B.20)

To show part (c), first note that if r, = r,, we have

N7ITRTE = N~HUR - ARY(UF — AF) = eSS e +0o(1), (B.21)
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where e = limpy_,o (R;l, - R, 1), has full rank following Assumptions A and B and ZX\P
is defined in (2.7). By a Cholesky decomposition, write Y1, = (3f,)Y2(31,)Y? with
rank((X1y)"?) = rank(X}y) > .. For a 2r, x 2r, matrix (X},)"/2, the rank of the null
space of (31;)"/? is smaller than r,. It follows that (X},)"/%e # 0 because rank(e) = rq,

and this immediately implies that part (c) holds with X = €'Y} ,e # 0.
To prove part (d), write
N7YTE2 = N7V MPay||” = N1 || WP, — ARay)”
> (N2 ||whay | - N2 [ ATal]])*
= [(pe(SuZ7))"? = (pe(EaZr) I + 0(1), (B.22)
where the first two equalities follow from the definition of a, and I'®, the inequality follows

from the triangle inequality, and the last equality holds by (B.18). O

The following theorem is used in the proof of Theorem 4. Let [|-[|,, denote the operator

norm:

[All,, = sup [[Av] (B.23)
y'v<1

for any real matrix A.

Theorem 5 (Weyl’s Eigenvalue Perturbation Theorem) Let A and B are k x k sym-

metric real matrices. Then

max [p,(A) — p,(B)| < |4 = B,

1<e<k

Theorem 5 is a simplified version of Corollary II11.2.6 in Bhatia (1997).

C Proof of Results in Section 5

Recall that we have defined
A= AY(R;Y) € RV, U = WO(R, ) € RV*™ and T = (U] — A", ©F) (C.1)
in (2.5) and (3.6), respectively. For the ease of notation, we also define

A = (A", On(imra) » UF = (U7, Onxory) and T* = U* — A*, (C.2)
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If N7H|Wl—Alf||2 — 0 as N — oo for some ¢, we replace the definition of '} and '} above
with 0. The augmented matrices A* and U* are transformed from A" and ¥+ = AT +T'"
defined in (3.1). Generally speaking, for the rest of the proof, the superscript 0 represents
the true factor loadings, the superscript R represents transformed factor loadings, and the

superscript asterisk represents augmented transformed factor loadings.

Following the definition of Z in (5.1) and the definition of I'*,
Z={te{l,..,k}:T; #0}and 2°={fc {1,...,k} : T} =0}. (C.3)

By the definition of T*, {r, + 1,....k} € Z¢ and Z C {1,...,7,}. We allow ¢ € Z¢ for some
¢ < 7y in the proofs below.

Recall A and T are the PLS estimators. Write U = A + . Define

2
Z?=N"!

v Ay

2

2 ~ ~
JZ2= N[O - [ -1 (C.4)

Proof of Theorem 1. The criterion function for the shrinkage estimator can be written as

Q(A,T) = My(A, F,) + My(¥, F}) + Py(A) + Py(T"), where
M,(AF,) = (NT) V|| X, — A,
My(¥, F,) = (NT)™! || X, — Fy(A + 1),
k k
Pi(A) = anr Y w}l|Adl] and Py(T) = Byr > w] [T, (C.5)
/=1 /=1

with W = A + I'. For notational simplicity, the dependence on N and 7T is suppressed.
Because the shrinkage estimators A and T minimize the criterion function Q(A,T), we have

QA.T) < QA" T7), ie.,

(MR, F) = Mo(A7, F)| + [M(3, Fy) — My(9*, Fy)
< [P0 = A®)] + R - PO)]. (C.6)

~

where ¥ = A + T.
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We start with the right-hand side of (C.6). Define

~ Py(T*) — Py(T) if IO +£0
p = Pi(A") — P[(A) and ps = (") 2(1) 7 , where
0 if 10 =
~ ra o~ k o~ —~
PI(A) = anr Y wpllAd| < anr > oA = Pi(A),
=1 =1
Py(T) = Byr »_wi|Tel| < ﬁNTZwZHFeH = Py(T). (C.7)

lez

If T° = 0, we have I'* = 0 and P5(T™*) — P5(T') < 0 because Py(I™*) = 0 and P; (') > 0. The
penalty terms on the right-hand side of (C.6) satisfy

Pi(A*) — Pi(R) < py and Py(T*) — Po(T) < po (C.8)

following the inequalities in (C.7).
We have A} =0 for ¢ =r,+1,....kand I'; =0 for £ € Z, which implies that
P (AY) _aNTZw;HA* | and Py(T) = Byr ]| |T; . (C.9)
=1 ez

Following (C.7), (C.9), the triangle inequality, and the Cauchy-Schwarz inequality, we have

Ta Ta 1/2
pr< e Yo} [Re = A < bz, where by = NP0y [Z(wﬁ)?] (C.10)

(=1 (=1

and Z) is defined in (C.4). By the same arguments,

NY2 By [Spez(@])?]? i T0 40
p2 < brZ,, where by = { 0 HTO — 0 (C.11)
and Z, is in (C.4). Combining (C.6) and (C.8)-(C.11), we obtain
MR, E,) — M, (A, ﬁa)} n [M,,(@, Fy) — My(0%, ﬁb)] < 0pZ+ brZ,. (C.12)

Next, we consider the left-hand side of (C.12). To this end, we first show some useful
equalities. Write F, = (ﬁ rF ) € RTo*k where F, is partitioned into a T x r, submatrix

Fr and a Ty x (k — r,) submatrix F2X. Replacing F7 with F¥ = F,R,, we define

F; = (FF F}) = (F.R., F}) € R, (C.13)
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Some equivalent relationships are useful in the calculation below
FXN = FRAR — F,AY and F,A" = FTA™, (C.14)
because A* = (A%, Ony(k—r,))- It follows that

F,AY — F,N = F*AY — F,A
= (F* — F,)A" — F,(A — A*)'
= (F,Ry — FOA® — Fy(A — A*Y, (C.15)

where the first equality follows from (C.14), the second equality follows from adding and
subtracting F, A , and the third equality follows from (C.14). The difference between the
true common component F,A” and the estimated common component ]:;CLK’ are decomposed
into two pieces by the calculation in (C.15), where the first piece focuses on the factor

estimation error and the second piece focuses on the factor loading estimation error.

The first term on the left-hand side of (C.12) satisfies

2

M,(A, F,) = (NT) ' || X, — F,A'

2

= (NT)™" |leq + (F,A” — F,A")

2

= (V)" || (€0 + (FuRa = FOA™) = Fy(A =AY
- M1+M2+M3+M4, (016)

where the first equality follows from the definition of M, (A, F,) in (C.5), the second equality
follows from X, = e, + F,AY, the third equality holds by the decomposition in (C.15), and
My, My, M5 and M, are defined as follows. The first term M is

2

M, = (NT) " ||leq + (FuRy — FT)A®

2 ~
= M, (A", F,), (C.17)

= (NT)il Xa - ﬁaA*,

following X, = e, + FIA®, ngR’ = ELA*’ in (C.14) and the definition of M, (A, F) in
(C.5). The second term M, is
2

My = (NT)™" || Fy (A — A

— (NT) tr ((K CAYEE(A - A*)’)

2
=7 (C.18)
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following F éﬁa /Ty = I, and the definition of Z,. The third term Mj is
My = —2(NT) 'tr (e;ﬁa(x - A*)') . (C.19)
By the Cauchy-Schwarz inequality;,

(NT) [ir (e, FulR — A7) 2 |

< (NT)™! ‘t'r <e;ﬁaﬁ;ea>

)K—A*

— N7V Tytr (Preadl) | 2y

< NTV2T Y NT2kp (NTy) eael)| " 2,
CSnZ)\

= 222, (C.20)

The first equality holds because Pz = To 'F,F!, tr(AB) = tr(BA) for two matrices, and

because of the definition of Z). The second inequality follows from von Neumann’s trace

inequality and the fact that the eigenvalues of Py consist of k£ ones and T — k zeros. By

Assumption C(vi) and simple calculations,

Cyp = 2N V2T [NT2kpy (NTy) eqel)|?

— 2NV NT20,(Cy2) |
= 220,(Cy) = 0,(Cxh), (C21)
which together with (C.19) and (C.20) implies
|M3| < C3,,Zy, where Cs,, = O,(Cyr). (C.22)
The fourth term M, is
My = —2(NT) Ytr (AR(FaRa ~FTYE,(A — A*)’> . (C.23)

To investigate My, we note that

(F,R, — EI)F,  (F,H,—F!)F, N (Fy(R, — H,)) F,

_ -1
TO - TO TO - OP(CNT) (024)

by the Cauchy-Schwarz inequality, (B.4), and Lemma 1. Applying the Cauchy-Schwarz

inequality, we have

(NT)~L|#r (AR(F R, — ﬁr)'ﬁ (7\ - A*)’)

< (NT) 7 [|A%| || (Fukta = E7Y

_E —1||AR||?
=2 (v H)

(F,R, — FTYF,
T

~

(3R -

A* . (C.25)

2 12 - C4,nZ)\
2
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Using A™ = RN, R;' = 0,(1), |[NTTANA — 34| — 0 and (C.24), we deduce that

2,-Z—YO — 2 1/2 (FaRa - ﬁg),ﬁa TO — —
Cin = T <N ' HARH > T, = TOP(CNIT> = Op(Cxp), (C.26)
which together with (C.23) and (C.25) yields
‘M4| < 04,712)\, where C4,n = OP(C&;«) (027)

Putting the four terms in (C.17), (C.18), (C.22), and (C.27) into (C.16), we obtain

~ ~ ~ T
M,(A, F,) — My(A*, F,) > Tozi — ConZy, where Cyp = Cs, + Cyp = 0,(Cit). (C.28)
Replacing the first subsample with the second subsample and the factor loadings A with ¥,

we also have

N - T
My(U, F) — My(U*, F) > leg, — CynZy, where C,, = O,(CR1). (C.29)

Plugging (C.28) and (C.29) into the left-hand side of (C.12), we obtain

T, T,
TOZi — CanZy + %Zi — CynZy < bpZy +brZy < (b + br) Zy + brZy, (C.30)

following the triangle inequality. Rearranging (C.30) gives

2 2
o (Z)\— Ca7n+bA+br> 4o (Z¢— Cb,n—i—bp)

277'0 27'['1

2 2
< 7 (Ca,n +0a + br) o (M) ’ (C.31)

27‘(’0 27T1

where 7y = Ty/T € (0,1) and 7 = 1 — m. It follows from (C.31), C,,, = O,(Cxy),
Cyn = O,(Cyy), and the triangle inequality that

Zy = O,(bs + br + Cyt),
Zy = Op(ba + br + Cxyp),
Zy = Op(bp +br + Cyp)- (C.32)

Assumptions P1 and P2 imply that

wp =0,(1) for £ =1,...,74, w) = O,(1) for £ € Z. (C.33)
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Assumption T(i) implies that by = O,(Cy1) and by = O,(Cxy), following (C.33). It follows
from (C.32) that
Zy = 0,(Cyr) and Z, = O,(Cy1). (C.34)

Theorems 1(a) and 1(c) follow from the definitions of Z, and Z, in (C.4) and the results in
(C.34).

Next, we show the superefficiency results in Theorems 1(b), 1(d), and 1(e). To this end,
first define

Lo={l:(w))™ = 0p(Cyr)} and Ly = {L: (w]) ™" = Op(CRT)}- (C.35)
Under Assumptions P1 and P2,
{ra+1,... k} C Lo, {ry+1,...,k} C Ly, and if T° =0, {1,...,k} = L. (C.36)
Define the residual matrices
ea(N) = X, — F,A € R™N and ey(A +T') = X, — Fy(A +T) € RV, (C.37)

Let e2(A) for t = 1,..., T be the rows of e,(A) and e?(A +T) for t = Ty + 1,...,T be the
rows of eb(K + f) Let fg = (fc’w ﬁé,e)/ € R™1 where ﬁmg and fb,g are the /-th columns of

F, and ﬁb, respectively, and let ft’g denote the ¢-th row of Fy. By Lemma 4.2 of Biithlmann

and van de Geer (2011), a sufficient condition for A, = 0 is

To T
2NT) D et (MFo+ Y el(A+T)F|| < anrwy, (C.38)
t=1 t=To+1

where the left-hand side is associated with the partial derivative of M, (A, F,) + My(¥, ),
with respect to A, evaluated at the PLS estimators, and the right-hand side is the marginal
penalty once /AXg deviates from 0. Intuitively, the optimal solution is /A\g = 0 when the marginal
penalty on the right-hand side of (C.38) is larger than the marginal gain on the left-hand
side of (C.38). The inequality in (C.38) can be equivalently written as

~ = ~ A= NT
€a(A)/Fa’g + eb(A + F),FILZH < TQNTW?, (C39)

which holds provided that

ea([/{),ﬁayg

< NT
‘ n Heb(A + F)’FMH < S-anrwr. (C.40)



Supplemental Appendix A.22

Next, we study the two terms on the left-hand side of (C.40). The first term satisfies

(A Foy

s a5

a,l )

= €;ﬁa7€ + (FaRa — ﬁ;)AR/Fa’g — ﬁa(//{ — A*)/ﬁag
) | 7

al

IN

, =
€aFa7g

Fo ‘ (C.41)

where the second equality follows from (C.15) and the inequality follows from the Cauchy-
Schwarz inequality and the triangle inequality. The terms in the last line of (C.41) are:

(i)

Bl = (NT)V2, B Sl
e, Full = (NT)/2\ [ By =t
P
< (NT) T3/ ((NT) T eaet )| =45
= (NT)'2T320,(Cyy) = Op(N'*TCyp), (C.42)

where the second equality is by T_lﬁ’ JFu.s =1 and Assumption C(vi); (ii) ||FoRe — FT|| =
Op(T'V2Cyr) by (B.A4); (iii) [|[AF|| = O,(N'/?) because R, = O,(1) and [|[A'A/N — X, || — 0;
(iv) [|[Foel| = 0(T1/2) and [|F,|| = O(TI/Q) because Ty 'F/F, = I.; (v) ||A — A*]| =
O,(NY2CH1) by the definition of Z, and (C.34). Putting them together with (C.41), we

have

(M) Fyol| = O,(NY2TCRHL). (C.43)
By the same arguments, we have
H P(A+T) FMH = 0,(N'2TCRL). (C.44)

Equations (C.43) and (C.44) imply that for the inequality in (C.40) to hold, it suffices
to have
N7V204L = o, (anrwy)), (C.45)
which is satisfied for all ¢ € £, under Assumption T(ii).
To prove Theorems 1(d) and 1(e), note that a sufficient condition for Ty=0is
T

Z 6?(]\\ + f)ﬁt,g

t=To+1

2(NT) ™ < Bnrw;. (C.46)
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Following (C.44), the inequality in (C.46) holds provided that
N7V2CGL = 0,(Bnrw)), (C.47)

which is satisfied for all ¢ € £, under Assumption T(ii). Therefore, Theorems 1(b), 1(d),
and 1(e) follow from (C.36).

Some remarks on the proof of Theorem 1 and its relationship to the proofs of Corollaries
1 and 2 below are in order. First, in the proof of Theorem 1, we give general definition of
Z, L, and L, without imposing Assumptions P1 and P2 so that the proof can be recycled
when these assumptions are relaxed. Specifically, Theorem 1 can be proved as above without
Assumptions P1 and P2 as long as (C.33) and (C.36) can be verified for a given preliminary
estimator, as we shall do in the proofs below. Second, Assumptions P1 and P2 are slightly
stronger than needed to prove Theorem 1, however, we present them as is for the simplicity
of the presentation to convey the idea. These assumptions can be relaxed as follows: As-
sumption P1(ii) assumes that Pr(N"|T||2 > C) — 1 for £ = 1,..., 7, while we only need
this to hold for ¢ € Z rather than for all £ = 1,...,r, in order to verify (C.33). The set
Z, associated with the nonzero columns of I'%, could be a subset of {1,...,r,} to identify
a type-1 or type-2 change. For this reason, the proofs of Corollaries 1 and 2 do not verify
Assumptions P1 and P2 but rather show Theorem 1 directly. [

Proof of Theorem 2. First, Theorem 1(a) for £ = r, and Lemma 2(a) imply that
Pr(||Kg|| > 0) — 1 for £ = r, and thus Pr(r, > r,) — 1. Theorem 1(b) implies that
Pr(r, <r,) — 1. Thus, Pr(r, =r,) — 1.

Second, for a type-2 change where 7, > r,, Theorem 1(c) for £ = r, and Lemma 2(b)
imply that Pr(|[Ty|| > 0) — 1 for £ = r, and thus Pr(7, > r,) — 1. Theorem 1(e) implies
that Pr(7, < r,) — 1. Hence, Pr(7, = 1,) — 1 for a type-2 change, which, together with part
(a), also implies Pr(B = 1) — 1 for a type-2 change because by definition, B = 1 if 7} > 7.

Third, for a type-1 change where r, = r, and By = 1, Theorem 1(c), Lemmas 2(c)
and 2(d), and Assumption ID imply that Pr(||fg|| > 0) — 1 for some ¢ < r, and thus
Pr(B = 1) — 1. Note that by definition in (3.8), we have 73, > 7. Thus, part (a) and r, = 7
imply that Pr(7, > r,) — 1. On the other hand, Theorem 1(e) implies that Pr(7, < r,) — 1.

Hence, Pr(r, = r,) — 1 for a type-1 change.

Finally, for the case where there is no change, i.e., 7, = 1, and By = 0, Theorems 1(d)

~ A~

and 1(e) imply that Pr(I" = 0) — 1. Thus, Pr(B =0) — 1 by (3.7) and Pr(7, =1,) — 1 by
(3.8) and part (a). O
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Proof of Corollary 1. We first study the properties of the unrestricted least square
estimator _/N\LS and fLS- Note that the unrestricted least squares estimator is a special case
of the PLS estimator when ayp = Sy = 0. Therefore, following (C.32),

N7Y[Rps — A2 = O,(Cx2) and N7 [Ty — T|[2 = Op(CR2),  (C.48)
which combined with the definitions of A* and I'* and Lemma 2 imply that
Pr(N~Y[Apsel]? > C) = Lfor £ =1,...,1, Pr(NY|Tpsel|>>C) = Lfor L € Z (C.49)
and

N’lHKLS,gHQ = Op(CX,QT) for ¢ > r, and N’leLS,gHQ = Op(C]QQT) for ¢ € Z€. (C.50)

Next, we show that (C.33) and (C.36) hold without imposing Assumptions P1 and P2,
so that the proof of Theorem 1 follows without these two assumptions. The definition of
weights in (3.4) and (C.49) imply that (C.33) holds for the case A = Apg and T' = T'pg.
The definition of £, and L, together with (C.50) imply that £, = {r, +1,...,k} and
L, = ZC. By definition, {r, +1,...,k} C Z¢ and, if I'° = 0, then {1,...,k} = Z% which
implies that (C.36) holds for the case A =Arg and T = I';g. Therefore, Theorem 1 holds
without imposing Assumptions P1 and P2 for the one-step estimator A= KLS and[ =T LS.

Applying Theorem 1, model selection consistency follows from the proof for Theorem 2. [J

Proof of Corollary 2. We first study the preliminary estimators K(2), ff,(z)’ and ’1—\“(2)’ and

the weights w)' and w] in the second step. Because A® = 7\5&}45, whose first 74" columns

are the same as those of A.g and whose last k — 7y columns are zeros, it follows from (3.4)

that
w) = (N“Y|Apsel?) for £ =1,... k, (C.51)

which is the same for the first- and second-step estimators. If there is a type-2 change,

?,(71) > 7i) w.p.a.1l by Corollary 1, and

w] = (N"Y|Tpsel)?) @ for £ =1,... k, (C.52)

which is the same for the first and second step estimations.

If there are no structural instabilities or there is a type-1 change, ?él) = ?ﬁl) =T, =T,

w.p.a.1 by Corollary 1. Let \AI}ZS and KZS denote the first r, columns of @LS and KLS,
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respectively. Given ?“{bl) = ral) = r, = rp, wWe have (AR @ZS, A = K;S, and the

second-step preliminary estimator '@ can be written as
T — (¥750 ~ Kig, Onaen ) (C.53)

following from @ = 9y® — A® and steps 1d, le, and 2a in the algorithm to construct the

two-step estimator.
Define
D2 = (WQ — AR, Oyue ) (©54)

Recall that ¥ and A are the transformed factor loadings. In addition, I'® and Af are the

first 7, columns of I'* and A*, respectively, given r, = r,. By (C.53) and (C.54), w.p.a.1,

N7E® —T9? = N7 (Wpg — ¥HQ — (Ag — AR)H2
= N [(Frs - 1) @+ (Ris - A7) (@ - 1)
- OP(CN%)7 (C.55)

2

where the last equality follows from the triangle inequality and (C.48). To analyze '@ for
the second-step estimation, we first discuss the centering term I'® when there is a type-1

change. Assumption R implies that
NP >Cifte 2 (C.56)
because I'? = WRQ, — AF and ||Q,|| = 1. Therefore, (C.55) and (C.56) imply that
w; = O,(1) for £ € Z when there is a type-1 change. (C.57)
If there is no structural change, by (C.48), N7|A 4 —AZ|[2 = 0,(Cy2) and N7| U —

UR||2 = 0,(C{2). Because AR = R in this case, we have N7'|A7 4 — U ¢[|2 = 0,(Cy2),

which further implies that

N7, Q- /ngst < N7 — K;SHQ = 0,(C2), (C.58)

where the inequality holds because the choice of () solves the orthogonal procrustes prob-
lem by minimizing ||[U;4Q — Ajg|[* among all orthogonal matrices (Schénemann (1966)).
Combining (C.53) and (C.58), we obtain

N7YTP|P? = 0,(Cx%) when I'° = 0, (C.59)
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which together with (C.48) and I'* = 0 implies that

(W)™t = 0,(Cx2) for £ = 1,...,k when there is no structural change. (C.60)

Next, we show that (C.33) and (C.36) hold without imposing Assumptions P1 and P2,
so that the proof of Theorem 1 follows without these two assumptions. To show (C.33), note
that w) = O,(1) for £ = 1,...,r, is implied by (C.49) and (C.51), w] = O,(1) for £ € Z is
implied by (C.49) and (C.52) for a type-2 change, and w) = O,(1) for ¢ € Z is proved in
(C.57) for a type-1 change.

To show (C.36), note that: (i) {r, +1,...,k} C L, holds by (C.50) and (C.51); (ii)
{ry +1,...,k} C L holds by (C.50) and (C.52); and (iii) if [° =0, {1,...,k} = L} follows
from (C.48) and (C.60).

Because (C.33) and (C.36) hold without imposing Assumptions P1 and P2, Theorem
1 holds without imposing Assumptions P1 and P2 for the two-step estimator. Applying

Theorem 1, model selection consistency follows from the proof for Theorem 2. [

Proof of Theorem 3. In the proof below, we use 0,,(-) and O,.(-) to represent o,(-) and
O,(-) that hold uniformly over = € II.

Formally, Theorem 3 is proved by first showing the convergence of A,, (7) and T, ()
uniformly over 7w € II. Provided that Kra (7) uniformly converges to a nonzero limit for all
m € II, it follows that Pr(min,en 7, (m) > 7,) — 1. Because my € II and r,(m) = r, by
definition, one can show that Pr(r,(m) = r,) — 1 as long as results like those in Theorem
1 hold for /AX(WO). Combining the two results above, we immediately get Pr(min,ep 7, (7) =
ro) — 1. Similar arguments can be applied to T, () to show Pr(mingey 7(7) = r5) — 1.
After showing consistency of the estimators of the number of factors, we analyze f(ﬂ'g) for

consistent detection of type-1 instability, and show that Pr(I'(m) = 0) — 1 uniformly over

7 € II when there are no structural instabilities.

Define r* =r, + 1y, T, = |T7], and T, = T — T,. First, consider the second subsample
Xp(m). When 7 < 7, following the model in (B.13), the variance of the factor loadings is

S = N7(A% 00) (A%, 1) (C.61)

With a transformation analogous to that in (B.3) to standardize the factors and diagonalize

the loadings, the DGP in (B.13) can be written as

Xy(m) = FE(m) VR (7)) + ey(m), (C.62)
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where Ff(r) is T, x v, U%(x) is N x r*, and

T B () B (n) = L + Ope(T712),
NE ()Y UE () = Ay(n), (C.63)

where Ay(7) is a 7 x r* diagonal matrix whose diagonal elements are the eigenvalues of
Y1 (m)E], in a decreasing order. Here we allow some eigenvalues to be zero. This is analogous
to the transformation considered in (B.6)-(B.8) in the proof of Lemma 1 except m < my rather
than 7 = mp. When 7 > 7, the DGP in (B.13) can be written as in (C.62) and (C.63) but
with 7+ =1, and UE(7) = UF where UF = UO(R, ).

Next, we consider the first subsample X, (7). Following the transformation discussed

above, when 7 > 7y, the DGP in (B.12) can be written as
X (1) = ER(m)AR(m) + eq(n), (C.64)
where FE(r) is T, x r*, AB(n) is N x r*, and

T FR(n) FR(x) = Lo + O (T,

a

NTIAR(7)Y AR(7) = Au(r), (C.65)

where A, (7) is a r* x rT diagonal matrix. When 7 < g, the DGP in (B.12) can be written

as that in (C.64) and (C.65) but with r* =7, and A% (7) = A% = A°(R; Y.

For any 7 € II, X,(m) contains at least the r, factors in X,(m) and X,(7) contains at

least the 7, factors in Xp(mg). Therefore,

N YHAF@P >Cfor b =1,...,1q, NHUHT)|>?>Cfor b =1,....m. (C.66)

Note that in the proof of Theorem 1 above, the magnitudes of the approximation er-
rors are developed under Assumptions A-D. After Assumptions A and C are replaced by
Assumptions A* and C*, Assumptions A*, B, C*, and D are all uniform over w € II. As a
result, replacing my with 7, asymptotic results as those in Theorem 1 hold uniformly over
m € II. We use such uniform convergence in the analysis below.

P

Below we analyze model selection based on the two-step procedure. Recall that )

for i = 1 and 2 denotes the estimator of r,(m) by the first- and second-step PLS estimator.
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A%

Let w; ) () and wz*(i)(ﬂ) denote the weights in step ¢. Let \TIZS(W) denote the first 75"

columns of W, ¢(7). By construction, the adaptive weights in (3.14) satisfy

) - d
WD) = (N[ Reps(m)|?) * fori=1and2,

~ —d ~ —d
) = e { (N Fras(ml?) L (VI Beas(rl) )
WD) = WV () it () 70 < 7Y or () 7Y =7 and £ 70, (C.67)

7%(2) 1| A 2\ 1| 2) :
W (1) = max <N ||\11&LS(7T)W(7T)—AZ,LS(W)H) ,<N ||\1ug,LS(7T)||) otherwise,

where the vector w(r) satisfies ||w(7)|| = 1 and is obtained by the orthogonal transformation

~

to minimize the difference between the first 7" columns of A Ls(m) and W g(T).

In the proof below, if notations and results are not specified to be the first step or
the second step, they apply to both. We typically do not distinguish between them until

discussing the penalties.

Step 1. We show

Pr(min 79 (7) > r,) — 1 for i = 1 and 2. (C.68)

mell

To this end, it is sufficient to show N~[|Ay(7) — AR(7)[|2 = 0, (1) for £ = r, in both steps.
The proof strategy is different from that in Theorem 1 because here we do not require the
convergence of Ay(7) to Al(r) for £ > r,. Let X, denote a submatrix of X that contains
the columns from a to b. For any 7 € II, define

Af(r) = (AR

1:rg

(7), K(W)WL,{) ,TH(r) =T(x), and Ui(x) = Af(x) + TT(x).  (C.69)

For notational simplicity, define A"(w) = Aff, (7). Note that the definition of Af(m) is
different from that of A* used in the proof of Theorem 1 even when m = 7y, because the

former involves the PLS estimator but the latter does not. Define

~

Zm) = N~ |Rm) - AT(W)HZ, Z3(m) = N ||G(r) - \IIT(W)HQ Z2(m) = N [P - r*(w)H2 |
(C.70)

The criterion function for the shrinkage estimator can be written as

QA T;m) = My(A, Fo(m)) + My (¥, Fy(m)) + Py (A) + P5(T), (C.71)
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where U = A+ T,
My(A, F,) = (NT) ™" || Xo(m) — E,A'|)?, and
My(V, Fy) = (NT)_1 | Xp(m) — Fp(A + F)’||2. (C.72)

For notational simplicity, we do not write M, (A, F,) and M,(¥, F},) indexed by 7, although
they are by definition. Define

¢y = Eelanr(€)w;™(€)] and ¢ = E¢[Bnr(&)wy" ()], (C.73)
where ¢ has a uniform distribution on II and E¢ [-] is taken w.r.t. & As such, Pf(A) =
im0 Al and P5(T) = 525, 6 [Tl

Because the shrinkage estimators A(7) and I'(7) minimize the criterion function Q(A, T'; ),
we have Q(A(r), T'(m)) < Q(Af(x), I'(r)), ie.,
| Ma(R(m), Fa(m)) = Ma(AT (), Fa(m))| + | My (8 (), Fy(m)) = My(W' (), Fy(m))]
< [Pr(AY(m) = P + [ (0(m) = PTG (C.74)
where U(m) = A(m) + [(x). We start with the right-hand side of (C.74). Because the

last (k — r,) columns of Af(r) and A(r) are the same, by the triangle inequality and the

Cauchy-Schwarz inequality, we have

=1
(C.75)

o 1/2
Py (Af(m))— P} Zase (1AL = [Ro(m)]) < BaZa(r), where By = N*/2 (Z(W) .

Because I'f(r) = I'(rr), the second term on the right-hand side of (C.74) is 0.

Next, we consider the left-hand side of (C.74). Write F, () = (F'(x), F-(n)) € RTxk,
where F,(7) is partitioned into the T}, x r, and T, x (k — ro) submatrices F7(7) and F-(r).
Similarly, write /A\(ﬂ) = (A" (), AL (7)), where A (7) is partitioned into the N x r, and
N x (k—r,) submatrices A () and AL (7). With this partition, we can write AT(x) = (A" (7),
At (7). Define eq(A(r), F(r)) = X,(r) — F(m)A(x)'. For the calculation below, we first

show two expansions. The first is
ea(A (1), Fo(m)) = Xolm) — Fo(m)A ()
Xo(m) — F()fx() F-(m)A*(r)
- (Xa<w> Fo(m)Ar(n) = FHmA(x)') = Fo(m) (A (m) — A7 ())
= oA (m), Fu(m)) — F(m) (R(m) = A7) (C.76)
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where the first and last equalities hold by definition, the second equality follows from the
partition of F,(w) and A (7), and the third equality follows from subtracting and adding
ﬁg(#)[\r(ﬂ')/. Because rt > r,, we write Ff(r) = (F'(n), F'*(n)), where FR(r) is parti-
tioned into the T, x r, and T, x (r* — r,) submatrices F!(7) and F/* (7). Similarly, write
AR (m) = (A"(«w), A" (7)), where Af(r) is partitioned into the N x r, and N x (r* —r,)

submatrices A"(7) and A"* (7). Following the partition, we can write
Xo (1) = eq(m) + FI(m)A" (7)) + FrH ()N (7). (C.77)
The second expansion is
ea(A(7), Fo(m)) = Xo(m) = FJ(m)A" (7)) — F(m) A (r)f (C.78)
= ea(m) + (FL(m) = Fu(m)) A7 (m) + By (M)A (n) = FH(m)A*(x),

where first equality holds by definition and the second equality follows from (C.77). With

the first expansion in (C.76), we have
2

~

M,(A(m), Fo(m)) = (NT) ™

ca(A (1), Fu(m))

2

= (VD) eattl ), B+ ()

Fy (r(m) - A7(m))

—2(NT) " tr [ea( A (), Fulm) Fy () (RB7(m) = A (m) ) |
= M, (AT(7), Fo(n)) + Ko + K1 + Ky + Ky + Ky, (C.79)

where

Ko

H

=

=3
|

= 22 722(7) (C.80)

by definition and the fact that T;l(ﬁg’ﬁg) = I, ,xr,- The terms K; to K, follow from the
second expansion in (C.78), and they are specified below. The first term is
- ~ T,
Ky = =2(NT)Mtr |eo(m) Fy () (A7(m) = A7(m) ) | = Z2Om(CRDZa(m),  (C:81)

following calculations analogous to those in (C.20) and (C.21). The second term is

Ky = —2(NT) " tr (N (m) (Fy (m) = B (m)) B (m) (A () = A (m))')

— L0n(CH D) (C52)
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following calculations analogous to those in (C.25) and (C.26). The third term is

Ky = —2(NT) " tr (A (m) () Fy (r) (A" (7) = A" (m))')

= 21yt (W) () - B () B (B0 (r) - A7) )
T,

— 0 (CRh) Za(m), (C.83)

where F(r) is a submatrix of F,(7) with columns associated with those in F*(r), the
second equality holds because F7+(w) and F'(r) are orthogonal by construction, and the
third equality holds by arguments analogous to those in (C.25) and (C.26). The fourth term

is

Ky = 2(NT) \tr [Kw)ﬁ;(w)'ﬁ;(w) (Kr(w) - AT(W))] —0 (C.84)
because F: () FT(x) = 0 by construction. Combining (C.79)-(C.84), we obtain
M, (A(w), Fo(m)) = Mo(AT(m), Fo(r)) = %Zf(ﬂ) + Opr(Cyr) Za (). (C.85)

Replacing the first subsample with the second subsample and applying similar arguments,

we also have
Mi(B(r), Fy()) — My(¥!(x), Fy(m)) = 7 Z2(m) + Oy (i) Zo(r). (C:56)

Plugging (C.85) and (C.86) into the left-hand side of (C.74), we obtain

T, _ T _ -
EZAm) + Opn(Cyh) Za(m) + 2 Z2() + Ope(C) 7y S TaZa(m), (C87)
which further implies that
Z\(7) = Opr(bp + Oyt (C.88)

The unrestricted least square estimator for any 7 € II can be viewed as a PLS estimator
with 0 penalty. Therefore, N7 |Apg () — AR(7)[|2 = Opr (Cx2) for £ = 1,... 74 by (C.88),
which together with (C.66) implies that N=!|[ALg,(7)||*> > C~' w.p.al. for £ =1,... 7,
For i = 1 and 2, we have w)" (1) = (N"|ALgo(m)|[?) ¢ < C? wpalfor € =1,... 1,
Following the specification in (4.7), ayr(7) = /fl(ﬁ)Nfl/?C’K,dT;l, where x1(m) < ®;. Thus,
we have

N'2¢7 = N'YPEelant(€)wy™ (€)] = Op(Cyr) (C.89)

for ¢ =1,...,r,, which implies

I = 0,(Cxb) (C.90)
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for both the first- and second-step PLS estimation. It follows from (C.88) that Z,(w) =
O, (Cy7)- This completes the proof of Pr(minger ﬁf)(w) >r,) — 1fori=1,2.

Step 2. We show for ¢ = 1 and 2,

Pr(miﬂn?{bi) () > 1) = Lifry > r,. (C.91)
IS

In this case, N7|['E(n)||> > C by Assumption R*(ii) and N[V (x)||> > C by (C.66) for
¢ = ry. To show (C.91), it is sufficient to prove N=!||Ty(m) — TE(7)||2 = 0px(1) for £ = 1,
for both the first and second step estimators. To this end, we redefine Af(7) and I'f(7) in
(C.69) as

Af(x) = Ar), TH () = (f@r)m,l, I8 (), f(ﬁ)wlik) and W' () = Af(r) + TH(r) (C.92)

and keep the definitions of Zy(7), Zy(n), Z,(7) in (C.70) unchanged. Now consider the
inequality in (C.74). Because Af(7) = A(n), the right-hand side of (C.74) becomes for

{= Ty,
P3(TY(x)) = Pi(D(m)) = 67 (ID(m)| = [Pe(m)] ) < BroZy (x), where bry = N*/26].  (C.98)

By arguments analogous to those used to show (C.85) and (C.86), the left-hand side of (C.74)

becomes
M@ (), Fo(m)) = MW (), Fo(m)) = £ 23(m) + Ope (Ci)Zulm). (C94)
Putting (C.93) and (C.94) together with (C.74), we get
Zy(7) = Opr(bry + Cp). (C.95)

Note that we can show the consistency of A(r) and ¥(r) column by column because F,(r)
and ﬁb(ﬂ) both have orthogonal regressors by construction. Now following the arguments
used to show (C.89), we have bpy, = O,(Cy7) for the first-step estimator, which immediately
implies that Z,(7) = O, (Cy) and

N7YTy(r) = TR@)||? = 0pn(CR2) for £ =1, (C.96)

This proof (C.91) holds for ¢ = 1 and also implies that ?“f)l) = min,eq 7"\1(71)(77') >y > T,
w.p.a.1l. Thus, for the second-step estimator, wz*@)(w) takes the form in (C.67) with r, > r,
w.p.a.1, which is the same as that for the first-step estimator. Hence, bry, = O,(Cy}) for the

second-step estimator and it follows that (C.91) holds for i = 2 as well.
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Step 3. We prove
Pr(FM =r,) — 1 (C.97)

a

by showing that the inequalities in (C.68) become equalities when m = my. To this end, it is
sufficient to show Pr(A,(m) = 0) — 1 for £ > r, in the first-step estimation. (We use generic
notation below without superscript (1) for notational simplicity.) By the proof of Theorem
1, to obtain Pr(A(m) = 0) — 1, it is sufficient to show

e (Rlmo)) Fos(mo)| + [ Rlm) + Fmo)) Foelmo)|| < g@%, (C.98)

which is similar to (C.40). Replacing A and T in the proof of Theorem 1 with A(m,) and

~

['(mg), respectively, we have
NV2{[A (o)~ A*|] = Op(ba+br+Cyf) and N=V/2([T(mo) ~T7[| = Op(ba+br+Cyk), (C.99)

where

Ta

B = NY2(3 (0% and B = NV (7)) 2 (C.100)

=1 ez
We have shown by = O,(Cyr) in (C.90) for both the first- and second-step estimators. By
similar arguments under Assumption R*(i) and (C.66), we also have by = O,(Cxy) for the
first step estimator. Because by = O,(Cy}) and by = O,(Cxyy),

NT[AM (m9) — A*|| = Op(Cy}) and N™V2|TW (o) — || = O,(Cxp).  (C.101)
Following the arguments used to show (C.43) and (C.44), (C.98) holds provided that
N7V2C5E = 0,(67), (C.102)
where ¢) = Eelanr(€)w, " (€)]. Using anr(m) = 1 (1) N-V2CH4", we have
07 = Belanr(€)wy™ ()] 2 s NT2ORT el () Tiecn); (C.103)

where k, is the lower bound of (7). For 7 < 7y, X, (m) has r, factors. Thus, the unrestricted
least square estimator N~!|[ALg(m)]|2 = Opr(Cy2) for € > r,, by arguments analogous to

(C.50). Therefore,

-1 ~
sup (wg*“)(w)) = sup [N YA s (1)[ 2] = O,(C29) for £ > 7. (C.104)

w<mo m<mg
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Thus, for ¢ > r,,

-1
NTV2CRE@) ™ < 57 Clir (Eeley™ ()T

-1
< 57108, (inf [WQ*(I)(W)]EAI{&SWO}D

T<mo

-1
OJ({TT Squgwo <w2\ (1)( ))
- £, Be[Lie<ro)]
where the last equality is by (C.104) and s, E¢[Zie<r,3] > C > 0 for some fixed constant C'.
It follows that Pr(//iél)(wo) = 0) — 1 for £ > r,, which implies that

= 0,(C32), (C.105)

Pr(7\M(mp) < 7q) — 1. (C.106)
Combining (C.68) with the result above, we obtain Pr(min;en ?él)(w) = ?ﬁl)(wo) =1r,) — 1.

This proves (C.97).
Step 4. We prove
Pr(iY =) = 1 (C.107)
by showing that the inequalities in (C.91) become equalities when m = m. To this end,
it is sufficient to show Pr(fél)(wo) =0) — 1 for £ > r,. (We use generic notation below
without superscript (1) for notational simplicity.) By the proof of Theorem 1, to obtain
Pr(Ty(m) = 0) — 1, it is sufficient to show
Heb(A<7rO) + T(0)) o (o H < —gbg (C.108)
To this end, it is sufficient to show N=Y2Cy = 0,(¢}). Using Byr(m) = ra(m)NTV2CHE,
we have
67 = Be[Byr(©)w; ()] > 5N 72CRE Belw] ™ () T(eomay], (C.109)

where £, is the lower bound of ky(7). For m > m, X;(7) has r, factors, thus N7 |E/L574(7T) |2

O, (Cy%) for £ > 1, by arguments analogous to (C.50). Therefore,

sup <w2*(1)(7r)>1 < sup [N Y[ T 15, (m)][2]% = O,(C2%) for € > . (C.110)

T>T0 T>T0

Thus, for £ > 1y,

N-20-L (s < wl0d (R (D) e\T -1
vr(#0) < By Oyp (Eelw, 7 (6) {527ro}]

< k3 'Oy (inf (wz*(l)(ﬁ)> Eg[I{@m}])

T>T0

1
Chysupeom, (") O0,(Ci) (C.111)
o [Zig>r)] SR '

-1
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following from (C.110) and kyEe[Ziesry] > C > 0 for some fixed constant C. It follows that
Pr(f@l)(wo) = 0) — 1 for ¢ > rp, which implies

Pr(AY (mo) < 1) — 1. (C.112)
When 7, > r,, (C.91) and (C.112) imply that

Pr(r!) = min () =) — 1. (C.113)
e

On the other hand, if r, = r,, we can use (C.112) to deduce that

Pr(miﬁlﬁ,”(w) <rg) = 1, (C.114)
e

which together with the definition of 7“{,)1) and (C.97) implies that
Pr(rl) =70 = 1) — 1. (C.115)

This completes the proof of Step 4.

Step 5. We show
Pr(?® =r,) — 1 and Pr(?’f) =) — 1. (C.116)

Following Steps 3 and 4, we know that the event {?ﬁl) =r, and ?1(21) = 1} has probability
approaching 1. If r, > r,, wz*(i) and wz*(i) are the same for i = 1, 2 following (C.67). Hence,
all arguments in Steps 3 and 4 apply to the second-step estimator, which completes the proof

immediately.

Next, we consider r, = r,. Conditioning on the event {?él) = r, and ?f)l) = 1y}, the
proofs in Step 3 and Step 4 apply to the second-step estimator as well, and this gives the

desired results.

Step 6. We show that when there is a type-1 change,
Pr(I'®(m,) # 0) — 1. (C.117)

To this end, it is sufficient to show N~!|[T{? (o) — TE(mo)||2 —, O for some ¢ € Z. This
follows from (C.99) for the second-step estimator, which holds by the same arguments as in
Step 3 conditioning on the event {?,(11) = r, and ?1(71) = rp}. Following Steps 3 and 4, this

event occurs w.p.a.l.
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-~

The result in (C.117) and Step 5 together imply that Pr(B =1) — 1 if By = 1.

Step 7. When there is no structural instability, i.e., I = 0, we show

Pr(sup [T (7)|| = 0) — 1. (C.118)

well
Replacing A and T’ in the proof of Theorem 1 with A® (7)) and I'® (), we have uniform
consistency
N7V R (1) = A*|| = Op (ba + Cxh) and NV2(|T) (1) = T*|| = O (by + Ci14), (C.119)
where by = NY2(3772 (67)?)/2. We have shown by = O,(Cxy) in (C.90). Revoking the
proof of Theorem 1 with 7y replaced by 7, a sufficient condition for (C.118) is

N7V = 0,(¢)) for £ =1,.. .k, (C.120)

where the left-hand side follows from uniform convergence rate of the criterion function and
the right-hand side is based on the averaging penalty. Following Steps 3 and 4, we know
that the event {?511) = r, and 7/‘?) = 1} has probability approaching 1. Using fyr(7) =

ko (m)NTH2CHT, we have
¢7 = Ee[Bnr(O)wl P (€)] > 5N~ V2CHE Ee[w) @ (£)]. (C.121)

Using the formula of w]™® () in (C.67), for £ > r,,

(@) = (@) < (V@) = 0lRz) (122

w.p.a.1, where the last equality holds by arguments analogous to (C.50). On the other hand,
for ¢ <r,,

(7 @m) " < (N smwlm) — Rasm]?) = OpelCi3) (C.123)

w.p.a.l, where the equality follows from arguments analogous to (C.58) under Assumption

R*(i). Combining the results in (C.122) and (C.123), we deduce that
-1

sup (wz*@)(w)) = 0,(C2) for £=1,....k. (C.124)

mell

Thus, for £ =1,... k,

NOR ) < 5 Chr (Bl @ (©)])

-1
15" Cir inf (w7°®m)

well

IN

—1
= 15" Clpsup (WP (7)) = 0,(C34). (C.125)

mell
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following from (C.121) and (C.124). The condition in (C.120) follows from (C.125), and it
is sufficient for the desired result. Therefore, if By = 0, we have Pr(By, = 0) — 1. This
completes the proof. [

Proof of Theorem 4. For any small number € > 0, we define

My, = {rellp: 7 <m—e},

Hata = {relly:m>m+e¢}. (C.126)
Let Ilp. = Iy, UIIj, = {7 € Ily : |1 — mo| > e}. To show 7 is a consistent estimator of m,

it is sufficient to show that for any ¢ > 0, Pr (7 € Ilp.) — 0 as N,T — oo. The proof is
divided into 5 steps.

Step 1. We show that
SUI_IID QN1 (370, Ty) — QNr (370, 73)| = 0p(1). (C.127)
mwellp

By definition, we can write

Qnr(m37a,7) = Y Qur(msi, ) {(Fa, ) = (i,5)}

Qe ) + Qe (m ) [[H{(FarPa) = (rasr)} — 1
LY Quelmi N = (), (C.128)

ivjzlv(ivj)7é(ra7rb)
where the second first equality holds because 7, and 7, are random variables that take integer
values between 1 and k and the second equality separates the event (7,,7,) = (14,75) from

the events (7,,7y) # (T4, 73)-

In view of (C.128), to show (C.127), we see that it is sufficient to show

I{(74,7) = (rq,75)} = 14+ 0,(1) and (C.129)
{(7a, 1) = (1,4)} = 0p(1) (C.130)

for any 1 <i,7 <k and (i,7) # (re, 1), and

sup Qur(mi, ) = Oy(1) (C.131)
mwellp

for 1 < 4,5 < k. Because 7, and 7, are consistent estimators of r, and r;, respectively,
(C.129) and (C.130) follow from the Markov’s inequality and

E[I{Fu,7) = (ra,m)} — 1] = 1 — Pr((Fa, 73) = (ra, 7)) = o(1). (C.132)
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To show the equality in (C.131), we note that

QNT<7T;i,j> <C133)
i J
= (NT)™ <||Xa(7f)||2 + XM =D pe(Xa(m) Xo(r)') - pe(Xb(W)Xb(W)')>
=1 =1
because F,(7), Fy(r), Aps(m) and W ¢(7) are the principal component estimators of factors
and loadings. Thus, it suffices to show (NT)7!|X|]> = (NT) 7 (|| X.||? + || Xs]*) = O,(1).

Because X, = F,AY + ¢,, we have

(NT) | X2 = (NT) tr(AAGFLE,) + 2 (NT) " tr(F,AY€) + (NT) " tr(eqel)
1/2
_1 A0 |, FoF,
< 2(NT) N2 tr( T €aly)| 4+ Op(1)

AO
UW/!\/NT p1 (cal W (TIEFT) + 0,(1) = Oy(1), (C.134)

where the first equality is a simple expansion, the first inequality holds by the Cauchy-
Schwarz inequality and Assumptions A, B, C, the second inequality follows from the Von
Neumann’s trace inequality, and the last equality holds by Assumptions A, B, C. Similarly,
we can show (NT) ™" || X,||? = O,(1). This completes the proof of step 1.

Step 2. We show that

X, (m) X, ()
max sup |py (%) —7p,(EaAXF)| = o0,(1), (C.135)
l=1,...,rq relly, T
X (m) Xip(m)’
—_— | = it = 1 C.136
(=1, ratrs) Wselllip Pe ( NT o (Bi%5) %(1) ( )

Note that for 7 € Ha,g, we have m < g — ¢ for € > 0.

Let v be any T, x 1 real vector with 7'y < 1. Because X,(7) = F,(m)AY + e,(n) for

T < Ty, we have

<Xa(7f)Xa(7T)’ Fa(ﬂ)AO’AOFA(W))VH

NT NT
_ FM)!}%@(W)W N ea(w)?\;;“;(?r)v . Cal?) NT H
. Fa<w)]AV0;;<w)7H+ ea<7r)/]\\:71f;(ﬂ)vH N %(W?\f;%(ﬂh” (C.137)
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by the triangle inequality. Using Assumptions A*, B and C*(vi), we obtain
Fy(m)A”¢, (m)y ||
NT
V'ea(m)A () Fy(m) A% e ()
= su
'y’*é)l N?T

= ol1)

sup
7'v<1

uniformly over 7 € Il .. Similarly we can show that

ea(T)AF! (7)7]|?
su “ = 0,(1
v’vgl NT o)
uniformly over 7 € Il;_. By Assumption C*(vi),
/ 2 / / /
sup ea(ﬁ)ea(ﬂ)VH ~ sup Vea(ﬂ)ea(wzeé(w)ea(w)y
vl NT ¥v<1 NT

= (o ()Y

A39

(C.138)

(C.139)

(C.140)

uniformly over 7 € II;_. Combining the results in (C.137), (C.138), (C.139) and (C.140),

and applying Theorem 5, we get

Xo(m) Xo(m) F,(m)AYAEL(m)\ |
e, o [or (S ) - (MR )~ 0
By Assumptions A* and B, we have
AYAYE (1) F, ()
sup ‘ = — TEAYF|| = 0,(1)
melly . NT :
which together with [|-[| , < -] and Theorem 5 implies that
AYAYR! (1) F, ()
Jmax ﬂselé? P, ( NT ) —7mp, (BaXr)| = 0p(1).

Combining (C.141), (C.143), and

) <Fa(w)A;2°F;(w)> ) (AO’AOF];V(;)FG(@)

for ¢ =1,...,r,, and applying the triangle inequality, we obtain (C.135).

(C.141)

(C.142)

(C.143)

(C.144)
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For any ¢ =1,...,r, + 1, we have

p (BBEYY _ (Bt 5m c148

By Xp(m) = EF(m)AY + F,(7)PY + e,(7), we have

Xy(n)Xo(m) _ B (mEHmAY | UOF(r) Fy(n)”
NT NT NT
ey (m) F (m) A n ey () Fy(m) T L eb(mes(m)
NT NT NT

(C.146)

for any m < my. Using arguments similar to those that derive (C.138), (C.139) and (C.140),

we can show that

sup
ﬂEH&E

which together with (C.145), the triangle inequality and Theorem 5 implies that

ey (m) i (m)A”
NT

el () Fy () B
NT

e (m)es(m)
NT

] =0,(1)  (C.147)

op op op

Xy(m) Xp(7) ANEH(m)ER(m)AY  OOF (1) By ()Y
—_ a a =0,(1).
=t e | ( NT pe NT * NT (1)
(C.148)
Note that we can write
N EH (m)FF(m)AY N VO () Fy(m) 0
NT NT
B (AO, \IJO) Fa (W%Frj_(ﬁ) 0 (AO, \I’O)/ -
= N 0 R@Rm | TN (C.149)
T
Under Assumptions A* and B, we have
F (m) Faf () 0 AYAO A0gO
SuI_) g Fé(ﬂ')Fb(ﬂ') \I,OJYAO \I,OZ/V\I,O - EFEX‘II = OP<1) (Cl50>
m€ll, . T N N
which combined with ||-||,, < [|-| and Theorem 5 implies that
NEF(m)FHm)AY  WOF (1) Fy(m) oY
s, s o (PR SRR ) - st o)
(C.151)

Collecting the results in (C.148) and (C.151), and applying the triangle inequality, we im-
mediately get (C.136).
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Step 3. Using the arguments similar to those in step 2, we also have

max |p, (Xa(ﬂ(}zf);“(%)/) — 70p,(EaXE)| = 0,(1), (C.152)
s o, (FEE) -, (2| = g (Cas)
Step 4. We show that
Pr(w € 1Il;.) — 0as N,T — oco. (C.154)
By the definition of 7,
Pr(m € I.)
< Pr Iélﬁl} QN1 (7570, Tp) < QNT(Wo;?a,?b)>
<o,
= Pr Wfél&i}a Qnr(m37ra,10) < QNr(T03 70, T5) + Op<]-)>
| Ta [ Xa(mo)Xa(mo) \ _ Xa(m) Xa(m)'
= Prf o [ NN AN LI A ] <)
rettp, \ #3000 o, (PR ) — p, ()
— Pr| min < 2 [mop (EaZr) = o (EaZp) ) gop(1)>(.0.155)
+30 [(1=m0)p, (BuZF) — o, (EE1y)]

WEH&E

where the first equality is by (C.127), the second equality follows from (C.133), and the last
equality is by (C.135), (C.136), (C.152) and (C.153). It is clear that

Ty Ta+Tp
Zpe (ZJI;ZX\I/) = ”(ZFEX@) - Z Py (EJ}CEX\P) (C'156)
=1 =rp+1
Ta+Tp
= (0 — m)tr(ZaSp) + (1= m)tr(SeSr) — D p, (SESke)
=rp+1
Ta Th Tat+Tp
= - S A (L —m) S (SeEn = S g, (SES)
=1 =1 =rp+1
which together with (C.155) implies that
Ta+7p
Pr(7 € Il;.) < Pr ( min Z pe (BEE1,) < op(1)> : (C.157)
WEH&E (=rp+1
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By Assumption ID*, p,, | (E;EX\I,) > 0 implies

Ta+Tp
Pr ( min Z p, (B585y) < Op(1)> — 0as N, T — oo. (C.158)
melly . s=rp+1

From (C.157) and (C.158), we immediately get (C.154).

Step 5. We show that

Pr(7 € Ily.) — 0 as N, T — oo. (C.159)

Note that we can use the arguments similar to those in Step 2 to show that

Xo(m) Xo(m)!
e, o o (FRE) - (52| = o)
Xy () Xp ()’
max sup |p, (M)—(l—’ﬁ)pé (XeXe)| = op(1), (C.160)
l=1,..., rbﬂena. NT

which combined with the arguments similar to those in Step 4 can be used to show that
Pr(7 € IIj,) = 0 as N, T — oo. (C.161)
Collecting the results in (C.154) and (C.161), we deduce that

Pr(7 € Ilp.) < Pr(7 € Il;,) + Pr(7 € Il§.) = 0 as N,T — co. [ (C.162)



