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Abstract

In this paper, we develop a practical procedure to construct confidence intervals (CIs) in
a weakly identified nonlinear regression model. When the coefficient of a nonlinear regressor
is small, modelled here as local to zero, the signal from the respective nonlinear regressor is
weak, resulting in weak identification of the unknown parameters within the nonlinear regression
component. In such cases, standard asymptotic theory can provide a poor approximation to
finite-sample behavior and failure to address the problem can produce misleading inferences.
This paper seeks to tackle this problem in complementary ways. First, we develop a local limit
theory that provides a uniform approximation to the finite-sample distribution irrespective of
the strength of identification. Second, standard CIs based on conventional normal or chi-squared
approximations as well as subsampling Cls are shown to be prone to size distortions that can
be severe. Third, a new confidence interval (CI) is constructed that has good finite-sample
coverage probability. Simulation results show that when the nonlinear function is a Box-Cox
type transformation, the nominal 95% standard CI and subsampling CI have asymptotic sizes
of 53% and 2.3%, respectively. In contrast, the robust CI has correct asymptotic size and a

finite-sample coverage probability of 93.4% when sample size is 100.
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1 Introduction

This paper studies inference methods under weak identification. In particular, we consider con-
struction of ClIs with good finite-sample coverage probability in a nonlinear regression model. The
model belongs to a broad class of models in which lack of identification occurs at some point(s)
in the parameter space. When the true parameter is close to the point of non-identification, we
are confronted with weak identification. As in the weak instruments literature, standard asymp-
totic approximations to the finite-sample distributions of test statistics can be poor under such
weak identification. For example, even though the t statistic has a standard normal distribution
asymptotically, use of critical values from the standard normal distribution can lead to large size
distortions in weakly identified situations. This paper develops a new asymptotic distribution that
provides good approximations to the finite-sample distribution uniformly over the parameter space.
This new asymptotic distribution is non-standard, but its quantiles can be approximated by simula-
tion. Using proper quantiles of the new asymptotic distribution, we construct a robust CI that has
good finite-sample coverage probability irrespective of the strength of identification. The procedure
is developed in a nonlinear regression model estimated by least squares (LS). But the idea carries
over to more general weak identification set-ups with other criterion-based estimators.

Economic theory and empirical studies often suggest nonlinear relationships among economic
variables. These relationships are commonly specified in a parametric form involving several non-
linear component functions with unknown transformation parameters and loading coefficients that
measure the importance of each component. The simplest version of the nonlinear regression model

that we consider takes the form
Y;=p8-9(Xi,m)+ Z/(+U; fori=1,...,n, (1.1)

where the loading coefficient 8 and the transformation coefficient m are both scalars. Examples of
the nonlinear function g (-, 7) include Box-Cox type transformation, logistic/exponential transfor-
mations in smooth transition models, and neural network models of nonlinear responses. When
B = 0, the nonlinear regressor g(X;, ) does not enter the regression function and the parameter 7 is
not identified. As a result, asymptotic distributions of test statistics are non-standard when g =0
and different from those when S # 0. Discontinuities of the asymptotic distributions also occur in
some other models such as those with a unit root, moment inequalities or weak instruments, and
under post-model-selection inference.

Hypothesis testing when a nuisance parameter is not identified under the null is considered in
Davies (1977, 1987), Andrews and Ploberger (1994), and Hansen (1996), among others. While
hypothesis testing only considers non-standard asymptotics under the null § = 0, we need to
consider the asymptotic distributions of the test statistics for = 0 as well as 8 # 0 in order to

construct a CI with good coverage in both cases.



The conventional way to construct a CI is to use the standard asymptotic distribution obtained
when g is fixed at a point different from 0 and the sample size n goes to infinity. FEven if the true
value of 3 is different from 0, however, the standard asymptotic distribution does not necessarily
give a good approximation to finite-sample behavior. The reason is that approximation by the
standard asymptotic theory does not have uniform validity, even for 8 # 0. In other words, there
can be parameter values for which the finite-sample coverage probability is smaller than the nominal
level, no matter how large the sample size is. The intuition is that when g is close to the point of
non-identification, i.e. § = 0, the finite-sample behavior of the test statistics is contaminated by the
non-standard asymptotics under non-identification. The extent of this contamination decreases as
the sample size gets larger, but it is always present in finite samples. As a result, the standard CI is
valid only when g is large enough for the model to be strongly identified. Uniformity issues of this
sort have been discussed recently in the subsampling and bootstrap literature by Andrews (2000),
Andrews and Guggenberger (2007, 2009a, b, ¢), Mikusheva (2007), and Romano and Shaikh (2006,
2008).

The aim of the paper is to construct Cls with good finite-sample coverage probability uni-
formly over the parameter space. To this end, we first develop a local limit theory that provides
a good approximation to the finite-sample behavior in any identification scenario. This uniform
approximation is obtained by considering sequences of the loading coefficients § that drift to the
non-identification point 5 = 0. The asymptotic distribution derived under these drifting sequences
is used to approximate the finite-sample distribution for any fixed true value of 5. More precisely,
the weak identification case is modelled as 8 being in an n~'/2 neighborhood of zero. Approxi-
mation devices of this kind also are employed in the weak instruments literature, e.g. Staiger and
Stock (1997).

Applying the local limit theory, we provide explicit formulae for the asymptotic sizes of the
standard CI and the subsampling CI based on Andrews and Guggenberger (2009a) (hereafter AG).
The asymptotic size, defined as the limit of the smallest finite-sample coverage probability over the
parameter space, is a good approximation to the finite-sample size when the sample size is large.
We show that the asymptotic sizes depend on the specific nonlinear functional form g (-, 7) and can
be simulated from the analytical formulae derived here. Simulation results show that the nominal
level 95% standard CIs for 8 and 7 based on asymptotic normality have asymptotic sizes of 52.9%
and 94.5%, respectively, under a Box-Cox transformation, and 73.2% and 63.6%, respectively, under
a logistic transformation. The severe size distortions of the standard method motivate interest in
a new robust CI with correct asymptotic size under weak identification.

Here we introduce the idea of the robust CI. The 1 — « quantile of the finite-sample distribution
depends on the strength of identification. In consequence, the asymptotic distribution of the test
statistic under a suitable drifting sequence 3,, = n~1/2p depends heavily on a nuisance parameter

b, which indexes the identification strength. The larger is b, the stronger is the identification. In



the extreme case that b = oo, all parameters are strongly identified and the standard asymptotic
distribution is justified. However, a larger critical value might be required under weak identification
where b € R. One way to deal with this problem is to take the supremum of the 1 — a quantile over
all b. This least favorable CI has correct asymptotic size, but it can be unnecessarily long when the
model is strongly identified, i.e. b = +oo.

The robust CI introduced here improves upon the least favorable CI by using a model-selection
procedure to choose the critical value. The idea is to use the data to determine whether the
model is weakly identified. Under weak identification, the least favorable critical value should be
employed to get correct asymptotic size. Otherwise, the standard critical value is used. We use a t
statistic for § centered at 0 for the purpose of model selection. Specifically, we proceed with weak
identification only if the t statistic is smaller than a tuning parameter. The tuning parameter has to
be designed so that the model selection procedure is consistent under weak identification. We show
that the robust CI has correct asymptotic size provided the tuning parameter diverges to infinity
with the sample size. Suitable choices of the divergence rate are investigated by simulation. This
model-selection procedure is analogous to the generalized moment selection method in Andrews
and Soares (2007).

The paper also develops a sequential procedure to deal with multiple nonlinear regressors under
different identification scenarios. It is shown that weak identification of any particular nonlinear re-
gressor can have serious negative implications on inference for all the parameters in the model when
standard asymptotics are employed. A new CI that is robust to weak identification is developed to
address this difficulty in the multiple regressor context.

The paper also is related to the weak identification issue discussed by Dufour (1997). While
Dufour (1997) provides theoretical results on length of the CI, we propose a practical procedure to
construct a CI with correct asymptotic size. We do so under the assumption that the parameter
space for the potentially nonidentified parameter is bounded. Dufour (1997) also has an extensive
discussion of econometric models with weak identification problems, where methods in the present
paper can be applied after modification and generalization. Another related literature is that
covering the partially identified models, as in Chernozhukov, Hong, and Tamer (2007). However,
the standard LS population criterion function is either uniquely minimized by the true value or by
the entire parameter space, rather than by a subset of it.

The remainder of the paper is organized as follows. Section 2 describes the model and the
estimation methods. To provide basic intuition, Section 3 derives a new local limit theory in a
simple model with one nonlinear regressor. Section 4 provides explicit formulae for the asymptotic
sizes of the standard CI and the subsampling CI. Simulation results with two specific nonlinear
functions are reported. Section 5 introduces the robust CI and presents simulation results to
investigate its finite-sample properties. Section 6 generalizes the local limit theory to a model with

multiple nonlinear regressors as well as linear regressors. In particular, a sequential procedure is



introduced. Section 7 discusses the standard CI, subsampling CI, and robust CI in the general
set-up. Section 8 concludes and provides future research directions. Proofs are collected in the

Appendix.

2 Model

The general model we consider is

Y; = g(X;,7) B+ ZI{ + U; for i = 1,...,n, where

7= (71, mp) and g (Xi,7) = (91 (Xi, 1) 5oy gp (X4, 7)) (2.1)

In (2.1), X; € R4, Y;,U; € R, m,3 € RP, and Z;,¢ € RY. The function g; (z,7;) € R is known and
nonlinear in z for any given ;. Examples of the nonlinear function include
Example 1. Box-Cox function: g (x,7) = (z™ — 1) /m,

Example 2. logistic function: g (x,7) = (1 + exp(—(z — 7))~ %

We assume the support of X; is contained in a set X'. The parameter spaces for (3',¢’)" and
mare B C RPT? and II = IIj X --- x II,, respectively, where II; C R for j = 1,...,p. We assume
B is bounded and contains (3’,¢") with B; arbitrarily close to 0 for any j. We also assume II is

compact. The data and the function g(X;,7) are assumed to satisfy the following assumptions.

Assumption 1. g (z,7) is twice continuously differentiable with respect to (wrt) =, Vr € II and
Vo € X. We denote the first and second order derivatives of g; (X;, ;) wrt 7; by gx; (X;,7;) and
Grrj (Xi, ;) , respectively, and write gr(X;, 7) = (g1 (Xs, T1), ..., grp(Xi, 7p) ).

Assumption 2. (a) {(X;,Z;,U;) :i=1,...,n} are i.i.d.
(b) E(Ui|X;, Z;) =0 as., E(U|X;, Z;) = 02 (Xi, Z;) as., and EU} < oo.
(¢) Vm,m € I with m# A7, P(g(X;,7) = kg (X;,7)) <1 forall k € R.
(d) E'supren g;.l (Xi,7j) + Esup,en gfrj (Xi,mj) + Esup,cp g?wrj (X5, mj) < o0, V5 <p.
(e) EZ;Z! is nonsingular and E || Z;||* < cc.

Assumption 2(c) is imposed to identify © when 5 # 0. Assumption 2(d) is needed to ensure
uniform convergence used throughout the paper.

We are interested in confidence sets (CSs) for some sub-vectors of 3, ¢, and 7, and construct
them by inverting test statistics based on the LS estimator. When the parameter of interest is a
scalar, the CSs become ClIs. We first derive the asymptotic distributions of the LS estimators of 3,
¢, and 7. Then these are used to determine the asymptotic distributions of the test statistics. By
definition, the LS estimators are obtained by minimizing the sum of squared regression residuals.
This procedure can be viewed in the following way. First, for each given 7, we take g (X;,7) as an

exogenous regressor and estimate 8 and ¢ by the LS estimator on (2.1), yielding estimates 3 (r)



and 2(77) . The concentrated LS sample criterion function is the average of the squared residuals

~

Qn(m)=n"1Y U2 (r), where U; (1) = Y; — g (X;,7) B (w) — Z|C (7). (2.2)
=1

The LS estimator of 7, denoted by 7,,, minimizes Q,, (7) over = € IL.! This yields

o~

7 = argmin Qn (r), B, = B (Fn), and (,, = ( (7n). (2.3)

mell

3 Simple Model and Asymptotic Results

In order to explain the finite-sample and asymptotic results as clearly as possible, we first
analyze a simple model in which there is only one nonlinear regressor, i.e. p = 1, and there are no

linear regressors. The model then becomes

where 8 € R and m € R. This simple model sheds light on how the magnitude of 5 affects the

finite-sample and asymptotic properties of the LS estimators, the test statistics, and the LS-based
Cls.

3.1 Asymptotic Size

Let 6 be a generic notation for any parameter in the model. It can be 8 or m. We construct

a CI for 6 by inverting a test statistic 1), (6o) for Hyp : 6§ = 6p. The nominal level 1 — « CI for 0

is Cl, ={0:T,(0) <cpi-a(0)}, where ¢, 1o () is the critical value. The critical value choice

introduced in this paper can depend on the true value of 6 as well as the sample size n. When
v = (B, )" is the true parameter, the coverage probability of a CI is

P,(0€CIL,) =Py(T,(0) < cni-a(d). (3.2)

This paper focuses on the smallest finite-sample coverage probability of a CI over the parameter

space, i.e. the finite-sample size. It is approximated by the asymptotic size defined as

AsyCS = liminf in% P, (0 € CI,) = liminf inf P, (T}, (8) < cn1-a (0)), (3.3)

n—oo ~€ n—oo ~el

where I is the parameter space of 7. Note that in the definition of the asymptotic size the operation

inf,cr is taken before the operation liminf,, ... Without the uniformity over v € I' before the

'We actually search for the value of 7 on a set that is slightly larger than the parameter space II to avoid the
problems that occur when the parameter is on the boundary of the parameter space. For details, see Andrews (1999).



limit operation, only a pointwise result is obtained. A pointwise result does not provide a good
approximation to the finite-sample size because the contamination on the finite-sample behavior
by non-identification exists for any given sample size n. Only a uniform result can capture that the
extent of this contamination decreases as sample size gets larger.

A key implication from the definition of the asymptotic size is that the true parameter value
~ at which the smallest finite-sample coverage probability attains can vary with the sample size.
Therefore, in order to investigate the asymptotic size we need to derive the asymptotic distributions
of the test statistics 7}, (#) under sequences of true parameters v,, = (3,,, )", where the subscript
n denotes that the true value may change with the sample size n. The sequences that we consider
are the ones that determine the asymptotic sizes of the CI based on results in AG. These are also
the sequences under which asymptotic distributions provide good uniform approximations to the
finite-sample distributions of the test statistics. This is consistent with the fact that the asymptotic
size is defined to approximate the finite-sample size.

Specifically, the sequences of parameters we consider are characterized by a localization para-
meter

h = (b,m)", where n'/?8, — b and 7, — . (3.4)

The parameter space for h is H = Rj4) X II, where R = RU {+£o00}.

The localization parameter in (3.4) is a general representation that includes various identification
situations. First, weak identification is modelled as b € R such that (3,, converges to 0 at rate n=1/2,
The values of b characterize the specific paths of these drifting sequences. These sequences also
correspond to those considered in the weak instruments asymptotics of Staiger and Stock (1997).
Second, hypothesis testing for non-identification, i.e. 8 = 0, corresponds to b = 0. Third, standard
asymptotics that are based on a fixed parameter S # 0 correspond to b = t+oo. Hence, standard

asymptotics fail to reveal the finite-sample behavior under weak identification for b € R.

3.2 Asymptotic Distributions

We now derive a local limit theory under these drifting sequences to investigate the asymptotic
sizes of the ClIs. The procedure roughly goes as follows. To analyze the LS-based test statistics,
we start with the LS sample criterion function, which is the average squared residuals defined in
(2.2) . The advantage of working with this concentrated sample criterion function is that B3 () has a
closed form for any fixed m. We properly re-center and re-scale the sample criterion function @y, ()
to derive its asymptotic distribution. The limit is denoted by @ (), which may be stochastic.
Invoking the continuous mapping theorem (CMT), the minimizer of @, (1), i.e. T, is expected to
converge (in a stochastic sense) to the minimizer of @ (7). Finally, the limit of 7, is plugged into
the closed form B(ﬂ') to obtain the asymptotic distributions of Bn and the LS-based test statistics.

A key step in derivation of the local limit theory is to obtain different forms of @ () under



various identification scenarios. In a standard set-up where (3 is fixed and bounded away from 0,
the sample criterion function @, (7) converges in probability to a non-random population criterion
function @ () uniformly over II. This non-random function @ () is uniquely minimized at the true
value of m. However, under weak identification, where f3,, is in an n~1/2 neighborhood of 0, the limit
of @, () is random after proper re-centering and re-scaling. Our method is to view @, (7) as an
empirical process indexed by 7, and to show that a centered and scaled version of @, (7) converges
weakly to a stochastic process @ (7).

To define the stochastic limit of @, (7) under weak identification, we let S (7w) be a mean
zero Gaussian process with covariance kernel Q (7, 7) = EU?2g (X;,7) g (X;, 7). Define the func-
tion @ (7, 7) = Eg(X;,7)g(X;, 7). For any given m and 7, ® (7,7) is the covariance. Let Y =
(Y1,....Y,).

Assumption 3a. ® (7, 7) > ¢ V7 € II for some ¢ > 0.

Lemma 3.1 Suppose Assumptions 1, 2, and 3a hold.
(a) When n'/28, — b€ R and 7, — mo, 1 (Qn(7) —n~Y'Y) = —& Y (m,7) (S(7) + ®(m, mo)b)2.
(b) When |n1/2[3n| — 00 and m, — T, ;> (Qn(m) = n YY) -, =@~ (7, 7) 2 (7, m0)

uniformly over 11.

Comments: 1. In Lemma 3.1(a), Q,(7) —n~1Y’Y converges in probability to 0 at rate n~!. Note
that the centering term n~'Y’Y does not depend on w. Hence, the asymptotic distribution of 7,
only depends on the non-central chi-square process on the rhs of Lemma 3.1(a).?

2. In Lemma 3.1(b), 8

former case, the model is standard. In the latter case, @, (7) —n Y'Y —p 0 at rate ﬁ%. This rate

n 18 bounded away from 0 or converges to 0 slower than n~Y2. In the
of convergence is slower than that in Lemma 3.1(a). As in part (a), the centering variable does
not depend on 7, so the probability limit of 7,, only depends on the rhs of Lemma 3.1(b), which
is uniquely minimized at 7w by the Cauchy-Schwarz inequality under Assumption 2(c). The rhs of
Lemma 3.1(a) is related to that of Lemma 3.1(b). As b diverges to plus or minus infinity, ® (7, m9)b
dominates S (7).

By invoking the CMT, we show below that 7,, converges in distribution to the minimizer of the
rhs of Lemma 3.1(a) when 3,, = O(n~'/2) and converges in probability to mg when 3,, is of a larger
order than n~1/2, represented by B, > O(nfl/ 2). Before applying the CMT, however, conditions

are needed to ensure the argmin functions are continuous here.

Lemma 3.2 Under Assumption 2, the sample paths of the non-central chi-square process —® 1 (m, )

(S(r) + ®(m,m0)b)? have unique minima over © € I1 with probability one.

For fixed 7, @ (m,7) (S(7) + ®(7, m0)b)* has a non-central chi-square distribution under homoskedasticity, al-
though not under heteroskedasticity. Nevertheless, for simplicity, we call its opposite —®~*(, 7)(S(7) + ®(r, 70)b)?
a non-central chi-square process throughout the paper.



The uniqueness of the minimizer in Lemma 3.2 ensures that the argmin function on a compact
support is a continuous function of the sample paths of the chi-square process with probability
one. This property is used to derive the asymptotic distribution of 7, in Lemma 3.3 below. In the
proof of Lemma 3.2, we use arguments analogous to those in Kim and Pollard (1990) regarding the

unique maximizer of a Gaussian process.

Lemma 3.3 Suppose Assumptions 1, 2, and 3a hold.
(a) When n'/?8, — b€ R and m, — mo,

Tn = 7 (h), where

7 (h) = argmin(—{® () (S(7) + ®(7, m0)b)?}) and h = (b, 7o)’

well

(b) When |n1/26n| — 00 and m, — T, Tp — Ty —p 0.

The intuition behind Lemma 3.3 is that whether 7, can be estimated consistently depends on
the strength of the signal from ¢ (X;, 7,) 3,, relative to the noise from the errors. The strength of
the signal is proportional to the magnitude of 3,,. Under weak identification (or non-identification),
ie. B, = O(n~1/?), &, converges in distribution to a random variable that minimizes the sample
paths of a non-central chi-square process. The randomness comes from the noise in the errors.
Under strong identification, i.e. 3, > O(n~Y?), 7, is consistent because the noise is of a smaller
order compared with the signal.

Next, we derive the asymptotic distributions of the LS estimator Bn under different identi-
fication scenarios. When 7, is inconsistent, we can show that n!/ Q(B (m) — f,,), regarded as an
empirical process indexed by m, converges weakly to a stochastic process. The asymptotic distrib-
ution of n'/ Q(Bn — f3,,) can be obtained by plugging the random limit of 7,, into the limit process
of nl/Q(B (m) — B,,), because both of them are continuous functions of the Gaussian process S ().
When 7, is consistent, the asymptotic normality of n!/ Q(Bn —,,) can be established using standard
arguments.

To specify the asymptotic distributions, we define

mi (1) = (9(Xi,7), g (X, m))", G () = Em; (m) my (7)',
V (1) = EU?m; (r)m; (n)",and ¥ (1) = G (m) V (7) G~ (7). (3.5)

The vector m; (7) equals the vector of partial derivatives of g(X;, )3 wrt to the parameter vector
(B, )" except that the latter has g, (X;,7) 8 in place of g, (X;, 7). The standard asymptotic co-
variance matrix of the LS estimator, which is based on the partial derivative vector, involves § and

becomes singular when the true parameter j,, drifts to 0. To avoid the problem of singularity, we



have to employ an asymptotic covariance matrix based on m; (7) and make the true parameter f3,,

part of the rate of convergence of the LS estimator of 7, as shown in Lemma 3.4(b) below.

Assumption 4a. G (7) > ¢ V 7 € II for some € > 0.

Lemma 3.4 Suppose Assumptions 1, 2, 3a, and 4a hold.
(a) When n'/?28, — b e R and 7, — o,

n'/? (Bn — Bn> = 7 (7% (h),h), where T (m,h) = & (7, 7) (S (1) + ® (7 70) b) — b.
(b) When |n1/26n| — 00 and T, — o,

n'/2 (B, - 8,)

nl/Qﬂn (7?” . 7'(”) =N (07 b (71-0)) :

Comments: 1. Under weak identification in Lemma 3.4(a), n'/ Q(Bn — f3,,) is not asymptotically
normal. Instead, it is characterized by a Gaussian process 7(m,h) indexed by 7 and a random
variable 7* (h) , defined in Lemma 3.3(a). The non-standard asymptotic distribution of n!/2 (Bn —
B,,) is determined by the finite localization parameter h.

2. In Lemma 3.4(b), where 8, > O(n/2), both j,, and 7, have asymptotic normal distri-
butions. However, the convergence rate of 7, depends on (,,. Specifically, its convergence rate is
n~1/ 23 1 which is slower than n~%/2 if B,, converges to 0. The reason is that when [, converges
to 0, the signal-to-noise ratio of the regressor g (X;, m,) 3,, also converges to 0. As a result, in order
for 7, to achieve the same level of accuracy as in a standard set-up, more data is required to
compensate for the weak signal.

3. When S, is fixed at a point different from 0, the model is standard and the LS estimator is

1/2

n'/* consistent. In this case, we can move f3,, from the normalization of 7,, on the lhs of Lemma

3.4(b) to the rhs. With this adjustment, the rhs becomes a standard covariance matrix of the LS

estimator.

Because both g and 7 are scalars in the simple model, t statistics are employed to construct
the CIs. Define

S(r) =G ' (n)V(x)G ' (), where

(m) =n 1Y my (m)mi(x), V(r) =n"1> U2 (7) mi () m (x)', (3.6)
i=1 =1

)

m; () is defined in (3.5), and U; () is defined in (2.2). The t statistics for 8 and 7 are

Ty =n"2(B, — ,)/55 and Trp = 02 (7o — ) [, (3.7)

)

10



~ S A~ ~ S A~ ~—1 ~ .
where 53 = %, (Wn)}{Q and o, = 3, (7‘&'”);42 B, - Note that 7, takes into account the fact that the
normalization factor for 7, is n'/ 24, in Lemma 3.4(b). Both Ts, and Ty, are equivalent to the

standard definitions of the t statistics.

Theorem 3.1 Suppose Assumptions 1, 2, 3a, and 4a hold.
(a) When n'/?8, — b€ R and m, — mo,

Tgpn = Tp (7" (h),h) and Trp = Tr (7* (h),h), where
T (m,h) = 7 (m,h) (2 (1)1,) "% and Ty (7, h) = (7 (7, h) +b) (7 — m0) (£ (7)) /%

(b) When |n1/2ﬁn| — 00 and T, — m,
Th = N (0,1) and Tr,, = N (0,1).

Comment: Under weak identification in Theorem 3.1(a), the asymptotic distributions of the t
statistics are characterized by the Gaussian processes 1 (7, h) and T (7, h) together with the limit
random variable 7* (h), all of which are determined by the finite localization parameter h. With
the analytical formulae derived, proper quantiles of these non-standard asymptotic distributions
can be simulated. In Lemma 3.1(b), where ,, 3> O(n~'/2), both of the t statistics have standard
normal distributions as expected. It is worth repeating our claim that under weak identification
the non-standard asymptotic distribution in part (a) provides a much better approximation to
the finite-sample behavior than the standard asymptotic distribution in part (b) does. Simulation

results given in Section 5.3 corroborate this.

4 Standard and Subsampling Confidence Intervals

As in Section 3.1, let  be a generic notation for any parameter in the model and 7T;, () be a test
statistic for #. The nominal level 1 —a CI for 0 is CI, = {0 : T}, (0) < cp1-a (0)}, where ¢, 14 (0)
is the critical value. The standard CI and the subsampling CI are obtained by different choices of
their critical values. The critical value for a standard CI is the 1 — a quantile of the asymptotic
distribution derived under strong identification. This is the standard normal distribution in a
simple model with t statistics.® In this case, the standard critical value for a nominal level 1 — o
symmetric two-sided Cl is 2;_,/2, which is the 1 —a/2 quantile of the standard normal distribution.

We now define the subsampling critical value. The idea of subsampling is to use the empirical
distribution of the subsample statistics to approximate the finite-sample distribution of the full-

sample statistics. Let ngs denote the subsample size when the full-sample size is n. For the asymptotic

3When symmetric two-sided CI is constructed for a scalar parameter, the asymptotic distribution of the test
statistic is |Z], where Z ~ N(0,1).
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results we assume that ny — oo and ns/n — 0 as n — oco. The number of subsamples of length ng
is ¢ = n!/ ((n — ns)!ng!) with i.i.d. observations. The subsample statistics used to construct the
subsampling critical values are {T}, . ;(6) : 7 = 1,...,qn}, where T}, ,,_ ;(0) is a subsample statistic
defined exactly as T;, (§) but based on the j** subsample of size n, rather than the full sample. The

subsampling critical value ¢, p, (1 — «) is the 1 — a sample quantile of {7}, », ;(0) : 5 =1,...,qn}.

4.1 Explicit Formulae for Asymptotic Sizes

In order to provide explicit formulae for the asymptotic sizes of the standard CI and the sub-
sampling CI, we first characterize their critical values with the new local limit theory. Let J, be the
asymptotic distribution of T}, (f) when h is the localization parameter associated with the drifting
sequence of true parameter defined in (3.4). Analytical formulae of J, for 6 being § and 7 are
given in Theorem 3.1. Let ¢;, (1 — ) be the 1 — a quantile of Jj,. The standard critical value is
Coo (1 — @), which is obtained when b = oo under strong identification.*

Under the localization parameter h, the subsampling critical value is denoted by ¢; (1 — «).
According to AG, the relationship between [ and h is given in the set LH defined below. The basic
idea is that, due to the smaller sample size, the sampling distribution of the subsample test statistic
is affected more by the non-identification than that of the full-sample statistic. As a result, the
subsample statistic behaves as if the true value is closer to the non-identification point. Under the
assumption ng/n — 0, which is required for asymptotic validity of the subsampling method, the

relationship between the subsample and full-sample statistics are characterized by the set

LH ={(l,h) € Hx H : 1= (ly,m0), h = (b,m), and (i) I, = 0 if |b] < oo,
(ii) lp € Ry oo if b= +00, and (iii) Iy € R_ o if b= —00.} (4.1)

where Ry oo ={z € R:2>0}U{oc}and R_ o ={r € R: 2 <0}U{-00}.”
By verifying the high-level assumptions in AG with the non-standard asymptotic distribution
derived in Theorem 3.1, we establish asymptotic sizes of the standard CI and the subsampling CI

for € in the following theorem. Here 6 can be either g or 7.

Theorem 4.1 Suppose Assumptions 1, 2, 3a, and 4a hold. Then,
(a) AsyCS = infrepy Jp(coo(l — @)) for the standard CI and
(b) AsyC'S = inf pyern Jn(ci(l — a)) for the subsampling CIL.

Comments: As is evident in Jj, the asymptotic sizes depend on the specific functional form of
g (+,m) . Using these analytical formulae and the asymptotic distributions obtained in Theorem 3.1,

we can simulate the asymptotic sizes of the standard CI and the subsampling CI. Simulation results

‘When b = +o00, mo does not affect the limit distribution Jj.
®Note that | and L correspond to g and G in AG.
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for two specific nonlinear functions are reported in Table 4.1 on page 15. Moreover, the asymptotic
sizes also depend on the parameter space II, as the inconsistent estimator 7* (k) , defined in Lemma

3.3, is involved in Jj,.

4.2 Simulations for Standard and Subsampling Cls

Graphs of ¢;, (1 — «) as a function of b for fixed 7y are informative regarding the behavior of
the standard CI and the subsampling CI. A CI has asymptotic size greater than or equal to 1— «
only if the probability limit of the critical value is greater than or equal to ¢; (1 — «) . Hence, for
a standard CI to have correct asymptotic size, one needs ¢ (1 — ) > ¢p (1 — ), for all h € H.
For example, this occurs if the graph is increasing in b for b > 0 and decreasing in b for b < 0
for each mg. On the other hand, for a subsampling CI to have correct asymptotic size, one needs
c(l—a)>c,(1—a), for all (I,h) € LH. This occurs if the graph is decreasing in b for b > 0
and increasing in b for b < 0 for each 7. Other cases where the quantile function ¢ (1 — «) is
non-monotonic in |b| are discussed in AG.

We now investigate the symmetric two-sided CIs for the scalar parameters in the following two
examples. Both of them include intercepts and linear regressors in addition to a nonlinear regressor
to mimic empirical applications with nonlinear regressions. Theoretical results in a general model of
this sort are analogous to those derived in the simple model above. The general model is discussed

in Sections 6 and 7 below.

Example 1—Cont.: The first results are based on the model
Yi = (o + (1 Xi + B9 (Xi,m) + Ui, where g (X;,7) = (X —1) /7. (4.2)

The distributions of X; and U; are X; ~ N (6,0.25) and U; ~ N (0,0.25), respectively.’ The
parameter space for 7 is [1.5,4] . The quantile functions of the test statistics for the symmetric two-
sided CIs for 8 and 7 are presented in Figure 4.1 on the next page. Since these quantile graphs are
symmetric wrt b around 0, we only report the graphs for b > 0.7 For any fixed 7, the graph for /3
first slopes up and then slopes down, with the maximum above the value 1.96. Hence, these quantile
graphs imply that neither the standard CI nor the subsampling CI for § has correct asymptotic
size. For any fixed mg, the graph for 7w slopes up and always stays below the value 1.96. These
graphs indicate that the standard CI for 7 has correct asymptotic size, while the subsampling CI

does not.

%Tn the nonlinear regression model, the results are not invariant to the scales of X; and U;. The true values of Co
and ¢; do not affect the results.

"The asymptotic distributions J in Theorem 3.1 are odd functions of b. Hence, asymptotic distributions of the
test statistics for symmetric two-sided Cls have quantiles that are even functions of b. This is not true for one-sided
Cls.
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Figure 4.1: .95 Asymptotic Quantiles of the Test Statistics for Symmetric Two-sided Cls in Example
1 with the Box-Cox Function: (I) CI for g and (II) CI for =.

The asymptotic and finite-sample sizes of the standard Cls and the subsampling CIs for (;, 3,
and 7 are reported in Table 4.1 on the following page.® The asymptotic sizes in Theorem 4.1 were
computed by simulation. The nominal 95% standard CIs for {; and 8 have asymptotic sizes of
72.6% and 52.9%, respectively, while their counterparts for the subsampling Cls are 17.7% and
2.3%, respectively. The standard CI for 7 has asymptotic size close to the nominal level, while the

subsampling CI does not. The finite-sample sizes are close to the asymptotic sizes and consistent
with the quantile graphs in Figure 4.1.
Example 2—Cont.: The smooth transition model considered is of the form
Y; = ZiCo+ 1.Xi + Bg (Xi,m) + Ui, where g (Xi, ) = Xi(1 4 exp(—(X; — 7)),

(4.3)
where Z; is a 3 x 1 vector of exogenous variables including an intercept. The distributions of X; and

U; are X; ~ N (6.6,3.6) and U; ~ N (0,0.09), respectively.” The parameter space for 7 is [4.6,8.3],

where the lower and upper ends are 15% and 85% quantiles of X;, respectively. The quantile graphs

of the test statistics for the symmetric two-sided Cls for 8 and 7 are presented in Figure 4.2 on

8The results in Tables 4.1 and 5.1 are based on 10,000 simulation repetitions. For example 1, the search over b to
determine the Min is done on the interval [0, 150] with stepsize 0.2 on [0,10], stepsize 1 on [10,50], and stepsize 10 on
[50,150]. The search over 7o to determine the Min is done on the set {1,8, 2, 2,2, 2.6, 3.0, 3.4, 3.8}. For example 2,
the search over b to determine the Min is done on the interval [0,10], with stepsize 0.05 on [0,2.8] and [6.5,7], stepsize
0.01 on [2.8, 6.5], and stepsize 0.2 on [7,10]. These grids are refined based on previous simulations with coarse grids.
The search over 7o to determine the Min is done on the set [4.8, 7.8] with step size 0.5 and at the point 8.2.
9The parameter values used in the simulation are designed to mimic those in an empirical application.
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Table 4.1: Asymptotic and Finite-sample Sizes of Nominal
95% Symmetric Two-sided Standard and Subsampling Cls

Example 1. Box-Cox Function

Standard CI Sub CI
n=100 n=250 n=>500 Asy Asy
(1 75.1 74.1 72.7 72.6 17.7
Ié; 53.7 53.5 52.5 52.9 2.3
T 94.3 94.4 94.8 94.5 9.1

Example 2. Logistic Smooth Transition Function

(1 72.6 73.6 73.2 74.0 5.7
B 71.8 73.1 72.2 73.2 76.0
s 61.1 62.6 62.6 63.6 90.1

page 16. For any fixed mg, the graphs are non-monotonic with the maximum above the value 1.96.
Hence, these quantile graphs imply that the standard Cls and the subsampling Cls for 5 and 7 all
suffer from size distortions.

The asymptotic and finite-sample sizes of the standard Cls and subsampling Cls are reported in
Table 4.1. As predicted by the quantile graphs, the nominal 95% standard CIs and subsampling CIs
for ¢, B, and 7 all under-cover. The standard CIs for {;, 3, and 7 have asymptotic sizes of 74.0%,
73.2%, and 63.6%, respectively. Their counterparts for the subsampling Cls are 75.7%, 76.0%, and
90.1%, respectively. Finite-sample simulations confirm that these are good approximations to the

finite-sample coverage probabilities.

5 A New Robust Confidence Interval

When a larger critical value is needed under weak identification than under strong identification
and non-identification, as in the two examples above, both the standard CI and the subsampling
CI under-cover, sometimes severely. This motivates the introduction of a new CI that has correct
asymptotic size. The robust CI introduced here is particularly useful when both the standard CI
and subsampling CI fail. However, it remains valid when either of them has correct asymptotic

size.

5.1 Description of the Robust CI

The idea behind the robust CI is as follows. The finite-sample distribution of the test statistic
T, (0) depends on the identification strength of the model, which is characterized by the localization
parameter b. A larger critical value might be required under weak identification than under strong
identification. One way to deal with this problem is to construct a critical value that is large enough

for all identification situations, but this least favorable CI may be too large and not informative
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Figure 4.2: .95 Asymptotic Quantiles of the Test Statistics for Symmetric Two-sided Cls in Example
2 with Logistic Function: (I) CI for 5 and (II) CI for 7.

when the model is strongly identified.

The robust CI improves upon the least favorable CI by using a model-selection procedure to
choose the critical value. The idea is to use the data to determine whether b is finite. If b is
finite, i.e. 7 is weakly identified (or not identified), the least favorable critical value should be
employed to achieve correct asymptotic size. Otherwise, the standard critical value is used. This
model-selection procedure used to choose the critical value is analogous to the generalized moment
selection method in Andrews and Soares (2007).

The model-selection procedure is designed to choose between My : b € R and M : |[b] = oo.

The statistic used for the model selection takes the form
tn = |n1/25,/54| (5.1)

and ¢, is used to measure the degree of identification. Let {x, : n > 1} be a sequence of constants
that diverges to infinity as n — oo. We call k,, the tuning parameter. We select My if ¢, < K,
and select M; otherwise. Under My, t, = |[n'/2(3,, — B,)/Gs +n'?B, /55 = O, (1). Hence, we
can consistently select My provided the tuning parameter k, diverges to infinity. Suitable choices
of K, include (Inn)*/? and (2InInn)"? analogous to BIC and Hannan-Quinn information criteria,

respectively. The finite-sample behavior of these choices are compared by simulation.
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Following the model-selection procedure, the critical value for the robust CI is defined as

sup ¢, (1 —a), if t, < Ky
Ch(l—a)=1{ heH . (5.2)
COO<1*O‘)7 ift, > Ky

Note that if the supremum of ¢j, (1 — «) is attained at |b| = oo, the robust CI is equivalent to the
standard CI.

5.2 Construction Algorithm and Asymptotic Size Results

The algorithm to construct a robust CI in the simple model with one nonlinear regressor has
four steps: (1) Estimate the model by the standard LS estimator, yielding 5 and its standard error
o3. (2) Use the model-selection procedure to determine whether the model is weakly identified.
The model-selection statistic is defined in (5.1). If ¢, > K, the model is considered to be strongly
identified and the standard critical value is used, i.e. z;_,/p for a symmetric two-sided CI. If
t, < Ky, we conclude that § is in an n~1/2 neighborhood of 0 and 7 is weakly identified. In this
case, continue to step 3. (3) Simulate the 1—a quantile of the non-standard asymptotic distribution
derived in Theorem 3.1(a) for a given h. (4) Take the supremum of the critical value obtained in

step 3 over the parameter space of h. This is the critical value for the robust CI defined in (5.2).

Assumption R. x,, — oco.

Theorem 5.1 Suppose Assumptions 1, 2, 3a, 4a, and R hold. The nominal level 1 — « robust CI
satisfies AsyCS =1 — a.

Comment: Theorem 5.1 states that the robust CI has correct asymptotic size provided the tuning

parameter for model selection diverges to infinity with the sample size.

5.3 Simulations for the Robust CI

In this subsection, we first use simulation to demonstrate the finite-sample performance of the
robust CI and to compare different choices of the tuning parameter x,. Second, we explain the
good finite-sample performance of the robust CI by comparing the finite-sample quantiles of the
test statistics with the asymptotic quantiles simulated from the local limit theory. Finally, different

types of Cls are compared under various identification scenarios.

5.3.1 Finite-Sample Coverage Probability

The finite-sample sizes of the nominal 95% symmetric two-sided robust CIs in Example 1 and
Example 2 are reported in Table 5.1 on the following page. We report the robust Cls with the tuning
parameter k, being (In n)l/ 2 and (2Inln n)l/ % and label them with Robl and Rob2, respectively.
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Table 5.1: Finite-sample Sizes of Nominal 95% Symmetric Two-sided Robust CIs
Example 1. Box-Cox Function

Std n = 100 n = 250 n = 500
Robl Rob2 LF Robl Rob2 LF Robl Rob2 LF
(1 72.6 94.2 94.2 95.9 94.4 94.4 95.7 94.7 94.3 94.9
15} 52.9 93.4 92.7 96.4 93.5 924 96.0 93.2 92.0 95.1
s 94.5 94.3 94.3 94.6 94.4 94.4 94.7 94.8 94.8 95.1

Example 2. Logistic Smooth Transition Function

¢1 73.9 91.4 90.8 945 924 92.0 948 92.0 91.8 945
Ié; 73.3 91.9 89.6 945 92.8 90.9 949 92.5 90.6 94.6
m 63.6 88.7 86.4 925 91.4 89.0 93.9 92.5 89.9 94.2

Note: Std is short for standard CI. Its asymptotic size is listed here for comparison.

Robl and Rob2 are the robust CIs with &, being (In n)1/2 and (2Inlnn) 12 respectively.
LF is the “least favorable” CI obtained without model selection.

We also report finite-sample results for a CI whose critical value is given by the least favorable (LF)
asymptotic distribution. The LF CI does not employ the model-selection procedure and always
takes the critical value that the robust CI would choose when the model is weakly identified. With a
critical value large enough for all identification scenarios, the LF CI has slightly larger finite-sample
sizes than those of the robust Cls. However, the LF CI can be significantly longer than the robust
CI when the model is strongly identified.

In contrast to the standard CI and the subsampling CI, the robust CI has finite-sample size
close to the nominal level. In Example 1, the robust CI improves the finite-sample sizes for ¢; and
B when n = 100 from 75.1% and 53.7% to 94.2% and 93.4%, respectively. In Example 2, the robust
CI improves the finite-sample sizes when n = 250 from 73.6%, 73.1%, and 62.6% to 92.4%, 92.8%,
and 91.4%, respectively, for ¢y, 3, and .10

The choice of tuning parameter between (Inn)'/? and (2Inlnn)Y/? is a trade-off between the
size and length of the CI. As evident in Table 5.1, Robl has a larger finite-sample size than that of
Rob2. Hence, Robl is recommended if a good finite-sample size is the main focus, as is typically
the case. However, Rob2 has a shorter average length than that of Robl because of its smaller
tuning parameter. The length comparison is in Table 5.2 on page 20. Therefore, Rob2 might be

chosen if a short length is valued more than a large coverage probability.

5.3.2 Comparison of Asymptotic and Finite-sample Quantile Graphs

The robust CI out-performs the standard CI by a large margin because under weak identifica-
tion the local limit theory provides a good uniform approximation to the finite-sample distribution,

while the standard normal distribution does not. To illustrate this point, finite-sample and as-

0The comparison is between the standard CI and the robust CI with (In n)1/2 as the tuning parameter.
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Figure 5.1: .95 Finite-sample and Asymptotic Quantiles of the Test Statistics for the Symmetric

Two-sided CIs for 5 : (I) Example 1 with the Box-Cox Function and (II) Example 2 with the
Logistic Function.

ymptotic quantiles simulated from the local limit theory in Theorem 3.1 are presented in the same
figure for comparison. Figure 5.1 on the next page presents quantiles of the test statistics for the
symmetric two-sided Cls for 5. Because the true value of 7 affects the finite-sample and asymptotic
distributions, we fix 7y at 1.8 in Example 1 and at 4.8 in Example 2.'! The true value of 3 is
b/n'/? for the finite-sample simulations under different b values.

The finite-sample quantile, if used as the critical value, will lead to a CI with correct finite-sample
size. It is clear in Figure 5.1 that quantiles from the local limit theory are closer to the finite-sample
quantiles than quantiles from the standard asymptotic distribution are. This comparison explains

the improvement of the local-limit-theory-based robust CI upon the standard CI.

5.3.3 Comparison of Different Cls

Next we compare the lengths and coverage probabilities of the standard and robust CIs under
different true values of 8 that correspond to various strengths of identification. The purpose of
this comparison is twofold. First, under weak identification, i.e. small 3, the standard CI under-
covers and the robust CI has good finite-sample coverage probabilities. This conclusion is based on
comparing the finite-sample sizes of the standard CIs in Table 4.1 and those of the robust CIs in
Table 5.1. In Table 5.2 on the following page, we explicitly provide the values of 8 to demonstrate

the effect of identification strength. Second, we show that under strong identification the robust

T As shown in Figures 4.1 and 4.2, these are the 7 values that lead to the largest quantiles in most cases.
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Table 5.2: Finite-sample Length and Coverage Probabilities of Nominal 95%
Symmetric Two-sided Cls for 8 in Example 2 with the Logistic Function with Sample n = 250

Std Robl Rob2 LF
I3 L CpP L CP L CP L CP
0 0.15 91.0 0.58 96.6 0.54 91.0 0.59 100
0.05 0.17 73.3 0.61 96.9 0.53 94.3 0.65 100
0.10 0.20 82.9 0.58 94.4 0.45 93.6 0.77 96.5
0.20 0.23 93.7 0.29 95.9 0.25 95.0 0.87 98.7
0.40 0.23 95.1 0.23 95.1 0.23 95.1 0.89 100

Note: The explanations of Std, Robl, Rob2, and LF are the same as in Table 5.1.
L denotes the length of the CI.
CP denotes the minimal coverage probability over the parameter space of 7.

CI has similar length to that of the standard CI, both of which are much shorter than the LF CI
obtained without model selection.

The CIs reported in Table 5.1 are symmetric two-sided Cls constructed in the smooth transition
model in Example 2, with the true value of m being 4.8. The lengths and coverage probabilities
are both averages over 10,000 simulation repetitions with sample size n = 250. As shown in Table
5.2, the standard CI under-covers severely when § is 0.05 and 0.1, while the BIC-type robust CI
(Rob1) has coverage probabilities of 96.9% and 94.4%, respectively. Not surprisingly, the robust CI
is three and a half times as long as the standard CI when £ is 0.05 and almost three times as long
as the latter when 3 is 0.1. As [ gets larger, the robust CI and the standard CI get closer, both
in terms of lengths and coverage probabilities. When 3 is 0.2 and 0.4, the LF CI is significantly

longer than the robust CI and over-covers severely, manifesting the advantage of the robust CI.

6 General Model and Asymptotic Results

The general model defined in (2.1) allows for linear regressors as well as multiple nonlinear
regressors to characterize different nonlinear relationships. Including more nonlinear regressors
increases flexibility of the parametric nonlinear regression model. However, the asymptotic distrib-
utions of the LS estimators and test statistics are complicated in the general model. The reason is
that the nonlinear regressors may have different strengths of identification. Assuming all of them
are weakly identified leads to a very large CI that may not be informative. Thus, we aim to develop
a general local limit theory that allows for different strengths of identification for different non-
linear regressors. A model selection procedure is applied to determine which nonlinear regressors
involve weak identification. The difficulty raised by multiple strengths of identification is solved by

a sequential procedure introduced below.
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6.1 Asymptotic Distributions in a Model with Two Nonlinear Regressors

To understand the manner in which the results generalize from a model with one nonlinear re-
gressor to a model with multiple nonlinear regressors, it helps to introduce the sequential procedure

in a two-regressor model first. We do this in the present section. The model we consider here is
Y = g1 (Xi,m1) By + g2 (Xi, m2) B + Us, (6.1)

where 31, B € R, B = (B1,85)" and m = (w1, m2) . By introducing a second nonlinear regressor,
we can examine the effect of 3; on the asymptotic properties of 7o and 32. As in the simple one-
regressor model, we consider drifting sequences of true parameters ( - W;L)' , where 3,, = (B1,,, Ban)’
and 7, = (m1p, T2,)". The drifting sequences of true parameters are characterized by the localization

parameter

h = (b,mo)", where b = (by,b2), mo = (710, 720) , and

1/2 1/2
n28,, — b, /2By, — by, Tip — T10 , Mo — T20. (6.2)

The parameter space for his H = Rjo) X R[to0) X II1 X II2. Without loss of generality, we assume
that 3, converges to 0 slower than f,, or at the same rate. We further assume that the limit of
B,/ B, exists and call it A € R2.

Given results obtained in the last section, we expect that the asymptotic distributions of the
LS estimators depend on the magnitudes of both 3, and 8,, relative to n~/2. Thus, we need to
consider three cases: (I) Both 8;,, and B, are O(n~'/2). (IT) Both £;,, and f3,, are of larger orders
than O(n~'/2). (III) B, is of a larger order than O(n~/?) and By, is O(n~'/?). Intuitively, the
consistency of 7, depends on the strength of the signal from g; (X;, 7j,) 8 jn» Which is proportional

to 3, for j = 1 and 2. Hence, 71, should be consistent as long as (3, is big relative to n~1/2

, even
if 3,,, is small or even 0.

To develop this idea, we start with the concentrated sample criterion function @y, (71, 72) ob-
tained by concentrating out $; and (5. In case (I), we show that after proper re-centering and
re-scaling by n, the criterion function, indexed by (71, 72) , converges to a two-dimensional stochas-
tic process analogous to the rhs of Lemma 3.1(a). Such a generalization from the one-dimensional
case to the multiple-dimensional case can be carried out because the re-scaling parameter n does
not depend on (;, or (,,. However, in cases (II) and (III), we need to derive results similar to
Lemma 3.1(b), where either /3;,, or [y, is used as the re-scaling parameter.

To derive asymptotic results in cases (II) and (III), we need to view the minimization of the
sample criterion function @, (71, 72) in a sequential way. First, for any given mo, @y (71, 72) is
a function of ;. We write the criterion function when 79 is fixed as @, (7w1|72) and minimize

Qn (m1|m2) over II; to obtain 7 (m2), which depends on me. Then we plug 71 (m2) back into the
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criterion function @, (71, 72) and estimate w9 by minimizing @, (71 (72),m2) over Iy, yielding 7.
The LS estimator of (71, 7m2) is (71 (72),72) . Note that this sequential procedure is equivalent to
minimizing @, (7) over II.

Before analyzing the criterion function @, (71,72) sequentially, we first define some notation
that is useful for partitioned regression. Let go (m2) = (g92(X1,72), ..., g2(Xp, m2))’. Define an or-
thogonal projection and a population projection as My (w2) = I, —ga (72) (gg (m2)" g2 (772))_1 g2 (m2)
and py (71, 72) = (Eg% (Xi,7r2))_1 Egy (X;,m2) g1 (X;, m1), respectively. When focusing on 71, we
first project out gz (m2). The residuals after a population projection are written as g ; (w1|m2) =
g1 (Xi,m1) — g2 (X4, m2) pg (71, m2).

To characterize the random limits under weak identification, we let

S (m1,me,m1) = (S1(71), 52 (72) , Sx1 (1)) (6.3)

be a mean zero three-dimensional Gaussian process indexed by (71, w9, m1) with covariance kernel
Q(m;7) = EU?s (X,7) s(X;, ), where s(X;,m) = (g1 (X4, m1), 92 (Xi, 72) , gm1 (X, 71))" . Define

the functions

@ (m,7) = Eg(X;,m) g(Xi,7)", @1 (m1,7T1|m2) = Eg1,; (m1|m2) g1 (F1|m2),
@y (me) = Es(X;,m10,72) 8 (X, m10,m2) , Pos (72, T2) = Es (Xi, 710, 72) g2 (X4, 72) . (6.4)

Assumption 3b. Apin(® (7,7)) > ¢, &1 (71, m1|72) > €, P2 (72) > € Vmr € 1I for some € > 0.

Lemma 6.1 below establishes asymptotic properties of the concentrated sample criterion function
Qn (m1,m2). It is a generalization of Lemma 3.1. When 3, is of a smaller order than f3;,, and they
are not both O(n~1/2), we need to analyze Q, (w1, m2) sequentially. Specifically, Lemma 6.1(b)
provides the asymptotic distribution of @, (71|m2), where 7y is fixed, and Lemma 6.1(c) and (d)
provide the asymptotic distribution of @, (71 (72) ,m2) , where 7 (72) is the optimal value of 71 for
a given value of 7ma. Note that Lemma 6.1(c) and (d) are both sub-cases of Lemma 6.1(b). Lemma

6.1(a) and (e) are the two cases where we can analyze (), (7) in one step.

Lemma 6.1 Suppose Assumptions 1, 2, and 3b hold.

(a) When n'/?3, — b€ R?,

n (Qn(m) —n YY) = — (S (7) + @ (r,m) b)' @~ (m,7) (S () + @ (m,m0) b) ,
where S (7) = (S1 (71), 52 (m2))".

(b) When |n1/2ﬁ1n‘ — 00 and B, = 0(By,)
B2 (Qu(m1|ma) = n 1Y My (m9) Y) =, — @71 (1, m1|ma) D2 (1, m10|m2) uniformly over Iy x Il.

supmeHQ ‘7?1 (71'2) — 7T1n’ —>p 0.
(c) When ’nlﬂﬂln} — o0 and n'/?By, — by € R,
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n(@n (71 (m2) ,m2) =~ (Y = g1 (71) B1,) (V= g1 (m1n) Brn)) =
— (? (7T2) + (1)25 (71'2,71’20) bg)/ (I)EI (71'2) (?(7’(‘2) + (I)Qs (7T2, 7[‘20) b2) s where g(ﬂ'g) = g(ﬂ'lo,ﬂ'g,ﬂ'lo) .

(d) When |n1/261n‘ — 00, }n1/252n‘ — 00, and By, = 0(B1n)

B (Qn (F1 (m2) ,m2) = n™ 1 (Y — g1 (71n) Br) (Y — g1 (710) B1n)) —p
— B (1o, m20)’ @2_1 (ma) Pos (2, ma0) uniformly over Ils.

(e) When }ﬂ1/2,81n‘ — 00, 7’1,1/2,62”’ — 00, Bln =0 (ﬁQn) and /82TL =0 (ﬁln) )
B12 (Qu(r) — YY) = —A'® (r,70)' &1 (m, 7) @ (m,70) A, uniformly over L
where A = limy, o0 (8,,/B1n) -

Comments: 1. Lemma 6.1(a) shows that when both f,, and 3, are O (n‘1/2) , We can analyze
Qn (71, 72) in one step because its rate of convergence is n~!, independent of 3;,, or 35,. However,
when either of 3;, and f3,, is of a larger order than O(n~%/2), we need to analyze Q, (71, 72)
sequentially in order to get a non-degenerate limit. The non-degenerate limit is necessary for the
purpose of deriving consistency properties of 71, and Toy,.

2. In Lemma 6.1(b), 3, is of a larger order than f3,,,. As 79 is fixed, the asymptotic properties
of @y (m1|m2) depend on the signal strength from g; (X;,m1y) 81, which is determined by the
magnitude of 3y, relative to n~/2. Because f3,, is larger than O(n~Y2), @, (m1|r2) has a non-
random limit after re-scaling by /81_73, as in Lemma 3.1(b). For any fixed 72, this non-random limit
is uniquely minimized at 719 by the Cauchy-Schwarz inequality. As a result, 71 (72) is consistent
uniformly over IIy. The uniform consistency is obtained under the assumption that s, = 0(8;,,)-

3. Lemma 6.1(c) and (d) are both sub-cases of Lemma 6.1(b). When plugged into Q,, (71, 72),
71 (m2) becomes the second channel through which 79 enters the criterion function. This second
effect is taken into account by including g1 (X;,71) and g1 (X;,7m1) in the vector s (X;, 7). This
vector is a key element in defining the Gaussian processes S (71, 72, 71) and the function ®o, (72, 72).
Because of the uniform consistency of 71 (72), minimization of Q,, (71 (72) , m2) over Iy is analogous
to a problem with the nonlinear regressor gs (X;, m2) alone. Lemma 6.1(c) and (d) are comparable
to Lemma 3.1(a) and (b), respectively.

4. In Lemma 6.1(e), we analyze the criterion function in one step as in Lemma 6.1(a). The

same rate of convergence guarantees that all elements of A are finite and different from 0.

The next lemma provides asymptotic limits of the LS estimator 7,. They are obtained by

minimizing the concentrated sample criterion functions and their limits in Lemma 6.1.

Lemma 6.2 Suppose Assumptions 1, 2, and 3b hold.
(a) When n'/28, —bec R? 7, = 7 (h), where
7* (h) = argmin (—{S (1) + @ (7, m) ¥'® ! (7, 7) S (1) + ® (7, 70) b}).

mell

(b) When |n1/261n‘ — 00, Ty — T1p —p 0.
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(c) When ’nl/Qﬁln} — 00 and n'/?By, — by € R, To, = 75 (h), where
7T§ (h) = arg min (—{(g (7T2) + o, (7‘(‘2,71’20) b2)/ q);l (71‘2) (g (71'2) + ®o, (7‘(‘2,71'20) bg)})

mwo€lla

(d) When |n1/2ﬁln‘ — 00 and ‘n1/252n| — 00, Top — Top —p 0.

Comments: 1. Assumptions on uniqueness of 7* (h) and 75 (h) are presented in the next subsec-
tion in a general set-up.

2. When both ;,, and S, are O(n~'/2), neither 71, nor ma, can be estimated consistently.
Both of their LS estimators converge to random variables, whose asymptotic limits jointly minimize
the sample paths of a non-central chi-square process.

3. The consistency of 71, only depends on the magnitude of 5;,. It is not affected by the
magnitude of [y, or whether 7y, is consistent. This is consistent with the intuition obtained
from the simple model, in which we show that 7y, is consistent provided the the signal from
91 (X, 1) By, 18 stronger than the noise from the errors.

4. Lemma 6.2 (c) and (d) are sub-cases of Lemma 6.2 (b). Lemma 6.2(d) corresponds to both
Lemma 6.1(d) and (e). Although the criterion function has different asymptotic distributions in

these two cases, the LS estimator g, is consistent as long as 3y, is larger than O(n~1/2).

Lemma 6.2 provides conditions for consistency of 7, and its random limits in the absence of
consistency. Lemma 6.3 below derives the asymptotic distributions of the LS estimators Bn and
T, when they are consistent. The asymptotic covariance matrices G (7),V (7), and X () are the

same as in the simple case, with the adjustment that m; (7) = (g (X;,7)", g (X;, 7))

Assumption 4b. A\yin (G (7)) > ¢ V 7 € II for some € > 0.

Lemma 6.3 Suppose Assumptions 1, 2, 3b, and 4b hold.
(a) When n'/?8, — b e R?,

w1/ (B, = B,) = (7" (k) ), where 7 (m,h) = @~ (m,7) (S (7) + ® (7,70) ) — b.
(b) When |n1/261n‘ — o0 and n'/?By, — by € R,

’I’ll/2 Bln - /61n
n'/2 (B, — Boy = 79 (n5 (h),h), where
n2B1, (Fin — T1n)

7'2(7['2) = @51(772) (?(Wg)—f—q)gs(ﬂ'z,ﬂ'go)bg)—Lgbz andng(O,l,O)/.
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(c) When [n'/2By,| — 0o and [n'/?B,,| — oo,

nl/2 (Bn _ Bn)
28, Fip —m1m) | = N (0,2 (m0)).

n1/262n (%271 - 7r2n)

Comments: 1. When b is finite, the limit of n'/? (Bn — f3,,) is non-standard and is characterized
by the Gaussian process 7 (7, h) and the random variable 7* (h). This is the same as Lemma 3.4
generalized to a vector case.

2. In Lemma 6.3(b), for fixed g, (B; (m2) , By (m2), 71 (m2))" has an asymptotic normal distrib-
ution whose variance depends on . Due to the inconsistency of 7o, the asymptotic distribution of
(Bln, an, T1n)" is characterized by the three-dimensional Gaussian process 72 (72) and the random
variable 75 (k) , both of which are continuous functions of the Gaussian process S (m2). A special
case is when g9 (X;, m2) is uncorrelated with g; (X;,71) and gr1 (X, 71) for any 7w and mo. In this
situation, asymptotic distributions of Bm (m9) and 71, (72) do not depend on my. Therefore, Bm
and 71, have asymptotic normal distributions despite the non-standard behaviors of B2n and Top,.

3. Finally, if both b; and by are infinite, as in Lemma 6.3(c), all parameters can be estimated
consistently and have asymptotic normal distributions. As shown in the simple model, the rate

of convergence of 7, depends on (3,,, for j = 1 and 2. The general rule is that the faster j

Jns Jn

converges to 0 the slower is the convergence rate of 7jy,.

With two nonlinear regressors in the model, we find that Bln is always consistent but 7y, is
consistent if and only if 8y, is larger than O(n~/2). The asymptotic distribution of (Bln,?rln)
depends on the convergence rates of both 3, and (,,,. Analogous results apply to Bgn and Top,.

Lemmas 6.1 and 6.3 indicate whether we can analyze 71, and T2, together when deriving their
asymptotic properties. First, when both 5,,, and 3,,, are O (n_l/z) , we can always put 71 and 7o
together and generalize the asymptotic results obtained in the single-regressor model to the multi-
regressor model. Second, when only f,,, is O (n_l/ 2), the sequential procedure is needed because
T1n 18 consistent but 7oy, is inconsistent. Finally, if both §;,, and S35, are larger than O (nfl/ 2) , We
need the sequential procedure for consistency results if 3,, and 5, have different orders. However,
we can analyze their asymptotic distributions together because both 71, and 7o, have asymptotic
normal distributions. The convergence rate of 7, is proportional to Bj, for j =1 and 2. These
general rules will guide us in determining asymptotic results in a general model with an arbitrary
number of nonlinear regressors in addition to some linear regressors. For simplicity, we leave the
asymptotic distributions of the test statistics as special cases of the general results given in the

next subsection.
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6.2 Asymptotic Distributions in the General Model

We consider the general model including multiple nonlinear regressors as well as linear regressors

in the present section. The general model, discussed in (2.1) already, takes the form
Y, =9(X;,m)B+ Z(+ U fori=1,..,n, (6.5)

where g (X;, m) and (8 are both px 1 dimensional vectors. As in the simple model, we consider the as-
ymptotic distributions of the LS estimators and test statistics along drifting sequences (3}, 7, C,,)’

characterized by the localization parameter

h = (b,,ﬂ'lo)/, where n'/23, — b and m, — . (6.6)
The parameter space for h is H = Rfioo] x II, where Rﬁ:oo] = {(z1,...,xp) : ©; € RU {+£oo} for

j =1,...,p}. The finite-sample and asymptotic distributions of the test statistics are invariant to
Cpn- Let 3, denote the 4 element of 3,,. Without loss of generality, we also assume that the order
of 3, is larger than or equal to that of 3}, Vj < j'. In other words, 8; ,, = O(8;,,) Vj < j'.

Results obtained in the two-regressor model indicate that asymptotic properties of the LS
estimators depend on the magnitude of 3,,. Thus, we first group the coefficients 3; ,, for j = 1,..., p,
based on their orders. The grouping rule is summarized as follows. (1) All 3; , that are O(n=1/?%)
are put in the last group. (2) If Bjn > O(nil/ 2), the following rule applies: Vk < k/, parameters
in group k converge to 0 slower than those in group &’ and parameters in the same group converge
to 0 at the same rate. Hence, if 3; , is bounded away from 0, it is put in the first group.

Let &, be the p, dimensional sub-vector of 3, that represents the kth group. Suppose
Bin € &> Bjrn € oy and k < k. According to the grouping rule, 3, = o(8;,). Suppose
there are K groups in total and p; elements in each group for k£ = 1,..., K, then Zszl P =P
and 3, = (§’l’n,...,§'K7n)/. Here is an example to illustrate the grouping rule. Suppose 3, =
(1,14 n=1/3 2n=1/3 =12 n=1) The above grouping rule gives §in =18, = n=1/4, §an =
(n~1/3,2n71/3), and &, ,, = (n=1/2,n71).

Note that the group index k for 3, , is a property associated with the drifting sequence {B It
n =1,2,...} and therefore does not change with sample size n. Hence, we suppress the subscript n
unless it is used to denote the true values with sample size n. Let £ = (8y,, ..., 8 kpk)’ , where k1 to

kp, are the indexes of the elements of 3 that belong to the k" group. The parameters, parameter

spaces, regressors, and their derivatives associated with group k are written as

wk = (7Tk1, ...,’ﬂ'kpk)/, \I/k = Hkl X oo X Hkpk’
S Wr) = gk (M) s+ s Gy, (T )]s Fioe (W1) = [gnky (ki) 5+ Gk, (Thy, )], where
g9i (m5) = (g5 (X1,75) o, 95 (X, 7)) and grj(75) = (g (X1, 75), ooy 9 (X 75))'. (6.7)
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Employing the group set-up, we use &, ¥, and f () to replace 3, 7, and ¢ (-), respectively. Let
kn and ¥y, be the true values of £ and 1, when the sample size is n, and ¢y ; be the limit of
Yk, as n goes to infinity. We assume that the limit of &, ,, /B8y, ,, exists and call it Ay, € RP¥, where

By n is the first element of £ ,,. The localization parameter h defined in (6.6) is equivalent to

h = (t,mp), where b= (b],....b))", m0= (V0. Vi)
n/2¢). . — by and ¥y, — Py, for k=1,.., K. (6.8)

Note that according to the grouping rule, by, € {£oo} for k¥ < K and bxg € RPK U {too}. After

grouping, the model is written in matrix notation as

Y =2Z¢C+ fr(¥1) &+ o+ fr (Wg)Ex + U (6.9)

As in the two-regressor model, minimization of the concentrated sample criterion function @, ()
defined in (2.2) can be viewed in a sequential way. Define ¢ = (¢1,...,9(;_y)) and Py =
(wl(kﬂ), s ) Then m = (Y5, ) P4 ). Let 4by— ,, and 9+ ,, be the true values of 9;— and 9+
when the sample size is n, and ;- o and P+ g be the limits of ¢y ,, and ¢+ ,,. For fixed ¢+, the
sample criterion function @, () is indexed by (¢}—,%})" and now is written as Qn (V- , Yy |Vr+)-
Whenever ¢, and ¢+ are involved, they are omitted.

For k = 1, let 9, (¢¥1,) = argming cw, Qn(¢1|1+). For k& = 2, we plug ¥y (1h1+) into
Qu(Wy, Valtogr) and get 1y (yr) = argming,cw, Qn(Wy (g, ¥ar) , Uolthyr), where Py (y,15+)

is a second channel for 1, to enter the criterion function. Now the LS estimator of ¢; given
o+ becomes 1711 (Yor) = @1(1712 (19+) ,19+). Continuing the above procedure sequentially, we
get Py (Vy+) = argming, ew, Qn(Py— (Vg Yy ), Vg [y+), for k = 2 to k — 1, and finally ¢y =
argming _ew, Qn(Vx- (Vi) ,¢k). The last step is to plug ¥y back into ¢y (¢g+) for k = K —1
and sequentially obtain 171(1(,1) = @Z(Kfl)(@K), ...,@Abl = @1(1712, ...,@K). Note that this sequential
procedure is equivalent to minimizing @, (7) over II. For notational simplicity, @y, (¢ ) stands for
Qu(Wrc- (¥i) ;¥ c) hereafter.

Analogous to 1,— and v+, we define &, = (', &), ""f,(k—l))/ and &+ = (f'(kJrl), &%) Note
that we put ¢ in ;- in order to analyze ( in the first step during the above sequential procedure.

To analyze the criterion function sequentially, we also define

foe W) =12, f1 (1) s ) =)y Fror Wpt) = [fern) @ erny) s Fre (D)), (6.10)
For= =) = [for (1) Fo—1) =)y sk (D= V1) = [fr (W) s e (Vi) s Fyn— ()]

The linear regressor Z is put in fi— (¢,,— ), corresponding to ¢ in &;,—.
When focusing on 9, we fix 1,1 and project out fi+ (¥+ ) using M+ (¢+ ), where M+ (¢ +) =
M (fy+ (¥+)) and the function M (X) = I, — X (X’X)"' X is an orthogonal projection matrix
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for any X. Let the subscript i stands for the ith row of a matrix written as a column vector. The

corresponding population projection coefficient and the projection residual are

P+ (U= iy Ut ) = (B frr i (Wp) frr (¢k+)/)_lEfk+,i (Vp+) Skyi (Vg—, g |Yg+) and
Sk (V= Vilpr) = sk (V- ¥r) — frr (Vi) Pt (W= Vpos Vit ) - (6.11)

Define the functions

O (Vilvops) = B3 (Vi 00Vl pt ) 3hi (Vr- 00 Yltbpr ) and
Ppos (U, ViUt ) = Esii (Vg 00 Vil ) fri (Ek)/' (6.12)

Let S (Y-, Vi, Vi—) bea(q+ 2p — pr) dimensional Gaussian process indexed by (¢ -, ¥, Y- )

with covariance kernel

Q (¢K—»¢Ka¢K—;@K—»@KaEK—) = EU1‘25K,i (Vr-VK) SK,i (@K—,JK),~ (6.13)

For notational simplicity, we write S (¢ ) = S (Y- 0s Yres - o) -

Assumption 3c. Apin(P (Vp|tp+)) > eV Yy, € ¥y and ¢+ € Uyt for k =1,..., K, where U+ is

the parameter space for .+ .

Lemma 6.4 Suppose Assumptions 1, 2, and 3¢ hold.
(a) Fork=1,..,.K —1,

B,;ﬁn(Qn(@k— (Vs Vit ) s Ul ops) = Y = fam (V) €= ) Mipr (4) (V = frm (V=) Eb-m))
—p =D P (Vg Vi olrs) Bt (Urltops) Prs (Vg Vol ps) Dk

uniformly over Wi X Wy, where By, ,, is the first element of &y, ,,, {Lk, (Y1, Y+ ) is the LS estimator
Of wk— gien (wka wk"’); Ap = limy, o0 (gk,n/ﬁkl,n) € RPk.
(b) Fork=1,...K —1,

sup
Y+ €V 4

Dy () — Vi

—p 0.

(c) When Hnl/QﬁKmH — 00, the results in (a) and (b) also apply to k = K, with i+ omitted.
(d) When nl/sz’n — bg € RPK|

n (Qultbr) =n ™ (Y = fie (x-0) €)' (¥ = fic- (V- ) €x))

= — (S (Wk) + Prs (Vi, Vko) bK)/ O (V) (S (Vi) + Pres (Vs Vi) bic) -

Comments: 1. This is a generalization of Lemmas 3.1 and 6.1. The concentrated sample criterion

function Qn(@?}kf (Vry Yty ), Vi |tgr ) is defined by fixing 1.+ and taking Q,AZ),F at the optimal value

28



given 1, and ¥y+. When &, is larger than O(n~'/2), this sample criterion function has a non-
random limit after suitable re-centering and re-scaling, as in Lemma 3.1(b). The convergence rates
are different across groups, but they are all slower than n~!. Because A}, is finite and bounded away
from 0, the rhs of Lemma 6.4(a) is uniquely minimized at 1, ; according to a vector Cauchy-Schwarz
inequality. This leads to uniform consistency of @k (y+) over Wy,

2. If &g,y is O(n~1/?), the signal from fg (wKn) £k, 18 not stronger than the noise from
the errors. In consequence, @, (¢ ) converges to a non-central chi-square process after suitable

re-centering and re-scaling, as in Lemma 3.1(a), Lemma 6.1(a), and Lemma 6.1(c).

Let @ () ) denote the chi-square process on the rhs of Lemma 6.4(d). Assumption U below
ensures that the argmin function of Q(v ) is continuous. This assumption is verified in the simple

model by Lemma 3.2.

Assumption U. The sample paths of the non-central chi-square process @ ()5 ) have unique

minima over ¥ € Vg with probability one.

Lemma 6.5 Suppose Assumptions 1, 2, 3c, and U hold.
(a) When n1/2§K7n — bix € RPK,

Vkm = Vo —p OV S K =1, P, = Vi (h),
T = (@,17717 --.,@}m)’ = 7% (h), where

ic (1) = argmin Q () and w° (h) = (W0, ¥{sc 00 (1))

(b) When Hn1/2£KnH — 00, @Al)kn ~ Vg —p 0V k<K and T — m — 0.

The LS estimator QZ,W, for k < K, is always consistent because &, is larger than O(n~1/2)
V k < K. The consistency of 1/; k. depends on whether there exist any O(n~1/?) elements in
B,. If there is no O(n~1/2) element in f3,,, then 17} K. is consistent. Otherwise, @AZ) K. converges
in distribution to a random variable that minimizes the sample paths of a non-central chi-square
process, as in Lemma 3.3(a) and Lemma 6.2(a).

In the presence of the linear regressors, the covariance matrices G (7), V (7), and X (7) are the

same as in the simple model, with the adjustment that m; (7) = (Z, g9 (X;, )", g (X, 7r)')/.

Assumption 4c. A\pin (G (7)) > € Vr € 11 for some € > 0.

Lemma 6.6 Suppose Assumptions 1, 2, 3c, 4c, and U hold.
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(a) When n1/2§K7n — bix € RPK,

nl/?2 (EK—,n - fK—,n>
w2 (Exe — Excn) = 7 (¥} (h),h), where
n'/2D (fK*,n) <@K*,n - ¢K7n>
T (Y, h) = Ot (V) (S (Vi) + Pres (Vs Vi) b)) — Licbig,
D (EK—,n) = diag {gll,n""’gl(K—l),n} and g = (OPKX(‘H‘LD_I?K)’IPK7OPKx(p_pK))/'

(b) When Hnl/QfK’nH — 00,

nl/2 Zn _ Cn)
w12 (B, - 8,) = N (0,5 (x0)), where D (8,) = diag {83, }
n'2D (B,,) (Fn — mn)

Comments: 1. This is a generalization of Lemma 6.3. In Lemma 6.3(b), where (s, is O(n~'/2) but
B1, is not, 8, and B, play the roles of £~ and &y, respectively. When 1z cannot be consistently
estimated, as in Lemma 6.6(a), the asymptotic distribution involves the Gaussian process 7 (¢, h)
and the random variable ¥} (h). Note that ¢ is included in £~ by definition.

2. In Lemma 6.6(b), all parameters can be consistently estimated and have asymptotic normal
distributions. The convergence rate of 7;,, depends on 3, ,, as in Lemma 6.3(b). Note that X ()
is not the standard asymptotic covariance matrix of the LS estimator. It does not contain f3,,
to avoid the problem of singularity when some components of 3, converge to 0. When D (8,,) is
nonsingular as n goes to infinity, we can move D (/3,,) to the rhs of Lemma 6.6(b) and obtain the

standard asymptotic covariance matrix for the LS estimator.

6.3 Test Statistics in the General Model

To construct valid CSs in the general model, we first derive the asymptotic distributions of
various LS-based test statistics. We start with the loading coefficients p = (C' B )/, where ( is
the coefficient of the linear regressors and [ is the coefficient of the nonlinear regressors. We are
interested in CSs for some vector-valued linear combination of y given by Ry, where Risarx(p + q)
selector matrix of rank r. Let W), (1) be a test statistic for Hy : Ry = pup with sample size n. The
nominal level 1 — « confidence set (CS) for Ru is {pp : Wy (tg) < cnji—a(ptr)}, where cp1—a(pg)
is the critical value.

We use the Wald statistic of the form

~ —1
Wa (1) = (Rity = i) (RS0 Fo) R) (Rfi — 1) (6.14)
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where pp ,, is the true value with sample size n, iu (m) = Ruin (m) R, and R, = (Ip+45 O(pg)xp) -
The selector matrix R, is used to select the variance of 1, out of S, (Fn), which contains the
variance of 7,, as well. The matrix 3 u () used in W, (pp) is equivalent to the standard covariance
matrix even though 3, (7,) is not. The reason is that R,, does not select the non-standard part of
S (7). When the rank of R is 1, we can also use the t statistic for Ru. The t statistic takes the

form

7’Ll/2 Rﬁn — HRn
Tun (BRn) = A( L /2) : (6.15)
(RSu Fa) R)

To characterize the asymptotic distributions of Wy, (tp,,) and Ty (g.,) , we let 7, (5, h) be
a (p + q) dimensional sub-vector of 7 (1, h) that corresponds to p. It is defined as

Tu(Yre, h) = (Ip+q»0(p+q)X(p—pK)) T (YK, h), (6.16)

where 7 (1, h) is the (¢ + 2p — px ) dimensional Gaussian process defined in Lemma 6.6(a). Anal-
ogous to iu (m), we define ¥, (V) = R,E (V) RL, where X () =X (¢K*,07wK) )

Theorem 6.1 Suppose Assumptions 1, 2, 3c, 4c, and U hold.
(a) When nl/szjn — bg € RPK|

Wi (rn) = W @ (R),h), Tun (pgn) = Tu (W (h) ,h), where
W (g h) = 7 (Y, h) R (RS, (W) R) ™ Rry, (¥, h) and
T, (Y, h) = Rry (g, h) (RS, () R) 2.

(b) When Hnl/sz’nH — 00,
Wn (NR,n) = Xr and TIM’L (NR,n) =N (07 1) .

Comment: The Wald statistic W, (u R,n) has a chi-square distribution in the standard case. In
a non-standard situation, i.e. bx € R, its asymptotic distribution involves a chi-square process
and a random variable 7* (h). The asymptotic distribution of 7}, (g ,,) is a generalization of that
of Ts, (8,) in Theorem 3.1. The non-standard asymptotic distributions all depend on the finite

localization parameter h.

The next step is to derive asymptotic distributions of the test statistics for w. Different from
6 and ¢, m cannot always be estimated consistently. Even in the presence of consistency, the rate
of convergence is not always n~/2. Due to these non-standard features, we consider CSs for Tjmn
for j = 1,...,p, individually. In this case, CSs become Cls. Let R; be a row vector used to select

the j* element out of a column vector. For notational simplicity, we adjust R; to adapt to the
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dimension of the vector to be selected. The t statistic for 7; takes the form

Trin (M) =02 Fj — Tjn) /G (6.17)

~—

where o ; = (ijl7r (7Tn) R})Bjﬂi and 3, (1) = Ry, (7) R... The selector matrix Ry = (Opx (prq)+ Ip)
is used to select the variance of 7 out of ¥, (7,) and R; is used to select m; from the 7 vector.
Analogous to 3 (), we define £ (105) = ReX () R Note that Tx; , (7)) is equivalent to the
standard LS-based t statistic, although ijn is written separately from the rest of the covariance
matrix.

Let 7 (¥ g, h) and 75 (¢ g, h) be sub-vectors of 7 (¢x, h) that correspond to 7 and (3, respec-
tively. They are defined as

Tr (Y, h) = (0(p—pK)X(p+q),Ip—pK) T (Y, h) and
B (va h) = (Opxqv Ip,opx(p—pK)) T (QpKv h) + bk (618)

The Gaussian process 75 (¢, h) is needed to determine the asymptotic distribution of o j, which
depends on Bjn Note that we add bg to 75 (¢ i, h) because Bj’n is not centered in the definition

of o7 ;. Let ¥ o be the limit of ¢y, as n — oo,

Theorem 6.2 Suppose Assumptions 1, 2, 3c, 4c, and U hold.
(a) When n*/2¢y,, — bi € RPK,

Tﬂ'j,TL (Wj,n) = Tﬂ'j ("b;( (h) ) h) , where
Te, (e h) = Ryme (e h) (R Se (Ui) RS) % for j < p—prc, and
Tr, (U, h) = RiTg (Vg h) Ri—(ppre) (Vi — i) (RjEr (V) R;)_I/Q forj>p—pk.

(b) When Hn1/2§K7nH — 00,
Tryn (Tjn) = N (0,1) Vj = 1,..,p.

Comment: When nl/Qme — bxg € RPK_ the asymptotic distributions are non-standard due
to the inconsistency of @ K.n- Depending on whether 7; belongs to ¢y, we have two different
types of non-standard asymptotic distributions for Tr; » (7). When m; does not belong to 9,
which means |n1/ Qﬁj’n{ — o0 and 7;, is consistent, 7%, , (7;,) has an asymptotic distribution
analogous to that of 7}, , (,uRﬂ) in Theorem 6.1. On the other hand, when 7; belongs to 1,
Tjn is inconsistent. In this case, Tr; n (7j,) has an asymptotic distribution analogous to that of
T (77) in Theorem 3.1(a). In the definition of 15, (¥, h) for j > p — pr, the first R; selects
the limit of Bj,n from 73 (¢, h), the second R; corresponds to that in the definition of & ;, and

R;_(p—py) selects T, — mj0 from ¢ — Y .
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The non-standard asymptotic distributions derived in Theorems 6.1 and 6.2 provide good ap-
proximations to the finite-sample distributions of the test statistics under weak identification. Al-
lowing the number of elements of bx to vary from 0 to p, the local limit theory covers all identifica-
tion scenarios. For a given localization parameter h, quantiles can be simulated from the analytical

formulae in these theorems.

7 General Confidence Set

Applying the local limit theory derived in the last section, this section generalizes results on the
standard CI, subsampling CI, and robust CI in Sections 4 and 5 to the general model with multiple
nonlinear regressors and linear regressors.

We are interested in constructing a CS for some sub-vector of u = (8’,¢’)" denoted by Ry and
for ;. The asymptotic size of the CS is defined in (3.3) by replacing CI with CS. We first analyze
the asymptotic sizes of the standard CS and the subsampling CS. Then we construct a robust CS

with correct asymptotic size in the general model.

7.1 Standard Confidence Set and Subsampling Confidence Set

The critical value for a standard CS is obtained by assuming all parameters are strongly iden-
tified. The test statistic used for Ry is the Wald statistic W, (,LLR’TL). The standard critical value
for a nominal level 1 —a CS is x,. (1 — «) , which is the 1 — « quantile of the chi-square distribution
with 7 degree of freedom. The t statistics T}, , (u R,n) and Tr, n () are used to construct CSs for
Ry with r = 1 and for 7, respectively. When a t statistic is used, the standard critical value is a
quantile from the standard normal distribution.'? Using the general notation defined in Section 4,
the standard critical value is ¢ (1 — @) .

The subsampling critical values are the same as discussed in Section 4. With multiple nonlinear

regressors, the set LH defined in (4.1) is modified to

LH ={(l,h) e Hx H :1= (ly,m), h=(b,m), and for j = 1,...,p,
(i) le =0if |bj‘ < 00, (ii) lb,j S R+,oo if bj = 400, and (iii) le S R_,Oo if bj = —OO}, (71)

where b = (b1, ...,bp)" and I, = (lp1,...,lpp)". The idea of this adjustment is that the subsampling

localization parameter [, ; is closer to 0 than the full-sample localization parameter b;, but is not

related to bj for any j" # j.

Theorem 7.1 Suppose Assumptions 1, 2, 3c, 4c, and U hold. Then,
(a) AsyCS = infreg Jh(coo(1 — @)) for the standard CS and

12When a symmetric two-sided CI is constructed, the asymptotic distribution of the test statistic is the absolute
value of a random variable with standard normal distribution.
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(b) AsyCS = inf( pyerm Julc(l — a)) for the subsampling CS.

As in the simple model, the asymptotic sizes of the standard CS and subsampling CS can be
simulated with these explicit formulae. The non-standard asymptotic distributions Jj, are provided

in Theorems 6.1 and 6.2 for Ry and 7, respectively.

7.2 General Robust Confidence Set

Following the idea of the robust CI in Section 5, we choose the critical value for the robust
CS in a general model by a model-selection procedure. The model-selection procedure provides
two advantages to the general robust CS. First, it reduces the volume of the CS relative to the
least favorable CS when some nonlinear regressors are strongly identified. Second, it reduces the
optimization dimensions in the critical value simulation. The dimension reduction is made clear
below in the description of the critical value for the robust CS.

The model-selection procedure is used to determine whether 3, is close to 0, modelled as 3; =
O(n~1/2). Specifically, we choose between Mo : bj is finite and My : |b| = oo, for j = 1,...,p,
where b; is the limit of nl/ 2Bj’n as n goes to infinity.'® The statistic used for selecting between

My ; and M ; takes the form
tnvj = nl/zﬁn,j/aﬁ,j . (72)

Model My ; is selected if ¢, ; < Kk, and M; ; is selected otherwise. The statistic ¢, ; is O, (1) if
and only if b; € R. Hence, we can consistently select Mg ; provided that the tuning parameter «,
diverges to infinity.

We now define the critical value for the robust CS. Let b* = ( Tsoo b;)’, where b;'f = oo if My

is chosen, i.e. t,; > Kn.'* The critical value for the robust CS is

Cn (1 —a) = sup cp+ (1 — ), where h* = (b*, 7). (7.3)
h*eH

Note that if the model-selection procedure suggests |bj| = o0 V j =1,...,p, ¢, (1 — a) is equivalent
to the standard critical value co (1 — ). When p = 1, the definition of ¢, (1 — ) is equivalent
to that in (5.2). By applying the model-selection procedure, we use the data to determine which
nonlinear regressors are weakly identified. On the one hand, the critical value we choose is large
enough to cover the weak identification suggested by the data. On the other hand, the critical
value is not unnecessarily large by setting 0} equal to co when the data suggests that B; is large

and 7; is strongly identified.

13Tn this section, we use the scalar b; to denote the limit of nl/zﬁj,n for j = 1,...,p. This is different from, but
closely related to, the vector by, for k = 1, ..., K, defined in (3.4) . In (3.4), by is the limit of n1/2§k, which is a group of
B; with the same rate of convergence. Here we recycle the notation b; to reflect that it is the localization parameter
corresponding to f3;.

M Qetting b7 = oo and —oo leads to the same result because both correspond to strong identification. Hence, we do
not distinguish them here.
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The algorithm to construct a robust CS in the general model has four steps: (1) Estimate the
general model (2.1) by the LS estimator, yielding Bj and its standard error o ;, for j = 1,...,p. (2)
Use the model-selection procedure to determine the weak-identification group. The statistics for
model selection are constructed according to (7.2). If ¢, ; < Ky, 8; isin a n~1/2 neighborhood of 0
and ; is taken to be weakly identified. Hence, 3; € {)x and 7; € ¥, according to the grouping
rule described in Section 6.2. Otherwise, 3; and 1; are not in the weak-identification group. (3)
Simulate the 1 — o quantile of the non-standard asymptotic distributions derived in Theorems 6.1
and 6.2 for given bx and mq. In this step, one uses the knowledge of £, and 1, obtained from the
model-selection procedure. (4) Take the supremum of the critical value cp+ (1 — ) obtained in step
3 over h* € H, as defined in (7.3). This is the critical value for the robust CS.

The following theorem states that the robust CS constructed above has corrected asymptotic
size provided the tuning parameter , for the model-selection procedure diverges to infinity with

the sample size.

Theorem 7.2 Suppose Assumptions 1, 2, 3¢, 4¢, U, and R hold. The nominal level 1 — a robust
CS satisfies AsyCS =1 — a.

8 Conclusion

This paper develops a robust inference method under weak identification, focussing on con-
structing Cls in a nonlinear regression model. Under general conditions, we show that the new
robust CI has correct asymptotic size while the standard CI and the subsampling CI are prone to
severe size distortions. We develop a local limit theory under sequences of parameters that drift to
the non-identification point(s). We start with the asymptotic distribution of the sample criterion
function and develop consistency, rates of convergence, and inference results for LS estimators and
LS-based test statistics. Under weak identification, non-standard asymptotic distributions based
on the local limit theory provide good uniform approximations to the finite-sample distributions of
the test statistics. Thus, the robust CI based on the local limit theory has finite-sample coverage
probability close to the nominal level, as demonstrated by simulation results. We use a model se-
lection procedure to shorten the robust CI under strong identification and to simplify critical value
simulation in a general model with multiple nonlinear regressors. A sequential procedure is used
to deal with multiple strengths of identification in the general model. Although the paper focuses
on LS-based ClIs in a nonlinear regression model, the empirical process method used to analyze the
sample criterion function and test statistics can be applied to other criterion-based estimators in a
general weak identification set-up. This is work in progress by Andrews and Cheng.

There are several directions for further work. First, we are interested in a Bonferonni CI that
will reduce the non-similarity of the robust CI while keeping the correct asymptotic size. Second,

instead of making a sharp switch between the standard critical value and the least favorable critical
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value based on the model selection result, we can use a weighted average of them. Some practical
averaging methods were proposed in Andrews and Soares (2007) and Andrews and Jia (2008) in a
model with moment inequalities. Optimal weights can be developed based on Hansen (2007) using
model averaging methods. Third, we can construct the generalized method of moments (GMM)
ClIs to deal with endogeneity. We can further relax the smoothness assumption to allow kinks in
the nonlinear functions. Fourth, the methods developed here can be generalized to a time series
set-up and applied to nonlinear time-series models, such as the widely used smooth transition

autoregressive model and the threshold model.
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Appendix

A Proofs for the Simple Model with One Nonlinear Regressor
The following Lemma provides uniform convergence results that are used in the sequel.

Lemma A.1 Suppose Assumptions 1 and 2 hold.

(@) =13 my (1) my (7)) —p Emy (7)) my (7)" uniformly over I x I1.

(b) When n'/?8, — b € R, n 321, @ (n)* m; (1) my (7)) —, V (x) uniformly over T and
S, (7) —p 2 (m) uniformly over II.

In part (a), (b), and (c), the rhs are all uniformly continuous in the parameters.

Let Sy, (7) = n~ /23" | Uim; (). Next lemma shows weak convergence of the empirical process
Sy (7). The weak convergence result is used in derivation of asymptotic theory on the sample
criterion function. Note that S, (1) = n~Y23"" | U;g (X;,7) is a sub-vector of S, (7). Hence,
weak convergence of Sy, () implies that of S, (7).

Lemma A.2 Suppose Assumptions 1 and 2 hold. Then, Sn (1) = S (r), where S () is a mean
zero Gaussian process with covariance kernel Q (7,7) = Eo? (X;) m; (1) m; (%)

Lemma A.3 below provides asymptotic results on the LS estimator of 8 when 7 is fixed. This
result is used in the Proof of Lemma 3.1.

Lemma A.3 Suppose Assumptions/\l, 2, and 3c hold.
(a) When n'/?8,, — b e R,Anl/QB(Tr) = & (7, 7m) (S (7) + @ (m,m0)b).
(b) When [n1/23,| — oo, B()/B, = @~ (x,7) ® (x,70).

Proof of Lemma A.3.
(a) Given 7, the LS estimator of 3 is

B(m) = (9(X, ) g(X,m) " (9(X,n)Y)
= (g(X,m) g(X,m) " (¢g(X,m)' U +g(X,m) g(X,m)B,)- (A.1)

Applying Lemma A.1 and Lemma A.2, we have
n2B(r) = (079 (X,m) g (X,m) 7 (0720 (X, ) U + g (X,7) g (X, ma) 028, )
= & (7, 7) (S (1) + ® (7, m) ). (A.2)
(b) When f,, converges to 0 slower than n=/2 (or is bounded away from 0),
B(m)/8, = (g (X,m) g (X,m) ™ ((n7 29 (X,m) U) / (n!/28,) +n72g (X, 1) g (X, 70))
— 5 & (1, 7) @ (7, 70) - (A.3)

uniformly over II. The convergence in probability holds by Lemma A.1, Lemma A.2, and ‘nl/ 2 /611‘ —
00.

Proof of Lemma 3.1.
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(a) Given m, the LS residual is U (m) =Y —g(X,m) 3 (). The concentrated sample criterion
function is
155 (N T —1 3 ! 3
Qu(m) = n 10 () T (m) =0 (Y = g(X,m) B(m)) (Y =g (X,m) B(m)

=0 Y'Y — (0l (X, 1) g (X, 1) B (x). (A.4)

When n'/23, — b € R, we have

n (Qn(ﬂ') — n_lY'Y) = — (n_lg (X,m) g(X, 7T)) (nl/QB (7?))2

= —& (1) (S (7) + P (m,m0) b)?, (A.5)

where the weak convergence holds by Lemma A.3(a).
(b) When }nl/Qﬁn} — 00, (A.4) gives

~ 2
52 (Qulm) —n YY) = (7 g (X, 1) g (X,m) (B () /8,)" —p @7 (m,0) @ (m,m0)  (A6)
uniformly over II. The uniform convergence in probability holds by Lemma A.3(b). O

Proof of Lemma 3.2.

Define the Gaussian process Z (7) = ® Y2 (x) (S (7) + ® (7,m0)b). A sample path of the
chi-square process Z (7T)2 can only achieve its supremum where Z (7) achieves its supremum or
infimum. Hence, we just need to show that with probability one, no sample path of Z (7) achieves
its supremum or infimum at two distinct points, and no sample has supremum and infimum with
the same absolute value. According to Kim and Pollard (1990) (hereafter KP), if

Var (q>—1/2 (1) S (m1) — @~ Y2 (1) S (m)) £0, Yy # 7, (A7)

no sample path of Z (7) can achieve its supremum at two distinct points of IT with probability one.
Applying this result, we know that under the same condition, no sample path of Z (7) achieves
its infimum at two distinct points of II with probability one. It only remains to show that with
probability one, no sample path of Z (7) has supremum equal to the opposite value of its infimum.
To this end, we also need

Var ((I>_1/2 (m1) S (m1) + D72 (19) S (7r2)) #0, Vmy # 7a. (A.8)

We first show that (A.7) and (A.8) are implied by Assumption 2(c). Suppose (A.7) is not satis-
fied, so that Var (<I>_1/2 (m1) S (m1) — @ V2 (m3) S (m2)) = 0, for some 71 # m2.Then Corr(S (m1),
S (m2)) = 1, which implies that g (X;,71) = kg (X;,m2) a.s. for some k > 0. This contradicts
Assumption 2(c). We can show (A.8) analogously.

Next we show that under (A.8), no sample path of Z (7) has supremum equal to the oppo-
site value of its infimum. The argument is analogous to that in Lemma 2.6 of KP. For each pair
of distinct points my and 1, instead of taking supremum of Z () over neighborhoods Ny of g
and N7 of m; as in KP, we take supremum of Z (7) over Ny and supremum of —Z () over Nj.
Using the notations in KP, the covariance of Z (7o) and —Z (m1) is —H (mp,m1). Under (A.8),
—H (mp, 1) cannot be equal to both H (mg, m) and H (71, 71) . Suppose H (mg, mo) > —H (7o, 71),
we get h(mg) =1 > —h(m1), where h (7) is defined to be H (w1, m9) /H (7o, 7o) as in KP. The rest
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of the proof is the same as that in KP, but we change 38, and I'1 (s) to 8y = sup,cn, (—h (7))
and I'1 (s) = supgepn, (=Y (7) — h(7)s). This leads to the desired result P{sup,cy, Z (7) =

Supren, (—Z (1)} = 0. O

Proof of Lemma 3.3.

(a) When n'/23, — b € R, we have shown the weak convergence of Q,, () in Lemma 3.1(a). Let
7, minimize n(Qn(7) —n "1 3" Y'Y) up to o, (1) . By Lemma 3.2, 7*(h) uniquely minimizes the
rhs of Lemma 3.1(a), whose sample paths are continuous with probability one and the parameter
space II is compact. We appeal to Theorem 3.2.2 (the argmax CMT) of van de Vaart and Wellner
(1996, p.286) and get 7, = 7*(h).

(b) By Cauchy-Schwarz inequality, w19 = argmingern (=@ (7, 7) ®2 (7, 7)) under Assump-
tion 2. Hence, 7, — m, = (7, — mo) — (mp, — m0) = 0, (1). O

Proof of Lemma 3.4.

(a)

(b) Next, we derive the asymptotic distribution in Lemma 3.4(b). Consistency of 7,, is obtained
in Lemma 3.3(b). The next is to show that Bn is also consistent. For any fixed T, \B (m) — B, =
18, ]B(ﬂ)/ﬁn — 1]. Plugging in the consistent estimator 7, and applying (A.3), we have \Bn -6, =

Let 6 = (5, )' 15 Assume the LS estimator 0, = (ﬁn,ﬂn) satisfies 8Qn( )00 = o, (n _1/2) .
Mean value expansions of 0Q, (6 n) /06 about 0, yields

_ 0Qn(0,)  0Qn (0,) . 0°Qn (65
1/2y _ _ _
wn ) = 5 = T ag T od00 <0” 0"> ’

(A.9)

where 67 lies between 6, and 6,, (and, hence, satisfies 07 — 6, —p 0). Define a weighting matrix
D (B) = Diag {1, B} and D,, = Diag {1, 5, }. Equation (A.9) implies

~ 1 ,02Qn(0%) .\ [ 1 __ 9Q, (6,)
1/2 — — (Zp 12 xn\"n/ /-1 _ - p-1,1/28%n \Fn)
n'<D, <0n 9n> <2Dn 2000 D, ) ( 2Dn n 50 ) +op,(1). (A.10)

The first and second order derivatives take the form

0Qn (0) IR |
50 = —2D (B) (n IZUZ () m; (9)) and

8;29”8((;) — ( —1ZU ) Mae Xz,@)) +2D (B ( 1Zm Xi,m)ym (X;, ) ) D (8), where

Ui (0) =Y; — g(X;,m) B and mgp (X;,0) = < s ()%m) gf:(())éi::))/@ ) : (A.11)

By Lemma A.1, the first order derivative in (A.10) is

—1Dn1nl/28Qgé9") =n"12Y " Uim, (1) + 0, (1) = N (0, V (m0)). (A.12)

i=1

5Note that @ is used for a different purpose in the defnition of T}, () in Section 4.1 and Section 7. In T,, (6) , @
represents the parameter of interest in general.
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The second order derivative in (A.10) is

8*Qn (07,) e
i 17” 1_ -1 (% A
D 0980/ n n Z my; (ﬂ-n) m; (ﬂ-n>

- ( ’IZU ) Mgy XZ,GR)) D7t +0,(1) = G (o), (A.13)

where the convergence in probability holds by Lemma A.1. It remains to show that

— ( 712[] mgg XZ,HH)> nlzop(l). (A.14)

Note that

n

0=ty Ui (0) gn (Xiymy) /By =07 Y (Ui + g (Xiyma) By — 9 (Xiy ) B3) g (Xiy ) /B,
=1

i=1

- (wz > Uigs (Xi, ﬂ;)) [ (n'28,) + 07t Y g (Xi, ) g (Xiu3)

=1 i=1

_129 0 Gr (Xi ) (B3/B4) = 0, (A.15)

where the convergence in probability holds by weak convergence of S, (), uniform convergence of
n~ 3 g(Xi,m) gr (Xiym), and 8% /B, = 1+ o0, (1) obtained from B,/B, =1+ op (1) based on
Lemma A.3(b). Finally, we can show that n=1 31" | U; (6%) gx (X;, 7)) 85 /B2 = 0, (1) in the same
way as in (A4.15).

Plugging (A.12) and (A.13) into (A.10), we get the desired result. O

Proof of Theorem 3.1.
(a) When n'/23, — b € R, we have

nl/2 </’3‘n (r) — 5n> nl/QB () (m — 7p)
(in (W)11>1/2 (f]n (W)gz)l/z

using uniform convergence of 3, (m) to X (m) together with Lemma A.3(a). Applying the same
argument as in the proof of Lemma 3.4, we plug 7, into the empirical processes on the lhs of
(A.16) and plug 7* into the Gaussian processes on the rhs. This lead to T, = T (7* (h), h) and
T = T (7% (h) , h).

(b) When }nlﬂﬂn} — 00, the results in part (b) are directly implied by Theorem 3.4(b). O

= Tp (7, h) and = Tx (m, h), (A.16)

Next we prove Lemma A.1 and Lemma A.2 stated at the beginning of this subsection.

Proof of Lemma A.1.

To prove the uniform convergence and uniform continuity results in part (a) and (b), we in-
voke Theorem 4 and Lemma 4(a) of Andrews (1992), which state that when {X; : i > 1} are
identically distributed, sup,¢.|[n™ ' 3" ; ¢ (Xi,7) — Eq(X;,7)| —p 0 and Eq(X;,7) is continuous
in 7 uniformly over ¢ if (i) ¢ is compact, (ii) ¢ (X;,7) is continuous in 7 V7 € ¢, VX; € X, (iii)
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Esup, e |lq(Xi,7)| < oo, and (iv) n ™ Y | ¢ (X;,7) —p Eq (X, 7) pointwise for all 7 € ¢. Condi-
tion (i) is always satisfied because the parameter space is a compact Euclidean space. Now we shall
verify conditions (ii), (iii), and (iv) in different contexts with various functional forms of ¢ (X;, 7).

In part (a), the uniform convergence is applied to q (X;, 7, %) = m; (1) m; (7)'. Conditions (ii)
and (iii) are satisfied by Assumptions 2. Condition (iv) is satisfied by the WLLN and condition
(iii) with 4.7.d. data.

To prove part (b), note that U; (1) = U; + g (X;,7) B8, — g (Xi,7) B (x) , where §,, and 3 ()
are both oy, (1) uniformly over II. Then

n

71ZU w)me(m) =0t S U () m () +

=1

1ZU( (Xis ) B — 9 (X3, m) B (x) ) m () my () +

! Z (9% 7) B, — 9 (X ) B () i () mi (2 =, V() (A17)

uniformly over II, because the second term and the third term on the rhs of the equality are both
0p (1) uniformly over II. In the last step of (A.17), we use the same argument as in parts (a) by
setting q (X;,7) = U2m; (m) m; (x)". The uniform convergence and continuity of G () and V ()
together with Assumption 4a lead to uniform convergence and continuity of ¥ () over II. O

Proof of Lemma A.2. To show weak convergence of the empirical process S, (7), we use the
proposition in Andrews (1994, p.2251). Because the parameter space II is compact, it is remaining
to show that S, () is stochastic equicontinuous and the finite dimensional convergence holds. First,
we show the stochastic equicontinuity of S, (7). To this end, we appeal to example 3 of Andrews
(1994), which states that a sufficient condition for the stochastic equicontinuity of Sy, () is that
g (X, m) is differentiable wrt m and

Esup ||Uigr (X, m)|| < oo and E sup ||U;grr (X, 7)|| < 00. (A.18)
mell mell

This sufficient condition is satisfied because EU? < 0o, F sup ¢y gfrj (X4, 7)) < 00, and Esup,cp
gfmj (X;,mj) < oo for j = 1 and 2 by Assumption 2. Because U;m; (7) is i.i.d. for any given
m, the multivariate CLT establishes the finite dimensional convergence with the covariance kernel

Q(m,7) = E (m; () m; (1) 0 (X;)) . O

B Proofs for the General Model
with Multiple Nonlinear Regressors

Results in a two-regressor model discussed in Section 6.1 are special cases of those in Section
6.2. In this subsection, we first prove the general results in Section 6.2 and then discuss the
corresponding results in Section 6.1 as special cases. Proofs of Lemmas 6.1, 6.2, and 6.3 follow
those of Lemmas 6.4, 6.5, and B.1, respectively.

Lemma B.1 Suppose Assumptions 1 and 2 hold.
(@) n= 130 my () my (F) —p Emy (7) my (7) uniformly over T1 x T1.
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o (b) nltsy, (lbk—awk)/Mlﬁ (Vpt) Sk(yk—,%) Hpigk(wk—ywhik‘wk*') uniformly over (T/Jﬁ—ﬂ/%,
Vpy g+ ) € Wpm X Wp X Wy x W, where (Y-, Yy, Vplthp+) = Bk (Y, Viltops) Ski(Wn- Ylvn+)"
(c) When n'/?¢y,, — bx € RPx n=1 30 | U (Wx)*mi (V) mi (V) —p V(Y- 0, V) uni-

formly over ¥ and in({/;[{ (WK), Vi) —p 2 (W) uniformly over Wi, where U; (W) is the ith

o~

row of U (W) = Y — ZC () — fr- (Wi W)k W) — fi (i) €k (Wx) and m; () =
mi(wK* WK) 71/}K)‘

In part (a), (b), and (c), the rhs are all uniformly continuous in the parameters.

Comment: Note that ®p (V- o, Vs, Vrltp+) = Pr(y, Ygltbg+ ). Hence, when ¢y, (g |thy+) is
plugged into the lhs of part (b) and converges to ;.- o uniformly over Uy x W+, the asymptotic

limit in part (b) becomes @y (Y, Vr|10+ ).

The next Lemma is a generalization of Lemma A.2. Let S, (1) = n= Y231 Uym; ().

al

Lemma B.2 Suppose Assumption 1 and 2 holds. Then S, (z) = S (), where S () is a mean
7)m; (7).

Comment: Note that S, (1) = n Y2sg (Y-, ) U is a sub-vector of S, (7). Thus, weak
convergence of S, (7) implies weak convergence of S,, ().

zero Gaussian process with covariance kernel Q (m,7) = EU2m; (

Lemma B.3 Suppose Assumptions 1, 2, 3¢, and 4c hold.
(a) For k=1,..., K, when \nl/%k\ — 00,

G- (Wrltnr) = i
51;11,11 ék ALY —p @1 (WUl Ut) Prs (Vg Vol tps ) Ak
D (&k-) (D1 (Wrlone) = v )

uniformly over Uy, x Wyt where Ay =1limy, o0 (E51/Bryn) -
(b) When ||n'/%¢, || — bk € RP,

Ex- (YK) = Ex-m
nl/? fAK (Yk) = & (V) (S (V) + Pres (Yo, Vo) bic) -
D (k- .) (d’K* (VYK) — ¢K,n>

Comment: 1. A sequential procedure from & = 1 to K is employed in the proofs of Lemma B.3
and Lemma 6.4. Specifically, we first prove Lemma B.3(a) for £ = 1, which is then used to show
Lemma 6.4(a) for £ = 1. Lemma 6.4(a) for £ = 1 can in turn be used in the proof of B.3(a) for
k = 2, and so on.

2. Lemma A.3 is a special case of Lemma B.3 when k = 1, p; = 1. The special case of Lemma
B.3 with two nonlinear regressors is presented in Corollary B.1 below.

Corollary B.1 Suppose Assumptions 1, 2, 3¢, and 4c hold.
(a) When n'/28,, — b e R? n'/?3(x) = & (x,7) (S (m) + @ (m,m0)b).

(b) When |[n'/2p,,| — oo and Ba, = 0(B1,), B, Br(milma) —p @1 (wi|me) @1 (1, m10lm2)
uniformly over I1y x Il,.
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(c) When ‘nlmﬁln‘ — 00 and n/?By, — by € R,

By (m2) = Bun B
n'/? By () = 5" () (S (m2) + Doy (2, 720)b2)
B1n (71 (m2) — T1n)

(d) When ‘nlﬂﬁln‘ — 00, ‘nlﬂﬁgn{ — 00, and By, = 0(B1n)

Bl (172) - Bln

Baon By (m2) —p B3 (m2) Pas (w2, 720)
B1n (71 (T2) — T1n)

uniformly over Ils.
(e) When ‘n1/251n| — 00, ’n1/252n| — 00, /82n =0 (ﬁln) , and ﬁln =0 (ﬁZn) ’
BraB(m) = &~ (m,7) @ (7, m0) A.

Comment: Part (a) is an application of Lemma B.3(b) with K = 1, where K is the number of
groups we defined in Section 6.2. Part (b) is an application of Lemma B.3(a) on 8; when K = 2.
Both (c) and (d) are sub-cases of (b). Part (c) is an application of Lemma B.3(b) on 5 and part
(d) is an application of Lemma B.3(a) on . Finally, part (e) corresponds to the case K =1 but
f is larger than O(n~/2). It is an application of Lemma B.3(a).

Proof of Lemma B.3.

(a) In the proof of Lemma B.3, we start with £ = 1 and establish the results sequentially for
k=2,..,K.

When k = 1, ¢+ is fixed. We estimate g; = (C’,f’l)/ by partitioned regression for given 1y,
yielding

D1([1+) = (51 (1) Mys ($y1) 51 (1)) (51 (1) Mys (¢14)Y)
= (nYs1 (1) Mays (14) 51 (1)) (07 Vsn () Mys (1) U+
n sy (7/11)/M1+ (¥1+) (31 (Y1) 010 + f1+ (¢1+,n) §1+,n)) ) (B.1)

where sy (1) = [Z, f1 (11)] by definition in (6.10). Let g,, = (¢},,0;,)". Subtracting both sides of
(B.1) by gy, and dividing both sides by /3y, ,,, which is the first element of ¢, ,,, we get

ﬁfll,n @1 (1/’1|¢1+) - bln) = (I)fl (¢1W11+) P15 (¢177/)10‘1/11+) Ay, (B-Q)

uniformly over Wy x Wy+, where Ay = lim,, 0 ﬁi{ngln € RP'. In (B.2), the convergence in prob-

ability holds by Lemma B.1, Lemma B.2, [n!/28; | — oo, and &+, = 0(B4,,). With (B.2),
Lemma 6.4(a), (b) for k = 1 can be established. For details, see proof of Lemma 6.4. Lemma 6.4(b)
provides uniform consistency of ¢y (¢1+) over Wi+,

For notational simplicity, we write 8y (B ($e+ ) B (¥ict) [$e+) 25 By (byer). Plugging B (91+)
into the lhs of (B.2) and subtracting both sides by (0f,&3,,)’, we have

/Bl_ll,n (01(¥1l1h1+) = 010) —p 0. (B.3)

Hence, 9 (¢1+) is uniformly consistent over ¥+ .
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We have established Lemma B.3(a) for £ = 1 already. The proof will be complete if the argument
can be extended from k — 1 to k, V k = 2,..., K. Next, we prove Lemma B.3(a) for k, assuming
that we have got the result for k — 1. Let g, = (¢, €1, ..., f%)/. Suppose the step for & — 1 provides

uniform consistency of /Q\(k_l)(l/J(k_l)+) and @(k—l)(¢(k_1)+) over ¥, _;\+. Note that we have done
so for k = 2 by showing uniform consistency of 9; (¢;+) and fbl (q1+) .

We first need to show uniform consistency of 9y, (¥|1)+) uniformly over ¥y x ¥, before ana-
lyzing the concentrated sample criterion function. Note that 0 (¥ [¢+) = (Q—1) (g, Yi+)

gk (¥plbr+)). To show the uniform consistency of 9y, (¢x|1+), we only need to show it for
i (Viltp+ ), as the consistency of 0,1y (¥, i+ ) is already established in the step for k — 1. Note

that &, (¥p|t,+) is the LS estimator of £, when ¢, and 1+ are fixed and ¢y, is Ve (Vg ) -
To use partitioned regression for & (¢,|¢,+), define

My, (Vg Yp+) = M <ffk (@k* (g, Yp+) ﬂﬁ;ﬁ)) , where
M(X)=1,—-X (X/X)il X" and f_p (Vp—, Y+ ) = [fo- (=) fror (p)]- (B.4)

By partitioned regression,

& Wplvoes) = (fir () Mg Gy ) f (00)) ™ (fie (03) Mg (3, 8011) Y)

= (n7 i (V) M_g (Vg Vp) i (wk))_l X [0 fi () Mg, (g ) e (Vrn) &k +
n e () Moy (g, V) (Fre (V=) Ean + frt (pt ) Epton) +
0 (e () Mg (¢, g ) U] (B.5)

Now we analyze the four terms in the rhs of (B.5) using Lemma B.1 and Lemma B.2. The first
term is Op (1) by expanding M_j (¢, v;+) and applying Lemma B.1(a). The second term is
op (1) because &, is o, (1). The third term is o, (1) by uniform convergence of @Abk_ (Vs Vit ) s
differentiability of fi- (¢) wrt to ¢y, the moment condition the first order derivative, and the fact

that M_ (g, ¥y+) is orthogonal to fi— (V- (¥g, ¥p+)) and fi+ (Yy+ ,,). Finally, the last term is
0p (1) by expanding M_j, (¢, 9+) and applying Lemma B.2. Because &, is o, (1) for k > 1, we

have (€, (1|t ) — &kl = 0p (1) uniformly over Il x I+ This leads to consistency of 0y, (¢ [¢4+)
uniformly over Wy x W +. The result also implies uniform consistency of g, (1;+) over ¥+, which
can be used for the step of k + 1.

The next is to derive the asymptotic distributions. By definition,

O = (05 Vi) = (€}, &) (B.6)

Note that ( is included in ;- already. For fixed ¢+, let 0, (Yg|Yg+) be the LS estimator of 0y as
a function of ¢;,. We have shown the uniform consistency of 6y (Vg |14+ ) over Wy x Wit by proving
this property for both 9y, (¢, |¢,+) and ¢y (¥4]|Y+ ). Suppose the LS estimator satisfies

0Qu (O (Vrltps) , pltbps ) 00k = 0p(n~V/?) (B.7)

uniformly over Wy x W+, where

Qn (O Yt ) = 07U (O, oplop+) U (O, ¥ t0p+) and
U Ok, Yplvgst) = M+ (pt) (Y = fo (W) Ep- — fre (V1) i) - (B.8)
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Mean expansion of 0Qy, (0 (¥, [Vs+ ) , Upltg+ )08y about Oy, = (€= 0,9 ) yields

op (n*1/2> _ 0Qn (0 (¢k|5?;+) s Vil ¥it)

0Qn O, il pr) | O2Qu (O (Wrltons) s ltonr) 15
B 00y, + 80,00, <9k (rltop+) — ek,n) ; (B.9)

where 0}, ,, (¥ |{4+) lies between Or (¢Y|tp+) and Oy, (and, hence, satisfies O (Vpltop+) =0k —p 0
uniformly over Iy x II+). Note that in the definition of 0y ,,, & is fixed at 0 instead of £ ,,. This
is just for simplicity of the result. Using &, ,, as the center will lead to a more complicated, but
equivalent, expression of the result.

Define weighting matrices D (§,-) = Diag{tqin,,&)-} and Dy = Diag{bq+nk,§;€,7n}, where
lg+n,, 18 @ g + ni dimensional row vector of 1 and n;, = Z,’f:l p;. The first and second order
derivatives take the form

0Qn Ok, Yy|Vg+)

00y, = —2D (§k—)n_15k (d’k—ﬂ/’k)lU(‘gk’kaW) and
0 n 0 R + - !
. (8’; aquh/]k ) = 2D (§-) (” lsk (Vi Vi) M+ (Ppt) sk (T/Jk—ﬂ/%)) D (&)~
EOYL

2 (n_l ZU(ek’wk’¢k+)m00,ki (W—)) , where
=1

0 Fo— i W)
o () = ( o W) D64 diag {fuu, s (01} ) ' (510
Note that
U (ek,na ¢k‘wk+) = Mk+ (§k+) (U + fk (wk,n) gk,n + fk+ (Qbk*,n) €k+,n) . (Bll)
When |”1/2£k,n| — 00, by (B.9), we have
_ 0%Q,, (05, : -
Dy, (Gk (V| ) — 9k7n> ﬁl;lm _ (;Dkl Q ( k, ((;/;jg;/]:) ?/)k|1/1k+)Dk1) y
1 0Qn Ok, _

In (B.12), the part with first order derivative is

1 8Qn (%,nﬂﬁ W} +) — — - —
_§Dk1 90, Rk B =m 1ZUi Ok il ret) Ski (Vi o i) By

=1

=251 (Ggm s V1) Mg (40) U/ (nl/QBkl,n) +
(nilsk (wk*,m wk)/ M+ (§g+) fr (¢k,n)> gkvnﬁl;lﬂl +
(n—lsk (Tl’k—,nﬂl)k)/Mw (€ps) fi (¢kn)> gk"‘,nﬂl;l,n +0p (1) = Pis (¢ka¢k,0|wk+) Ay, (B.13)
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where the first and third terms in the second step are both o, (1) uniformly over I}, x IIy+. The
second order derivative is

1 0Qn (07, (W), Yplps)
2Dk ' 001,00, Dyt =y @k (Vo) s (B.14)
where the convergence holds by Lemma B.1 and
Dt (n_l D U Ok, Viltogr) mao i (%)) Dyt =0, (1) (B.15)
i=1

uniformly over II,+. The result of (B.15) can be shown term by term using the same argument as
in (A.14). As such,

Bt Dk (O (Gilthice) = On) —p O3 (Wels) B (U Violthi) A (B.16)

uniformly over Iy x II+.

It remains to show the uniform consistency of @k (14+) uniformly over II,+. Using Lemma
B.3(a) for k, we get Lemma 6.4(a) for k, as shown in the proof of Lemma 6.4 below. This lemma
gives uniform consistency of 1, (¢+) .

Therefore, we have proved Lemma 6.4(a) for £ = 1 and shown that the results hold for k as
long as they hold for k — 1. This completes the proof of part(a).

(b) The lhs of Lemma B.3(b) is an empirical process indexed by ;. We denote this empirical
process by 7, (¢ i) . Equation (B.9) implies

82Qn (9?{,71 (wK) 7¢K) DK1> ! %

~ 1.
T (i) = 02 Dic (0 (V) = O ) = <2DK1 001007

By Lemma B.1 and Lemma B.2, we have

1 0Qn (0K ns _
_§DK].n1/2 Q (agf,( wK) =n 1/28K (eKn7/l/1K)/Ul (9[{7171/}[{)"'_0]) (1)

=n""2sk (Okn, i) Ui + 07 sk Ok, Vi) Fic ($5cn) (nmé}(,n) +0p (1)
= S (W) + Prs (Vi Vi) bic (B.18)

Now we turn to the second order derivative

1 1 62Qn (9;(,11 (¢K) awK)

=D
2 K 00 ;¢ 00

= n sk (O (i) Vi) sk (O (Vi) V) +0p (1) = P (Pk), (B.19)

Dt

where the convergence in probability holds by Lemma B.1 and the o, (1) term is obtained in the
same way as in (A.14).
Plugging (B.18) and (B.19) into (B.17), we get

T (W) = 5 (Vi) (S (k) + Prs (Vi Vo) bk ) - (B.20)
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O

Proof of Lemma 6.4.
For fixed 1.+, the LS residual as a function of 1, takes the form

U (beloes) = U (O (g ¥4) ity ) » where (B.21)

U (Ok, ¥p|tp+) is defined in (B.8). Plugging in the general model with true value and use row by
row Taylor expansion of fy— (Y- (Vg Y+ ))&k~ (Vplthp+) around (§- .- ), we have

U ($rltops) = Myr () (Y = foe (Yr-n) Eb-m) — Myt (V) Sk (V= s ) X
Dic (Orn (orltrer) = ) + 0 (| Wi (Orm Wil = O0n ) |) (B.22)

where the smaller order term is uniformly over X; € X. The concentrated sample criterion is

Qn (Viltos) = 07U (Wl ) U (pltbyr)

=0t (V= fim (V- 0) E ) Mit (@g) (Y = fiom (V1= ) - ) (B.23)
“2 (Y = i (04 n) Eam ) Mics () B (V- 0 08) (Dic (Dn (1lt00) = O ) )
(D (Bon @lines) = B0 ) ) (n7 sk (im0 Mk () 5 (4 ) )

<Dn @k,n (Vrltpr) — ekn)) +o (HDk (5k,n (Vrtpr) — 9k,n) D : (B.24)

(a) When Hnl/2€k,nH — 00,

B D </ékn (Vpltop+) — 9k,n> —p P (gl Vnr) Prs (Y, Vg0l ¥p+) Ar, and
n (Y = fi- (Yp- ) gk*,n)leJr (V1+) sk (V= 1) 5;:11,71
=0 (U fr (Vrn) & + it (Vpt ) §k+,n)/ X

M+ (g+) sk (Vg 0 ) 5;;11,71 —p (Prs (U, Vrol¥ir) Ax)' (B.25)

Re-centering and rescaling @, (1;|1;+) according to (B.24) we get

B (@n Welns) = 078 (Y = fie (Y4 0) € ) M (@0) (V = Fie (- 0) €4-0))
—p = A (Vg Yol ) @ (Uil ns) Prs (Vi Prolthyr ) A, (B.26)

where the weak convergence is obtained by (B.25) and the smaller order term is controlled by
Lemma B.3(a).

The rhs of (B.26) is uniquely minimized by 1, o by a vector Cauchy-Schwarz inequality under
Assumption 2. Hence

[0 ) =

< |9k W) = bi|| + 10 = Y0l = 05 (1) (B.27)

uniformly over I+, where the first term after the inequality is o, (1) by minimizing both sides of
(B.26) and invoking the CMT.
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(b) When nl/2¢p — bg € RPK,

WV (Y ~ froe (Vkn) Exm) S5 (Vk i) =072 (U + fic (Vi) €xcn) 55 (Vo k)
=n"12U'sg (Vi Vi) + <nl/2§K,n),n_lfK (Z/Jk,n)ISK (Vic— Vi)
= (S (k) + Prs (Vi Vi) i) (B.28)

Using (B.24), (B.28), and Lemma B.3(b), we have

0 (Qn(r) =07 (V= fio (Yrmn) =) (V = i (Vr-) €x-1))
= =272 (Y — fie (Vr- ) €)' (12D (O (V1) = 0 ) )
+ (2D (B () — 1) )
s (Vi e V1) sic (Wi e ¥10) ) X (02D (O (¥10) = ) )
= = (S () + P (Vs V) D) 5 (W) (S () + i (Ve Vo) bic) - (B29)
0

Proof of Lemma 6.1.

Lemma 6.1 is a special case of Lemma 6.4 with p = 2. Lemma 6.1(a) is a special case of Lemma
6.4(b) with K = 1 and uses Corollary B.1(a) in its proof. Lemma 6.1(b) is a special case of Lemma
6.4(a) on w1 when K = 2. It uses Corollary B.1(b) in its proof. Both Lemma 6.1(c) and (d) are
results on @y, (m2) when K = 2, with (c) being a special case of Lemma 6.4(b) and (d) corresponding
to Lemma 6.4(a). They use Corollary B.1 (c¢) and (d), respectively, in their proofs. Finally, Lemma
6.1(e) is a special case of Lemma 6.4(a) with & = 1 and it uses Lemma 6.1(e) in the proof. [J

Proof of Lemma 6.5. R
The consistency of vy, ,, for k = 1,..., K — 1, and the consistency of 1, in Lemma 6.5 are
directly obtained by

H@k (Vg+) = V|| = 0p (1) uniformly over II;+, (B.30)

from Lemma 6.4 and a vector Cauchy-Schwarz inequality as in Tripathi (1999). Applying CMT,
we have Lemma 6.5(a) by minimizing both sides of Lemma 6.4(c) and applying the CMT. OJ

Proof of Lemma 6.2.
The proof follows the same idea as that of Lemma 6.5 by applying the CMT. O

Proof of Lemma 6.6.
The proof is analogous to that of Theorem 3.4. Part(a) is based on Lemma B.3(b). We re-center
fKn at the true value {f , and plug wKn and 9} into each side of Lemma B.3(b). We get the

desired result by using the same argument as in Theorem 3.4. In part (b), the consistency of Cn
and ﬁn are established using (B.5) at the step k& = K and the consistency of 7,, has been shown
in Lemma 6.5. With consistency at hand, we can derive the asymptotic normal distribution as we
did in Theorem 3.4(b) with direct vector generalization of each term. [

Proof of Lemma 6.3.
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Both Theorem 6.3(a) and (b) are special cases of Theorem 6.6(a), corresponding to the cases
K =1 and K = 2, respectively. Theorem 6.3(c) corresponds to Theorem 6.6(b), where all the
loading coefficient converge to 0 slower than n~'/2 or are bounded away from 0. I

Proof of Theorem 6.1.
(a) Let W, (¢ i) and T}, , () be empirical processes indexed by 1. They are defined as

W () = ' (B (W) = 1) B (BS W) ) R (1, () — ) amd

T/_L,?’L (wK) _ 77,1/2R (ﬁn (1/)[() — :U’n) ) (le)

(Riu (Vi) R’) 2

Because n'/2(1i,, (Vx) — pn) = T4 (g, h) by Lemma B.3 and iu (¥ k) uniformly converges to
¥, (Y ) by Lemma B.1, we have

Wi (Vi) = W (Y, h) and Ty (V) = T (Y, b) - (B.32)

We get the desired results by replacing pup with Ry, plugging 12 K, to the empirical processes
Wy (V) and T, (¢ ), and plugging 9% (k) to their limits in (5B.32) . The plug-in method is valid
because 1% (k) , W (¢x, h) , and T), (¢ ¢, h) are all continuous functions of S (1) . The justification
of this method is discussed in Lemma 6.6(b).

(b) The chi-square and standard normal distributions are directly implied by Lemma 6.6(b). [

Proof of Theorem 6.2.
(a) Let T, » (¢ ) be an empirical process indexed by 1. For j < p — pg,

2B () R (Y1) = Tjn)

T7rj M (wK) -

~ 1/2
<Rj27r (Yr) R;)
1/2 B,n —Bin) Fin — Tin 1/29 (=, — .
_ n ( 7, (¢K)A Bj, ) (71'], lffK) T3, ) n n B],n/\(ﬂ-j:n (¢K> 1;;]:71) - T7rj (¢K7h) ,(B33)
(Rjzw (W) R;) (RJ-ZW (Vi) R})

where the first term in the second inequality is 0, (1) by Lemma B.3.
For j >n —pg,

”1/2@‘,71 (V) (T —mjn)
_ 1/2
(RiSx (i) BY)

Tﬂj,n (d’K) = = Tﬂ'j (va h) (B'34)

by Lemma B.3. Note that the definitions of T’ (1, h) are different for j <n—px and j > n—pg.
Finally, we plug @K,n into Ty, » (Y ) and plug ¥ (h) into Tr, (¢, h) . The plug-in method is valid
because both ¢} (h) and Tx, (Y, h) are continuous functions of S (¢ ).

(b) Part (b) is directly implied by Lemma 6.6(b). O

Proof of Lemma B.1.
(a) Part (a) can be proved in the same way as Lemma A.1(a).
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(b) Replacing the sample projection matrix with the population projection matrix, we have

Mk“‘ (qzz)k"") Fk (wk—awk) = gk (¢k— ) ¢k|¢k+) - fk“’ (qzz)k"") d (T/fk—ﬂ/% ¢k+) ) where
§ (g Uiy Ut ) = (fror (V) frr (¢k+))_1 (it (W) sk (V=) s V) — P+ (Vg— Vs Y+ ) (B.35)

Using (B.35), we have

Sk Wk—ﬂ/’k)’ M+ (Yy+) sk (#’kv@k) —p [ (¢k—7¢ka@k’¢k+) ) (B.36)

because the rows of s, (¢;—,;) are iid by construction and §(¢y—, ¢y, ¢¥p+) is op (1) uniformly
over II,— x IIp x ITj+.

(c) Part (c) can be proved in the same way as Lemma A.1(b) by replacing g (Xi, m) 8, —
g (Xi,m) B (m) with

01 = 20 (Co = C i) + (Fi- () i — P (i (i) (W) ) +
I W) (e — € (V10)) (B.37)

where the second term can be further simplified by Taylor expansion as in (B.24). The rest of the
proof is the same as in Lemma A.1(b). O

Proof of Lemma B.2: The proof follows that of Lemma A.2. [J

C Proofs for Asymptotic Sizes and Robust Cls

Theorem 4.1 and Theorem 5.1 are special cases of Theorem 7.1 and Theorem 7.2, respectively,
when p = 1. Hence, we only prove the general case in this section.

We first prove that the asymptotic distributions of the test statistics are all continuous Vh € H.
The continuity property is used in the derivation of the asymptotic sizes of the Cls, as indicated in
Corollary 3 of AG.

Lemma C.1 Suppose Assumptions 1, 2, 3c, 4c, and U hold. For any h € H, W (¢} (h),h),
T, (V¥ (h),h), and Tr j (V) (h),h) are all continuous distributions.

Proof of Theorem C.1.
For notational simplicity, we omit A in this proof. For any x € R",

P(W(YF) <) = W (k) <)) = E(E(W(¢) <) ¢k = ¢))

/HK/ 5) dsdyiy = /_; </HK w (¢, s) du¢,> ds, (C.1)

where w (¢, s) is the normal density at s when 1 is fixed at ¢, and p is the measure of ¢}.. The
first equality holds by definition, the second equality holds by law of iterated expectation, the third
equality holds because W (1) is a r dimensional continuously distributed random variable for any
fix ¥, and the the last equality is from Fubini’s Theorem. We conclude W (¢} ) is a continuous
distribution because it is absolute continuous wrt the Lebesgue measure as shown in (C.1). Analo-
gously, we can show T}, (Y% (h),h), and T j (Y% (), h) are both continuous distributions for any
given h. UJ
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Proof of Theorem 7.1.

This is an application of Corollary 3 of AG. The key assumption, Assumption B in AG, is
verified by Theorem 6.1 and Theorem 6.2. The other assumptions can be verified as in AG, p.
20-21. Theorem 4.1 is a special case of Theorem 7.1 when p = 1. [J

Theorem 5.1 is a special case of Theorem 7.2 when p = 1. The asymptotic distribution of the
test statistic W, (.UR,n) s T (uR’n) , and Ty, o (7j5) are given in Theorem 6.1 and Theorem 6.2.
We denote the test statistic in general by T;, (6,,) and call its asymptotic distribution J,, with the
1 — « quantile ¢; (1 — ) .

Parameter n = (771, ...,np)/ is defined below in Lemma C.2. Let n* = (77{, e 77;;)/, where 77 =
oo if n; # 0. Given 7, define

e (1 —a) = hSlép ¢h, (1 —a), where hy = (n*,m)" .10 (C.2)
n

Lemma C.2 Suppose Assumptions 1, 2, 3c, 4c, U, and R hold. Let h = (b, ) and {v,, =

(Bn, T Cn) n > 1} be a sequence of points in its parameter space that satisfies

i) n'/23, — b for some b € R[ioo],

ii) n_1n1/2ﬂ]n —n; for some n; € Rio), and

iii) m, — mo for some o € II. Then,

a) ¢, (1 —a) > ¢ for all n for a sequence of random variables {c} : n > 1} that satisfies
cy, —p ey (1 —a) under {v,,, :n > 1}.

b) lim infn_)oo Py (T (Onp) <cn(l—a)) >21—a.

(
(
(
(

Proof of Lemma C.2.

Let 5 = (7, .-, 7,,), Where 7; = 00 if n; # 0 or ; ,, > 1, where ¢, ,, = K ttjn. Given 1, define

¢y, = supcy, (1 — ), where h =@, ). (C.3)
heH
When comparing ¢, and ¢« (1 —«), we only need to consider those dimensions with n; =0,

because 7); = 17 = 0o when n; 7 0. Note that
cp =y (1 —a), when ¢, , <1forall j =1,...,p, such that n; = 0. (C4)

Then ¢, (1 — ) > ¢, by construction because the probability that 7; = oo is greater than that
of b;? = 0o0. By making restrictions such as ﬁj = o0, we take supremum over a smaller parameter
space.

Next, we need to show ¢ — ¢y« (1 — ). Under {~, , : n > 1}, we have

1/273 nl/2 (B — 8. ) 1/2 1/2
n . y s ’rl/ . n . .
gy = it || | T 2] 1 T <o, (1) 4|2 i ),
(C.5)
where 0 is the limit of 35j - Using results in Section 6.2,
B , ;o\1/2 ~ [ 7 (n), if n'/2¢, — b € RPK
05 = (RosZpu (7 )Rq+]) , where 7 = { o, if H”1/2§KH 00, (C.6)

YParameter 7 and critical value ¢,» (1 — «) here correspond to 7 and ¢« (1 — @) in Section 12.3 of AS, respectively.
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and R4, is a row vector with the (¢ + j)th element being one and the rest being 0. Hence,

Py
P(ley—cpr(1—a)] <) > HP (¢jn <1) — 1 for any € >0, (C.7)
i=1

because ¢;,, —p 0 when n; = 0.

(b) We first compare ¢, (1 —a) and ¢;, (1 — o). To this end, we need to check whether the
restriction that h = (n*, hy)" imposed on ¢, (1 — «) is satisfied by the true localization parameter.
If this is true, taking supremum over a space include the true parameter leads to ¢, (1 — ) >
Ch, (1 — Oé) .

The only restriction on n* is that when 7); # 0, 77 = co. By definition of 7); and the assumption
that x, — oo, we know h; ; = 0o. As such the condition on n;‘f is satisfied by the true parameter,
which implied that ¢, (1 — ) > ¢, (1 — ).

Because T}, (0,,) = Jp, under {7, }, we now have

liminfP, (T, (0n) < ¢, (1 — ) > liminfP, (T, (0n) < c;) = Jp (e (1 — ) —) (C.8)
n—oo ’ n—00 ’

where Jj, (x—) denotes the limit from the left of .J;, at z, the first inequality holds because ¢,, (1 — a) >

¢y and the second inequality holds by part (a) of the Lemma and T}, (6,,) = Jj. Since J}, is contin-

uous by Lemma C.1, we have

Jp(epr(1—a)=)=Jp(cpr (1 —0)) > 1—a, (C.9)

where the inequality holds by ¢y« (1 —a) > ¢, (1 —a). O

Lemma C.3 Suppose Assumptions 1,2, 3c, 4c, U, and R hold. The 1—a quantile of W (¢} (h) , h),
T, (i (h),h), and Ty j (V% (k) , k) are all continuous wrt h, where h = (b, 7o)’ .

The proof of Lemma C.3 is at the end of the section. The continuity property in Lemma C.3 is
useful in the proof of Lemma C.4 below.

The next Lemma is analogous to Lemma 3 of Andrews and Soares (2007). Here we need to find
the sequence of true parameters {’y,‘; = (B, 7 Y in > 1} under which the asymptotic coverage
probability of the robust CI is exactly 1 — «, which shows that the robust CI is not asymptotically
conservative.

Let

h = argmax ¢p, (1 — a), (C.10)
heH

where k= (8, 7,) and b= (b1, ..., b,)'. Note that we have shown the continuity of cp (1 —a) wrt h
and the parameter space of b; includes co. Hence, the maximum can be attained at h.
Let 8, = (81, -+ Bpn)'- For j =1,...,p, the sequence we need is
1% i h € R
in { B £0, i B = oo m, =T, and ¢, = (p € R%. (C.11)

Lemma C.4 When the true distribution is determined by ~: for all n, we have
limy, oo Pyx (T, (0) < (1 — ) =1 —au.

*
n

52



Proof of Lemma C.4.

By construction, ¢; (1 — «) is the 1 — o quantile of the asymptotic distribution .J; under ~;.
Let ¢y« (1 — a) be the robust critical value under v;,. To get the desired result, we need to show
¢y (1—a) — ¢; (1 —@). When bj = oo, the model-selection procedure on b; does not affect the
maximization of ¢, (1 — a) over b;. With either testing result, ¢+ (1 — ) and ¢; (1 — «) are both
attained at b; = oo. Therefore, we only need to consider b; € R and check whether the model
selection narrow the optimization space for ¢y« (1 — a). By definition,

crr(l—a)=cp(1—a)ifp,;, <lforalj=1,..p. (C.12)

When Bj = 0, n; = 0 by the definition. In this case, ¢;,, —p 0, so that ¢; , <1 with probability 1.
Thus,

P(epr(l-a)—cz(1—a)|<e) > [[P(pjn<1) =1, (C.13)
=1
for any € > 0. Then
lim Py (T, (0;) <y (1—a)) =J; (cz (1 — ) =1 —a, (C.14)

n—oo

where the first equality holds by Lemma 3 of AG1 and the second equality holds by Lemma C.1.
O

Proof of Theorem 5.1.
The proof is the same as that of Theorem 1 in AS by replacing Lemma 2 and Lemma 3 in AS
with Lemma C.2 and Lemma C.4, respectively. [

Proof of Lemma C.3.

We write J, = T (¢} (h),h), where T (1, h) is a stochastic process indexed by .

Let S* (¢ i) be a continuous sample path of the Gaussian process S (¢ ) . Let Q (S (Vg ) , ¥, h)
denote the non-central chi-square process on the rhs of Lemma 6.5(a). We use sup norm to measure
the distance between two continuous functions. The sample path of Q (S (¢¥x), ¥k, h), denoted
by Q (S* (V) , ¥k, h), is continuous in h. Because Q (S* (¢ ),V g, h) has unique minimizer with
probability one, 17 (h) is continuous wrt h, a.s. [S* (¢¥ )]

Next, let h,, be a sequence converges to hg. Conditional on S* (¢ ),

T (VK (hn) s hn) =T (¥ (ho) , ho)]
ST (WK (hn)  hn) =T (¥ (hn) s ho)| + [T (V5 (hn)  ho) = T (Y5 (ho) s ho)[,  (C.15)

by triangle inequality. In (C.15), the first term on the rhs converges to 0 because T (¢, h) is
continuous wrt h under sup norm, and the second term on the rhs converges to 0 because the
sample path is continuous and ¥ (hy) — Y% (ho) -

Using (C.15), we have

T (¥ (hn) , hn) = T (Y (ho)  ho) as. [S7],

T (@ (hn) , hn) < @) — (T (@ (ho) , ho) < ) as. [S7],
P(T (¥ (hn)  hn) < 2) — P(T (¥ (ho) , ho) < ) .
ch, (1 —a) = cpy (1 — ) (C.16)

The fourth convergence result of (C.16) holds by the third result and Lemma C.1. The third
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convergence result of (C.16) holds by the second result and the bounded convergence theorem. The
second convergence result of (C.16) follows from the first result and Lemma C.1. O
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