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This supplemental material provides some auxiliary lemmas, proofs and additional sim-

ulation results for "Uniform Asymptotic Risk of Averaging GMM Estimator Robust to Mis-

speci�cation" (cited as UAR (2015) in this supplemental material). Section 1 includes the

proof of Lemma 4.3 in UAR (2015) and two lemmas that are used in the proof of UAR

(2015). Section 2 studies the asymptotic risk of the pre-test GMM estimator with the J-test.

Section 3 presents some additional simulation results.

1 Some Auxiliary Lemmas
For notational simplicity, �(v0) and �

�(v0) de�ned in Lemma A.1 of UAR (2015) are

abbreviated to �0 and �
�
0 in the proof below.

Lemma 1.1 Suppose Assumptions 4.1, 4.2 and 4.3 in UAR (2015) hold. Let S2(v0) �

S(d; v0)[S(1; v0). Under fFng 2 S2(v0); b�1��n !p 0 and b�2 !p �
�
0; recall that �n = �(Fn).
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Proof of Lemma 1.1. We �rst show the results for b�2. Note that EFn [g2(Wi; �)]!M2(�)

by v(Fn)! v0, which together with the uniform law of large numbers (ULLN) in Assumption

4.3(i) implies that

n�1
nX
i=1

[g2(Wi; �)�M2(�)] = n
�1=2�n(g2(�)) + (EFn [g2(Wi; �)]�M2(�))!p 0r2 : (1.1)

uniformly over � 2 �. Using (1.1) and Assumption 4.2(v), we deduce that

QFn(�) =
[
Pn

i=1 g2(Wi; �)]
0W2;n[

Pn
i=1 g2(Wi; �)]

n2

=M2(�)
0
�12 M2(�) + op(1); (1.2)

uniformly over � 2 �. In addition,M2(�)
0
�12 M2(�) uniquely identi�es �

�
0 under Assumption

4.1, which was established in Lemma A.2 of UAR (2015). Given the uniform convergence of

the criterion function and the identi�cation of ��0, b�2 !p �
�
0 follows from standard arguments

for the consistency of an extremum estimator.

Similarly, b�1 !p �0 follows from the unique identi�cation of �0 established in Lemma A.2

of UAR (2015), the uniform convergence of the GMM criterion function in (1.2), andW1;n !


�11 by Assumption 4.2(v). In addition, we have �n ! �0 because the criterion function has

a unique minimizer by Assumption 4.1. Finally, b�1 � �n = (b�1 � �0)� (�n � �0)!p 0d� .

Lemma 1.2 (a) ��1d0 = 0d� ; (b) �
�
1
2�

�0
1 = �1; (c) �

�
1
2�

0
2 = �2; (d) �2
2�

0
2 = �2.

Proof of Lemma 1.2. By construction, ��1d0 = 0d� : For the ease of notation, we write 
2

and G2 as


2 =

0B@ 
1 
1r


r1 
r

1CA and G2 =

0B@ G1

Gr

1CA : (1.3)

To prove part (b), we have

��1
2�
�0
1 = [�1;0d��r� ]

0B@ 
1 
1r


r1 
r

1CA [�1;0d��r� ]
= �1
1�

0
1 =

�
G01


�1
1 G1

��1
= �1: (1.4)
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To show part (c), note that

��1
2�
0
2 = � [�1;0d��r� ] 
2
�12 G2

�
G02


�1
2 G2

��1
= ��1G1

�
G02


�1
2 G2

��1
=
�
G02


�1
2 G2

��1
= �2 (1.5)

because ��1G1 = Id��d� : Part (d) follows from the de�nition of �2.

In the proofs below, we use A, B and D to denote Av0, Bv0 and Dv0 ; respectively, for

notational simplicity.

Proof of Lemma 4.3 in UAR (2015). We �rst consider fFng 2 S(d; v0). By Lemma

4.1 and Assumption 4.4 in UAR (2015), and the continuous mapping theorem (CMT),

e!eo !d e!(d;v0) = tr (A)

Z 0d;2BZd;2 + tr (A)
: (1.6)

Then,

n1=2(b�eo � �n) = n1=2(b�1 � �n) + e!eo hn1=2(b�2 � �n)� n1=2(b�1 � �n)i
!d �(d;v0) = �

�
1Zd;2 + e!(d;v0) (�2 � ��1)Zd;2: (1.7)

By the CMT,

`(b�eo) = n h(b�eo � �n)0H(b�eo � �n)i!d �(d;v0) = �
0
(d;v0)

H�(d;v0): (1.8)

Under fFng 2 S(1; v0); e!eo !p 0 because n1=2jb�2 � b�1j !p 1;

n1=2(b�eo � �n) = n1=2(b�1 � �n) + e!eon1=2(b�2 � b�1)
= n1=2(b�1 � �n) + n1=2(b�2 � b�1)tr hH(b�1 � b�2)i

n(b�2 � b�1)0H(b�2 � b�1) + tr hH(b�1 � b�2)i
!d �(1;v0) = �1Z1 (1.9)

by Lemma 4.1. Then by the CMT,

`(b�eo)!d �(1;v0) = �
0
(1;v0)H�(1;v0): (1.10)
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2 Asymptotic Risk of the Pre-test GMM Estimator

with the J-test Statistic
To simulate the asymptotic risk of the pre-test estimator in Figure 1, we consider the

asymptotic risk under fFng 2 S(d; v0) and fFng 2 S(1; v0). We �rst consider fFng 2

S(d; v0) for d 2 Rr
�
: Under Assumptions 4.2 and 4.3 in UAR (2015), by (A.13) and (A.16)

in the proof of Lemma 4.1 of UAR (2015), it is easy to show that

1

n

nX
i=1

g2(Wi;b�2) = 1

n

nX
i=1

g2(Wi; �n) +G2(b�2 � �n) + op(n�1=2)
=
1

n

nX
i=1

g2(Wi; �n) +G2�2
1

n

nX
i=1

g2(Wi; �n) + op(n
�1=2)

= (Ir2 +G2�2)
1

n

nX
i=1

g2(Wi; �n) + op(n
�1=2) (2.1)

which together with Assumptions 4.2(v) implies that

Jn �
"Pn

i=1 g2(Wi;b�2)p
n

#0
W2;n

"Pn
i=1 g2(Wi;b�2)p

n

#
(2.2)

=

�Pn
i=1 g2(Wi; �n)p

n

�0 h

�12 � 
�12 G2

�
G02


�1
2 G2

��1
G02


�1
2

i �Pn
i=1 g2(Wi; �n)p

n

�
+ op(1):

By Assumption 4.3(iii), we have

n�1=2
nX
i=1

g2(Wi; �n)!d Z2 + d0 = Zd;2; (2.3)

which combined with the CMT implies that

Jn !d Z 0d;2
h

�12 � 
�12 G2

�
G02


�1
2 G2

��1
G02


�1
2

i
Zd;2 � J1(G2;
2; d0) (2.4)

for any fFng 2 S(d; v0).

Let � be a prespeci�ed signi�cance level. The critical value c� is the 1�� quantile of the

chi-square distribution with (r2�d�) degree of freedom, which is the asymptotic distribution
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of Jn when d0 = 0r2 :

The pre-test estimator based on Jn can be written as

b�p = (1� e!�;p)b�1 + e!�;pb�2 where e!�;p = I fJn < c�g : (2.5)

By (2.4) and the CMT, we have

e!�;p !d I fJ1(G2;
2; d0) < c�g � e!�;1 (2.6)

and

n1=2(b�p � �n) = b�1 + e!�;p(b�2 � b�1)!d �
�
1Zd;2 + e!�;1(�2 � ��1)Zd;2, (2.7)

under fFng 2 S(d; v0). Furthermore, by the CMT,

`(b�p) = n(b�p � �n)0H(b�p � �n)!d �(d;v0)(e!�;1), (2.8)

where

�(d;v0)(e!�;1) = Z 0d;2��01H��1Zd;2 + 2e!�;1Z 0d;2(�2 � ��1)0H��1Zd;2
+ e!2�;1Z 0d;2(�2 � ��1)0H(�2 � ��1)Zd;2. (2.9)

and its expectation is

E[�(d;v0)(e!�;1)] = tr(H�1) + 2E �e!�;1Z 0d;2(�2 � ��1)0H��1Zd;2�
+ E

�e!�;1Z 0d;2(�2 � ��1)0H(�2 � ��1)Zd;2� : (2.10)

This veri�es Assumption 3.1 for the pre-test estimator with R(d; v0) = E[�(d;v0)(e!�;1)];
assuming it is uniformly integrable. Otherwise, we can consider the truncated risk. For

fFng 2 S(1; v0); the J-test is consistent and the pretest estimator is the conservative GMM

estimator w.p.a.1.

The asymptotic risk of the pre-test estimator b�p in Figure 1 is simulated based on the
formula in (2.10).
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3 Some Additional Simulation Studies
In this section, we present some additional simulation results of the �nite sample perfor-

mance of our averaging GMM estimator in linear IV models. In addition to the empirical

optimal weight e!eo, we consider two other averaging estimators based on the JS type of
weights. The �rst one is based on the positive part of the JS weight:

!P;JS = 1�
 
1� tr( bAv0)� 2�max( bAv0)

n(b�2 � b�1)0H(b�2 � b�1)
!
+

(3.1)

where (x)+ = max f0; xg and bAv0 is the estimator of Av0 using b�1. The second one uses the
restricted JS weight

!R;JS = (!P;JS)+ : (3.2)

We compare the �nite-sample risks of these three averaging estimators, the conservative

GMM estimator b�1, and the pre-test GMM estimator based on the J-test. The �nite-sample

risk of the conservative GMM estimator is normalized to be 1. We use the identity matrix in

the quadratic loss function. Hence the risk of an estimator is its mean squared error (MSE).

In Theorem 4.1(c) of UAR (2015), we derive a su¢ cient condition for the uniform domi-

nance:

tr(Av0) � 4�max(Av0): (3.3)

The simulation studies in UAR (2015) are conducted under (3.3). When this condition is

not satis�ed, however, it is still possible that our averaging GMM estimator has a smaller

risk than the conservative GMM estimator. We consider two models in simulation studies

here. In these two models, 2�max(Av0) < tr(Av0) < 4�max(Av0) and tr(Av0) < 2�max(Av0);

respectively, which means that the su¢ cient condition (3.3) does not hold.1 We call the

model employed in the simulation study of UAR (2015) as model 1, and the two models

investigated in this section as model 2 and model 3 respectively. We consider four sample

1We di¤erentiate these two cases for a thorough comparison with the JS-type estimators, where the value
of tr(Av0)� 2�max(tr(Av0)) is important.
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sizes, n = 250; 500; 1000; 2500, and use 100,000 simulation repetitions.

3.1 Simulation in Model 2

The second model is

Yi =

6X
j=1

�jXj;i + �i; (3.4)

where X1;i, X2;i and X3;i are exogenous variables generated by

X1;i = 3
� 1
2 (Z1;i+Z2;i+Z4;i); X2;i = 3

� 1
2 (Z2;i+Z3;i+Z6;i); X3;i = 3

� 1
2 (Z3;i+Z1;i+Z8;i); (3.5)

and Xj;i (j = 4; 5; 6) are generated by

Xj;i = �j(Zj;i + Zj+3;i) + Zj+6;i + uj;i for j = 4; 5; 6: (3.6)

We draw i.i.d. random vectors (Z1;i; :::; Z12;i; u4;i; :::; u6;i; �i)0 from normal distributions with

mean zero and variance-covariance matrix diag(I12�12;�4�4), where

�4�4 =

0B@ I3�3 0:25� 13�1

0:25� 11�3 1

1CA : (3.7)

The observed data are Wi = (Yi; X1;i; :::; X6;i; Z4;i; :::; Z9;i; ~Z4;i; :::; ~Z6;i)
0, where

~Zj;i = Zj+6;i + n
�1=2dj�i for j = 4; 5; 6: (3.8)

We set (�1; :::; �6) = 2:5� 11�6 and (�4; :::; �6) = 0:5� 11�3. In this model, Xj;i (j = 4; 5; 6)

are endogenous regressors, (Z4;i; :::; Z9;i)0 are valid IVs, and ( ~Z4;i; :::; ~Z6;i)0 are misspeci�ed

IVs. In the simulation, we consider (d4; :::; d6) = d � 11�3 where d is a scalar that takes

values on the grid points between 0 and 20 with grid length 0:1.

The simulation results in model 2 are depicted in Figures 1, 2 and 3. Figure 1 presents the

MSEs of all 6 parameters in (3.4). Figure 2 contains the MSEs of the estimators of (�4; �5; �6)0,

the coe¢ cients of the endogenous regressors in the main equation (3.4). Figure 3 provides

the MSEs of the estimators of (�1; �2; �3)0; the coe¢ cients of the exogenous regressors in the

main equation (3.4).
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Figure 1. Finite Sample Risks of Averaging Estimators in Model 2

Our �ndings in Figure 1 are summarized as follows. First, even though the su¢ cient

condition in Theorem 4.1(c) is not satis�ed, the averaging estimator based on e!eo has a
smaller MSE than b�1 uniformly over d. Moreover, its MSE is much smaller than that of
the other two averaging estimators. Second, the properties of the pre-test estimators are

similar to those in model 1. That is, they do not dominate the conservative estimator and

the behavior changes with the nominal size of the test. Third, the averaging estimator using

!P;JS has a larger MSE than b�1 when the location parameter d is close to zero and the sample
size is small (e.g., n = 250 and 500). When the sample size becomes large (e.g., n = 1000

and 2500), its MSE dominates b�1 uniformly over d. Fourth, the averaging estimator using
!R;JS dominates b�1 uniformly over d in all the sample sizes we considered. Fifth, with the
growth of the sample size, the �nite sample MSE of the averaging estimator using !P;JS

converges to that of the averaging estimator using !R;JS. Moreover, the �nite sample MSEs

of these two averaging estimators converge to that of the GMM averaging estimator based
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Figure 2. Finite Sample Risks of the Averaging Estimators in Model 2

(Endogenous Subvector)

on e!eo.
In Figures 2 and 3, the averaging estimators based on e!eo and !R;JS both uniformly

dominate b�1 and the former is better than the latter. In particular, for the coe¢ cients of
the exogenous regressors (�1; �2; �3)0; the averaging estimator based on e!eo demonstrates a
substantial advantage uniformly over d:

3.2 Simulation in Model 3

The third simulation model is

Yi =

6X
j=1

�jXj;i + �i; (3.9)
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Figure 3. Finite Sample Risks of the Averaging Estimators in Model 2

(Exogenous Subvector)

where Xj;i (j = 1; :::; 5) are exogenous variables generated by

Xj;i = 3
� 1
2 (Zj;i + Zj+1;i + Zj+8;i); for j = 1; :::; 4;

X5;i = 3
� 1
2 (Z5;i + Z1;i + Z13;i); (3.10)

and X6;i is generated by

X6;i =

8X
j=6

�jZj;i +

13X
j=9

Zj;i + u6;i . (3.11)

We draw i.i.d. random vectors (Z1;i; :::; Z13;i; u6;i; �i)0 from normal distributions with mean

zero and variance-covariance matrix diag(I13�13;�2�2), where

�2�2 =

0B@ 1 0:25� 12�1

0:25� 11�2 1

1CA : (3.12)
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The observed data are Wi = (Yi; X1;i; :::; X6;i; Z6;i; :::; Z8;i; ~Z9;i; :::; ~Z13;i)
0, where

~Zj;i = Zj;i + n
�1=2dj�i for j = 9; :::; 13: (3.13)

We set (�1; :::; �6) = 2:5 � 11�6 and (�6; :::; �8) = 0:5 � 11�3. In this model, X6;i is an

endogenous regressor, (Z6;i; :::; Z8;i)0 are valid IVs, and ( ~Z9;i; :::; ~Z13;i)0 are misspeci�ed IVs.

We consider (d9; :::; d13) = d � 11�5 where d is a scalar that takes values on the grid points

between 0 and 20 with grid length 0:1.

Figure 4. Finite Sample Risks of the Averaging Estimators in Model 3

The simulation results in model 3 are depicted in Figures 4, 5, and 6. Figure 4 presents

the MSEs of all 6 parameters in (3.9). Figure 5 shows the MSEs of the estimators of �6;

the coe¢ cient of the endogenous regressor in the main equation (3.9). Figure 6 provides

the MSEs of the estimators of (�1; :::; �5)0; the coe¢ cients of the exogenous regressors in the

main equation (3.4).
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Our �ndings in Figure 4 are summarized as follows. First, the properties of the pre-test

estimators are very similar to those in models 1 and 2. Second, the MSEs of the averaging

estimators based on !P;JS and !R;JS becomes identical to that of b�1. Third, the averaging
estimator based on e!eo does not dominate b�1. It has much smaller MSE when d is close to
zero, while its MSE is in�ated slightly above that of b�1 when d moves away from zero, and

then converges to 1.

Figure 5. Finite Sample Risks of the Averaging Estimators in Model 3

(Endogenous Subvector)

Comparing the results in Figures 5 and 6, we see that pre-testing and model averaging

have stronger e¤ect on the coe¢ cient of the endogenous regressor. In Figures 7 and 8, the

averaging estimators based on !R;JS and !P;JS are almost identical to b�1 for all sample sizes
considered. Finally, for �6; the averaging estimator based on e!eo does not dominate b�1,
although its MSE is only in�ated slightly for d around 3. On the other hand, for (�1; :::; �5)0,

the averaging estimator based on e!eo dominates b�1 when the sample size is small (e.g.,
12



Figure 6. Finite Sample Risks of the Averaging Estimators in Model 3

(Exogenous Subvector)

n = 250; 500; 1000). Its MSE is slightly in�ated when d is around 3 and the sample size is

large (e.g., n = 2500).
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