THE FiPIt GLOBAL METHOD FOR SOLVING
MODELS WITH INCOMPLETE MARKETS &
CREDIT CONSTRAINTS
(LAB 1)



% Workhorse model again

* Optimization problem:
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Eq {Z 51"11(015)} U (Ct) _ Cy
=0 1l —0o
ct = ey — A+ by — qbia, bi+1 2> —.

* State variables (b, z), decision rules b’ (b, z), c(b, z),
A is autonomous spending for calibration (G+/)

e Optimality conditions in recursive form:
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Fixed-point iteration (FiP/t) method

Mendoza-Villalvazo (2020)

FiPIt is an “Euler equations method” that solves recursive
optimality conditions (i.e. focs + market clearing)

— Useful for economies w. distortions, inefficiencies, policies

— Avoids nonlinear solvers, uses simple interpolation

— Requires differentiability and is not guaranteed to converge

For workhorse model, it finds b’ (b, z), c(b, z) that satisfy
opt. conditions for a finite, discrete state space given by the
set of pairs: (b,z) E B X Z

Z is constructed as discrete approx. to time-series process of
shocks using quadrature methods (Tauchen-Hussey)

B is set to include interval that supports the stochastic
steady state (the long-run distribution on NFA)



FiPIt algorithm description

Start iteration j with a conjectured decision rule E};-(b. 2)

Generate consumption dec. rule implied by that conjecture
using resource constraint
cj(b,z) = e*y—A+b—qb(b, z)

. Solve for a new consumption dec. rule “directly” using the
Euler eq. (assuming ¢ is not binding)

¢i1 (b :{JSRZ’Tz,z [( (H,(b 2). ’))U]}

— In RHS, form c,,, by evaluating the j-th iteration cons. dec. rule using the
values of the state variables at t+1

— Use linear interpolation (c; (b, z) is only known at grid nodes!)

— No need for a non-linear solver as with time iteration method



@ Evaluating consumption decision rule
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% FiPiT algorithm description

4. Generate new bond’s decision rule ¢’ (b, ) using the
resource constraint. If b”, (b, 2) < —¢ the debt limit

w

binds and we set b (bo2) = —¢
5. Update the initial conjecture for iteration j+1:
bir1(b,2) = (1= p)Vi(b, 2) + pb 1 (b, 2).

— 0 < p < 1 for unstable iterations, p > 1 for slow convergence

6. lterate until this convergence criterion holds:
max |V (b, 2) = V(b 2)| <€’ V(b,z) € Bx Z

7. Compute ergodic distribution, moments, IRFs etc.

* Mendoza & Villalvazo (2020) provide additional details and de
Groot et al. (2020) compare v. local methods



Example from de Groot et al. (2022): Calibration

e E[y] =1 for simplicity (variables are GDP ratios)

* E[b] =-0.44 Mexico’s average NFA/GDP 1985-2004 in
Lane & Milesi Ferretti (06)

* E[c] =69.2 Mexico’s average C/GDP 1965-2005

e R=1.059 Mexico’s country real interest rate from
Uribe and Yue (06)

* Above values imply: A=y+b(R-1)-c=0.282.
* Discount factor and debt limit: ¢ = —0.51 7=0.94

— Set by searching for values of ad-hoc debt limit & discount
factor that match E[b]=-0.44 and sd(c)=3.28%



Discrete state space

* Grid of NFA positions:

(b,b)e B={b <b <..<b,} n—1000

— Spacing=0.001514, b, =-0.5123

* Markov income process:

ee€e b = {51 < gg < ... K Ej} (552 | &)
— Constructed to match to Mexico’s detrended GDP
Yt = PylYi—1 T & o, = 3.301% py = 0.597

7. = AJo2(1 — p2) = 2.648 percent

— Discretized using Tauchen-Hussey quadrature method with
j=5 (yields process with 3.28% s.d. and AR=0.55)



Summary calibration: FiPIt & local methods

1. Common parameters

o Coefficient of relative risk aversion 2.0
Y Mean endowment income 1.00
A Absorption constant 0.28
R Gross world interest rate 1.059
o Standard deviation of income (percent) 3.27
P2 Autocorrelation of income 0.597

2. Global solution parameters

3 Discount factor 0.940
© Ad-hoc debt limit —0.51
3. Local solution parameters

Common It-’f?!'f””[’h’!'ﬂ

3 Discount factor 0.944

b Deterministic steady state value of NFA  —0.51

Baseline calibration

o) Inessential DEIR coefficient 0.001
Targeted calibration
e DEIR coefticeint for 20A 0.0469

u DEIR coefficient for RSS 0.0469



'I\/Ioments in FiPIt & local solutions

Baseline Calibration Targeted Calibration
GLB 20A RSS 20A RSS
DEIR BR <1 DEIR DEIR DEIR
= na 0.001 na 0.001 0.0469 0.0469
Averages
E(e) 0.694 0.701 0.093 0.692 0.689 0.689
Flnz/y) 0.022 0.015 0.625 0.025 0.028 0.028
E(b/u) -0.413 0282 -11.210 0451 | -0502 -0.506
Standard deviations relative to standard deiation of income
a(c)/o(y) 0.992 1.594 1.161 1.617 1.001 0.997
o(nr), G[y} 0.660 1.327 1.202 1.346 0.730 0.730
a(nz/y) ”a{u) 0.643 1.311 1.161 1.331 0.709 0.709
a(b)/ao(y) 7.461 62.327 1.706 40.078 6.647 6.576
a(b/y)/o(y) 7.735 61.989 1.892 40.213 7.174 7.118
Incore correlations
p(y, ) 0.755 0.202 0.188 0.197 0.684 0.684
ply,nzx) 0.729 0.572 0.312 0.567 0.705 0.708
p(y,nz/y) 0.704 0.572 0.006 0.567 0.705 0.708
p(y,b) 0.449 0.128 0.070 0.124 0.489 0.488
py,b/y) 0.549 0.156 0.445 0.149 5.593 0.592
First-order autocorrelations
Pe 0.840 0.995 0.996 0.995 0.929 0.929
o 0.543 0.819 0.934 0.82 0.583 0582
Prax/y 0.551 0.826 0.995 0.83( 0.591 0.590
Ju3 0.977 0.999 0.999 0.999 0.977 0.977
Po/y 0.961 0.998 0.953 0.998 0.958 0.959
Performance metrics
Execution time (secs.) 5.9 85 na. 99 85 98
ratio rel. to GLB 1.0 1.441 n.a. 1.678 1.441 1.661

Max. Abs. Euler eq. errors  9.60E-05  110E-03  4.45E-03  1.00E-03  2.60E-03 2 50E-03



Precautionary savings

Baseline Calibration (i) = 0.001) Targeted Calibration (1) = 0.0469)
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' IRFS to negative income shocks
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@ FiPIt for RBC & Sudden Stops models

* Representative firm-household problem (Mendoza AER, 2010)

— o lCt — Ly fw)'=
Eo| Y 3 o
t=0

max
ct Lit,it,bigq

S.T.

keyr — kK
ce(14+7)+kip1—(1—0)ky +§( Hlk )° =

flt F ( /l’{?f . Lt . Ut ) — Pt U — O( Bt —1 ) (’L{ft Lt —f—pt"l,’t) — (ff bt_|_1 + bt

Qi) bi+1 — ORi(wi Ly + prvy) > —Kqiki+1

— Standard RBC-SOE model if credit constraint never binds
— Endogenous states (b, k), exogenous states (shocks): s = (4, R, p)



Algortihm structure & Matlab codes

(Mendoza & Villalvazo, RED, 2020)

* Paper includes step-by-step user’s guide (Appendix) and
zip file with all the necessary script files

* Logic of the solution is the same as in endowment model

* mainFiPItNew.m: main code that solves the model (both
RBC and SS versions, for RBC set k to high value)

* mainFiPItNew.m program structure
— Cell 1: Initialization of parameters & state space
— Cell 2: Sets initial conjectures, arrays and options
— Cell 3: Solves model by applying FiPIt method
— Cell 4: Computes Euler equation errors

— Cell 5: Computes ergodic distribution



@ Recursive equilibrium conditions

(C(b, k,s) — L(b’j’ S)w)a = A, k,s)(1+7) (1)
QAKVL(b, k,s)* to(b, k, )T = w(b, k, s) (1 +o(R—1)+ ’;EZ : 3 @’)R) (2)
nAKTL(b, k, 5)v(b, k, s)""L = p (1 L HR—1) + ‘;Ez 2 3@;3) (3)
Ab. k,s) = RBEND (b, k. s). K (b.k,s),s)] + u(b, k, s) (4)
A(b, k. s) = iaPE N (b, kys), k' (b, s), ') (d(V (b, ke, 8), K (b, Ky s), ) (5)

+q¢ (W (b, k,s), k(b k. s). .9’))] + u(b k, s)k



% Recursive equilibrium conditions

J(h Loo) )2
d(b k. s) = 7 ARV L(b. k. $) 0 (b, k. )7 — 6 + %(k (b, kk;) k) (6)

db k) =1 4 (k’(b, k;) — k) m
w(b, k,s) = L(b,k,s)* "1+ 7) (8)

c(b ke, $)(1 4+ 1)+ K (b, s) — (1 — )k + = (Kb k. 5) —k)* _ AKVL(b, k, 5)“0(b, k, 5)"
2 g (9)

—pv(b,k,s) — (R — 1)(L(b, k,s)“(1+7)+ pv(b k,s)) — R (b, k. s)+b



' Cell 1: Initialize parameters & state space

 Model parameters (from Mendoza AER 2010)

o  coefficient of relative risk aversion 2.0
w labor elasticity coefficient 1.8461
B discount factor 0.92
a  capital adjustment costs coefficient 2.75
¢  fraction of input costs requiring working capital 0.2579
0  depreciation rate 0.088
«  labor share in gross output 0.59
n  imported inputs share in gross output 0.10
capital share in gross output 0.31
7  tax on consumption 0.17
A average TFP 6.982

e Algorithm parameters

p”  Updating weight for bonds decision rule 1.00
p*  Updating weight for multiplier ratio 1.00
p?  Updating weight for price of capital 0.30

¢! Function convergence criterion 10e-4



% Cell 1: Initialize parameters & state space

» Choose RBC or SS model by setting « high enough (pKappa > 1
solves RBC)

» Markov process of s = (A, R, p) from Mendoza (2010) (8 triples)
» Grid of bonds b € B has 80 (RBC) or 72 (SS) equidistant nodes

beB={b <by<...<b,}, n = 72,80
» Grid of capital £ € K has 30 equidistant nodes
FeK={k <ky<...<by} m = 30

» State space: (b, k,s) € B® K ® S with 80 x 30 x 8 elements



CeII 2: Initial conjectures & options

» Fach iteration j starts with conjectured functions for the bonds
decision rule (éj(b: k,s) = 5j(b, k.s)), price of capital ¢;(b,k,s)

-
4

and multiplier ratio ﬁ.j(bg k. s)

» Step 1: Initial conjectures for 3 =0

Fa

Bo(b. k,s)=b, Y(bks)eBaK®S$S
Go(b k.s) =1, VY(b.k,s)ceBaK®S
fo(bk.s) =0, Y(bks)eBaK®8

» Initialization of arrays for other endogenous variables
» Options for fzero (or fsolve) non-linear solver used to solve

allocations when the occasionally binding constraint binds



@ Cell 3: FiPIt solution iterating dec. rules

» Cell 3 solves the model using FiPIt on B.q.
» Recursive equilibrium conditions in the Appendix

» Step 2: Use B;,() cjj(-):ﬁ.j(-) to get iteration 5 values for
K(-). EJ() vi(-). L;i(+), y;(-) and ¢;(-) for all (b, &, s):

A
Ki(bk,s)=

|
a

~ Kb, k.s)—Fk
i;j(b.k,s)=(K;( k,s)—Fk) [1 + - ( (b, 8) )] — ok

q;(b.k,s)—1+al

2 5

> ﬁj() depends on choice of RBC or SS model
— RBC: ﬁtj (-) = 0 in all iterations

— SS: 1;(+) > 0 endogenously in states in which constraint binds



% Rest of equations for Cell 3, Step 2

(b k. ) Ak”fan 1475 w(l—n)—a
vilb. K, S) = — .
: P 1+ G(R — 1) + ji; (b, k. )0 R

L](b k. S) = { v p@j((b: J q)}w

n(l+7)
y;(b. k. s) =Ak"TL;(b, k. ,S)O‘t,:j(b, k,s)"

(14+7)¢;(b, k. s) = yj(b,k,s) —pvj(b k. s)
—o(R—1)[(14+7)L;(b,k,s) + pvj(b. k,s)]

b;(b, k.s)

b
I +

—i(b. k., s) —



Cell 3: j+1 solutions if constraint does not bind

» Step 3.1: Assume credit constraint does not bind (jj4+1(-) = 0)

and solve for v 1(+), Lj+1(+), yj+1(-) (they depend on k,s only!)

wW—0

ATy o 2= P w(l-n)-a
vje1(biks) = 4 o =TI
p e [1+o(R—1)

8%

Lj+l(b k S) — {T )]Tﬂ‘j_}_l(b k S)}

(147

i1 (b, k. s) = AKTL 1 (b, k, $) 01 (b, 8)"

Since these depend only on (k,s), these are the same in RBC version where constraint
never binds or in SS model with credit constraint when it does not bind



Cell 3: j+1 solutions if constraint does not bind

» Step 3.2: fFiPIlt_Cons.m solves for c¢;,(-) using bonds Euler eq.

Cjt+1 (b )(L ‘S) _{,3RE (C,j' (EJ (b l[., S) I{J (b l[., 5) .S‘f)

s

~ Lj(Bj(b.k.s), K;(b.k, -‘%‘)--""’)w)a}é L+ Lisa(b, K, 5)*

W W

— t+1 variables are based on iteration j conjectures

~ Bi-linear interpolation on ¢;(-), L;(+) over their first twc

arguments (using fBiLinearInterpolation.m)

» Step 3.3: Solve for B;;1(-) using resource constraint



' Cell 3: j+1 solutions if constraint binds

» Step 3.4: Check if credit constraint binds:

Bj+1 (b A ‘-»)

— OR[(1 +7)Lji1(b. k. 5)* +pvji(b.k, s)]

+ rq;(b,k,s)K;(bk,s) >0

— If true, constraint binds at point (b, k, s) move to Step 4

— Otherwise, save j+1 function values for (b, k, s) and jump to Step 5

» Step 4: Use non-linear solver to solve for ji;.1(b, k, s)
— Reduce system to one non-linear equation in /i;41(+)
— fFiPIt_MuHat.m solves using either fzero or fsolve Matlab
nonlinear solvers

— Non-linear solver not needed if ji;4(-) and allocations are block

recursive (e.g. without working capital in constraint or if by, > ¢)



CeII 3: Nonlinear system when constraint binds

B(i
g:) = —K(QiK; + oRpv(fi) [l N :; ]
| ” 1) — ¢ Doo(i) (10 % 5. Bl
(1 +7)e(i) = y(i) —po(ft) — ¢(R — 1)pu(ii) L T ] —ij - é ) b

y(it) = AKYL(j1)%v(ji)"

BRE [(cj(éjtb. ko). K (b k). o) — LaBaRDK ()32 ]

L

,(ﬂ}.-j+1(b. k. S) =1-—

7 - g))w —a
(C(ﬁ-jJrl(b. k.s)) — L'U’-J+lf(f3-ﬁ-.u)) )

(=



@ Cell 3: j+1 capital price & convergence

» Step 5: Repeat Steps 2.-4. for all (b, k. s)

» Step 6: Compute gj+1(b, k., s) using capital Euler eq.:

” J j ), K5 (),8)% -7
(e (B (), I (), o) — Lo Bra QK007 )
(cj41() = —th(')w)_g(l — Fftj41(+))

x [d'() + q;(Bjsa (), K; (), -‘%")}]

gjv1(b,k,s) = BE}

— fFiPIt_PriceKK.m computes this using bi-linear interpolation

— Step 0.2 is slower option that iterates on capital pricing function

» Step 7: Check convergence of ¢, B, ji. 1f it fails, update

conjectures and return to Step 2:

zjp1(bk.s)=(1—p")z;(b, k. s)+ pTxjp1(b k,s), forax=|q B.j]



' Cell 4: Euler equation errors

» Recursive equilibrium solution is done when Step 7 is completed

» Cell 4 uses decision rules to compute errors of the Euler

equations of bonds and capital using fFiPIt_EulerError.m

» For SS model the errors are:

FiPlt-large k grid FiPIt
Bonds Euler equation
Max Log10 abs. Euler error -1.56 -1.56
At grid points (b, k, s) (1, 11, 3) (1, 6, 3)
Mean Log10 abs. Euler error -6.27 -6.27
Capital Euler equation
Max Log10 abs. Euler error -6.68 -6.68
At grid points (b, k, s) (72,1, 7) (72,1, 7)
Mean Log10 abs. Euler error -7.04 -7.05
Grid size (#b, #k) (72, 60) (72, 30)
Seconds elapsed 1985 810
Relative to FiPIt 2.5 1.0

Number of iterations 196 196



% Cell 5: Ergodic distribution

» [terate to convergence on law of motion of conditional prob. A;

A*C—i-l br A! > Z Z Z P?‘[S’lsh\t(b: k, s)

s {b:t!=B(b.k,s)} {k:k'=K (b.k,s)}

» Since (b, k') are not generally on the grid, the law of motion
needs adjustments akin to interpolation
1. Find closest grid points by, < B(b, k., s) < by, kr < K(b,k,s) < ky
2. Iterate to convergence on four prob. distributions using distances
to the closest grids as weights. For example, for by . kp:

b;—B' !(J,-"_I('
\t—l—l bL AL r’ ZP? \t b L )( Et)[—bi))( ;[_ﬁbi))




@ Codes for generating results

» Ergodic distributions (mainFiPIt.m)

» Long-run moments (scriptl_moments.m)

» Decision rules (script2_PolicyPlot.m)

» Sudden stops event windows (script3_Simulation.m)

» Amplification and asymmetry during sudden stop events
(script_TableDiffAmpl.m)



FiPIt advantages

Euler equations solved directly without nonlinear solver

— Similar to endogenous grids method

— Standard time iteration solves Euler eqn’s. as nonlinear system
Standard linear interpolation of rectangular grids

— Similar to time iteration method

— Endogenous grids method has irregular grids. needs complex

interpolation (Delaunay tringulation)

Needs nonlinear solver only when fj4+1(-) > 0 and if f1j41(-) and
allocations are not block recursive (i.e. need to be solved jointly)
Mendoza and Villalvazo (2019) show FiPIt is much faster than,
and just as accurate as, time iteration for RBC & SS models
de Groot et al. (2019) show FiPIt is more accurate and of similar
speed as DynareOBC/OccBin for SS model
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Equilibrium decision rules
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' Equilibrium prices & multipliers

Capital

600 _ Bond

(c) Price of capital

%107

Credit Constraint Multiplier
[}

©
o
o

RBC model, SS model

— .
800 100
- -
700 T~ __— 4100
-
Capital 600 -200 Bond

(d) Credit Constaint Multiplier



GDP

0.02

0.01r

-0.01 ¢

-0.02 ¢

-0.03 ¢

-0.04

-2 0 2
T: Time Horizon

Net Exports - GDP ratio

0.04

0.03

0.02r

0.01r

-0.01

T: Time Horizon

Sudden Stops

Private Consumption

Investment

0.02 0.1
0f \_ 0 \
-0.02 -0.1
-0.04 ¢ -0.2
-0.08 -0.3
-4 -2 0 2 4 -4 -2 0 2 4
T: Time Horizon T: Time Horizon
Tobin Q TFP (solid), Int Rate (dashed), Price Input (dotted)
1.04 - 0.04 : : .
0.03} r
1.02} I\
0.02¢ f \
1t 0.01¢ rr
P y
D L
098¢ I N~
0017 ™ -
0.96 : : -0.02 :
-4 -2 0 2 4 -4 -2 0 2 4

T: Time Horizon

T: Time Horizon



	THE FiPIt GLOBAL METHOD FOR SOLVING MODELS WITH INCOMPLETE MARKETS &�CREDIT CONSTRAINTS�(Lab 1)
	Workhorse model again
	Fixed-point iteration (FiPIt) method  �Mendoza-Villalvazo (2020) 
	FiPIt algorithm description 
	Evaluating consumption decision rule
	FiPiT algorithm description 
	Slide Number 7
	Discrete state space
	Summary calibration: FiPIt & local methods
	Moments in FiPIt & local solutions
	Precautionary savings
	IRFS to negative income shocks
	FiPIt for RBC & Sudden Stops models
	Algortihm structure & Matlab codes�(Mendoza & Villalvazo, RED, 2020)
	Recursive equilibrium conditions
	Recursive equilibrium conditions
	Cell 1: Initialize parameters & state space
	Cell 1: Initialize parameters & state space
	Cell 2: Initial conjectures & options
	Cell 3: FiPIt solution iterating dec. rules
	Rest of equations for Cell 3, Step 2
	Cell 3: j+1 solutions if constraint does not bind
	Cell 3: j+1 solutions if constraint does not bind
	Cell 3: j+1 solutions if constraint binds
	Cell 3: Nonlinear system when constraint binds
	Cell 3: j+1 capital price & convergence
	Cell 4: Euler equation errors
	Cell 5: Ergodic distribution
	Codes for generating results
	FiPIt advantages
	Stochastic steady states
	Equilibrium decision rules
	Equilibrium prices & multipliers
	Sudden Stops

