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We present a study of resonant vibrational coupling between adsorbates and an elastic substrate at
low macroscopic coverages. In the first part of the paper we consider the situation in which
adsorbates form aggregates with high local coverage. Based upon our previously published theory,
we derive formulas describing the damping rate of adsorbate vibrations for two cases of such
aggregation:~i! adsorbates attached to step edges and~ii ! adsorbates forming two-dimensional
islands. We have shown that damping is governed by local coverage. Particularly, for a wide range
of resonant frequencies, the damping rate of adsorbates forming well-separated islands is described
by the damping rate formula for a periodic overlayer with the coverage equal to the local coverage
in the island. The second part of the paper is devoted to facilitating the evaluation of damping rates
for a disordered overlayer. The formula describing the damping rate involves the parameterb,
which is related to the local density of phonon states at the substrate surface and does not allow a
closed-form representation. For substrates of isotropic and cubic symmetries, we have developed a
good analytical approximation to this parameter. For a vast majority of cubic substrates the
difference between the analytical approximation and numerical calculation does not exceed 4%.
© 2000 American Institute of Physics.@S0021-9606~00!70846-4#
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I. INTRODUCTION

Molecules or atoms adsorbed on surfaces of mater
can oscillate about the adsorption bond. If this motion cor
sponds, in the absence of the adsorption bond, to free tr
lation relative to the surface, then this mode is called a fr
trated translation~FT!. It plays an important role in such
dynamical processes as reactivity, surface diffusion, and
sorption. For many systems, especially with a metallic s
strate, the frequency of the FT mode is so low that it read
couples to low-energy excitations in the substrate, which
the case of metals, include both phonons and electron-
pair excitations. These bulk excitations provide decay ch
nels for FT modes, which thus acquire a finite lifetimet and
become resonances. Associated with this lifetime is the re
nance width, or damping rate,g51/t. In many cases the
electronic contribution to the damping rate is small co
pared with the phononic contribution.1

We recently developed a general theory of phon
mediated FT relaxation that can be applied to any adsor
overlayer pattern. Using this theory we derived simple
damping rate laws for three important classes of adsor
patterns: an isolated adsorbate, an ordered overlayer, a
randomly disordered overlayer. Although there are no
perimental results with which to compare for isolated ads
bates, agreement with experiment for ordered and disord
overlayers is excellent.2
10260021-9606/2000/113(22)/10265/7/$17.00
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However, these three structural models do not cover
possible experimental conditions. Depending on the inter
tions of the adsorbates with the substrate and with e
other, their distribution on the surface can differ strong
from the periodic or random uncorrelated cases. Under
tain conditions the adsorbates may gather into aggreg
even at very low coverages. In this paper we consider
possible examples of such adsorbate aggregation:~i! adsor-
bates accumulating along the edges of surface steps; an~ii !
adsorbates forming two-dimensional~2D! islands. We as-
sume that theaveragecoverage is low enough that thes
aggregates are well-separated from each other and ca
treated as isolated. For each of these cases we derive a
responding damping rate formula from our general result

Another goal of this paper is to facilitate the evaluati
of damping rates for a disordered overlayer. The main di
culty here is that one needs to integrate the Green’s func
for a semi-infinite elastic medium over the in-plane wa
vector at a dense array of frequencies. Regrettably,
closed-form expression for this integral exists, and it must
computed numerically. In this paper we present a good a
lytical approximation of this integral for elastic media o
isotropic and cubic symmetries. We have tested our appr
mation formula for 88 different materials with cubic symm
try, comparing it against well-converged numerical calcu
tions. The difference between the analytical approximat
and the reference numerical values never exceeds 6%,
5 © 2000 American Institute of Physics

P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



I
T

re
to
n

tio
’s
te

iz

-
b

te
ub

p
e
ra
s
at
h
nc
g
th

a
m
r-

io
th

if

a
a

,

rin
he
ch
hi

b-

mble
-

ile
are
of
the
face
e
mes

r-
rray

raic

d

f
tic

o

ing
-
i-
ow-
nts

red
r-
lso
e.

d at
ays

10266 J. Chem. Phys., Vol. 113, No. 22, 8 December 2000 Pykhtin, Rappe, and Lewis
for a vast majority of the materials is under 4%.
The remainder of this paper is organized as follows.

Sec. II we briefly review our theory of phonon-mediated F
damping. For details of the derivation, the reader is refer
to Ref. 2. This theory is then applied in Secs. III and IV
the cases of adsorbates aggregated along step edges a
islands, respectively. In Sec. V we present our approxima
formula for the k-space integral of the substrate Green
function, thus facilitating the evaluation of the damping ra
of a disordered overlayer. Finally, in Sec. VI we summar
and draw conclusions.

II. REVIEW OF THEORY

The phonon contribution to the damping of low
frequency adsorbate vibrations was considered earlier
Persson and Ryberg3 ~PR! and by Hall, Mills, and Black4

~HMB!. Persson and Ryberg considered a single, isola
adsorbate coupled to a semi-infinite isotropic elastic s
strate. Since direct adsorbate–adsorbate interactions
weak for all but the densest coverages, this case was
sumed applicable for most experimental conditions. Th
model gives a damping rate law that varies with the vib
tional frequency asv0

4. However, when applied to variou
experimental systems, the PR model predicts damping r
that are much smaller than the measured values. Furt
more, the PR model has no explicit coverage depende
coverage enters the damping rate law only implicitly throu
its effect on the resonance frequency. The applicability of
model is limited to extremely low coverage (,1%). Hall,
Mills, and Black considered a periodic overlayer of rare-g
molecules physisorbed at an isotropic substrate. The da
ing rate implied by their result is proportional to the cove
age and to the square of the resonant frequency. The per
distribution of the adsorbates over the surface implied by
HMB model generally occurs at high coverage (>25%). In
general, most adsorbate systems have structures that d
from both of these special cases.

In our recent work2 we developed a general theory for
completely arbitrary overlayer structure. We considered
array of N noninteracting adsorbates of massm located at
arbitrary positions$Ra% at the surface of an anisotropic
semi-infinite elastic substrate of mass densityr and elastic
modulus tensorCi jkl , occupying the half-spacez,0. The
adsorbates are coupled to the substrate by harmonic sp
of frequencyv0 and are allowed to oscillate along one of t
Cartesian axesa. The adsorbates do not interact with ea
other directly. We showed that the damping rate for t
system is described by

g5
m

r
v0

2 E d2k

~2p!2
@v0 Im Daa~k,v0!#S~k![

m

r
v0

2 I ~v0!,

~1!

whereDi j (k,v) is the in-plane Fourier transform of the su
strate elastic Green’s function evaluated at the surfacez
5z 850), andS(k) is the structure factor defined as

S~k!5
1

N K (
a,b

exp@2 i k•~Ra2Rb!#L , ~2!
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where the angle brackets denote the appropriate ense
average. The integration in Eq.~1! is taken over the bare
surface Brillouin zone. The integralI (v) in Eq. ~1! is a
convolution of two quantities, one of which~inside the
square brackets! describes all the substrate properties, wh
S(k) provides all the information on how the adsorbates
distributed over the surface. Except for a unitless factor
order unity, the quantity in the square brackets is equal to
k-resolved density of elastic modes at the substrate sur
for frequencyv0. Any possible explicit dependence of th
damping rate upon the coverage or the structural order co
from the structure factorS(k).

We previously applied this general result to three diffe
ent structure models: an isolated adsorbate, a periodic a
of adsorbates~appropriate at high coverages!, and a random
array of adsorbates~appropriate at low coverages!. For each
of these models, the structure factor has a simple algeb
form. Their substitution into Eq.~1! leads to

g5
m

r
v0

4 b ~3!

for an isolated adsorbate,

g5
m

r
v0

2 u

A0c'
(a)

~4!

for a periodic overlayer,7,8 and

g5~12u!
m

r
v0

4 b1
m

r
v0

2 u

A0c'
(a)

~5!

for a random overlayer,9 whereu is the coverage,A0 is the
area per surface site,c'

(a) is the speed of ana-polarized
sound wave propagating perpendicular to the surface, anb
is defined according to

b5
1

v E d2k

~2p!2
Im Daa~k,v!. ~6!

The integral in Eq.~6! is proportional to the density o
a-polarized states divided by frequency. For a 3D elas
medium the density ofa-polarized states is proportional t
v2, and thusb is independent of frequencyv. The evalua-
tion of this parameter is discussed in Sec. V. The damp
rates given by Eqs.~3! and ~4! are just the anisotropic ver
sions of the PR3 and HMB4 results, respectively. No exper
mental results are available for an isolated adsorbate. H
ever, we compared the other two models with experime
on CO on Cu~001! by applying Eq.~4! to the case of an
ordered overlayer at 50% coverage,5 and Eq.~5! to the case
of a disordered overlayer at 3% coverage.6 Both models pre-
dict the lifetimes in excellent agreement with the measu
values. Equation~5! was independently derived later by Pe
ssonet al.10 for the case of an isotropic substrate. They a
considered the case of an isolated adsorbate of finite siz

III. ADSORBATES ALIGNED ALONG STEP EDGES

In this section we study the case of adsorbates locate
step edges. This geometry is important since steps are alw
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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10267J. Chem. Phys., Vol. 113, No. 22, 8 December 2000 Adsorbate aggregation and vibrational relaxation
present at surfaces and they generally attract adsorbat
their edges.11 While the macroscopic coverage is low for th
case, the local coverage is high.

In our analysis we ignore the influence of the steps
the substrate Green’s function. The only effect of steps
we consider is to set the distribution of adsorbates. We
sume that the adsorbates form one-dimensional~1D!, locally
periodic arrays. Starting from Eq.~1! we derive the damping
rate for an infinite, 1D periodic chain of adsorbates, and t
we extend the derivation for a finite, locally periodic chai

A. One-dimensional infinite chain

We assume that the adsorbates are arranged in an
nite, 1D, periodic array along thex axis. The adsorbate po
sitions are given byRa5(Xa,0), and the nearest-neighbo
distance isd. The 1D coverage of the step edge can be
fined asu1D5a0 /d, wherea0 is the nearest-neighbor dis
tance between the substrate atoms along the step edge.
the structure factorS(k) takes the form

S~k!5
2p

d (
n

d~kx2Gn!, ~7!

where $Gn% is the set of 1D reciprocal vectors defined
Gn52pn/d. Substitution of Eq.~7! into Eq. ~1! leads to

g5
m

r
v0

3 1

dE dky

2p (
n

@ Im Daa~Gn ,ky ;v0!#. ~8!

Since there are no resonant phonon states availab
the substrate for in-plane wave vectorsuGnu.v0 /cR , where
cR is the speed of the Rayleigh wave, the imaginary par
the Green’s function in Eq.~8! vanishes for these values o
Gn , and thus these terms do not contribute to the sum. S
lar to the case of a two-dimensional~2D! periodic overlayer
discussed in detail in our earlier work,8 it turns out that for
all 1D coverages presently accessible to experiment (u1D

.u1D
(c)'10%), only the term withGn50 contributes to the

damping rate. Moreover, the integral of this term in Eq.~8!
does not depend on frequencyv0, and we can define a con
stantza according to

za5E dky

2p
@ Im Daa~0,ky ;v0!#. ~9!

It turns out thatzx ~vibration parallel to the step! differs
significantly from zy ~vibration perpendicular to the step!.
However, for substrates with isotropic or cubic symmet
these values, while different from each other, are indep
dent of the orientation of the step. It is, therefore, appropr
to use the notationz i for oscillations along the step andz'

for oscillations perpendicular to the step but still in the pla
We can now write the damping rate formula compactly a

g i ,'5
m

r
v0

3 z i ,'

d
. ~10!

Thus oscillations along the step are damped at a different
than oscillations perpendicular to the step. Typically,
damping rate is higher for vibrations along the step.

Experimentally measured damping rates can be rela
to Eq. ~10! in two possible ways. If the frequencies for bo
Downloaded 13 Nov 2001 to 130.91.64.98. Redistribution subject to AI
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vibrational modes are close, then the measured damping
will correspond to an average ofg i andg' . Otherwise, both
modes can be resolved experimentally, each exhibiting
own damping rate.

B. One-dimensional finite chain

Here we consider a finite, locally periodic chain ofN
adsorbates along one of the step edges. As before, thex axis
is along the step, and the nearest-neighbor distance in
chain is d. The total length of the chain isL5N d. The
structure factor corresponding to this configuration is giv
by

S~k!5NF(
n

sin@~kx2Gn! L/2#

@~kx2Gn! L/2# G2

. ~11!

Most of the weight of this function is in the peaks centered
the reciprocal vectorsGn52pn/d. Even at relatively small
values ofN the cross terms in Eq.~11! may be neglected, and
the square of the sum can be approximated by a sum
squares

S~k!5N(
n

Fsin@~kx2Gn! L/2#

@~kx2Gn! L/2# G2

. ~12!

Equations~11! and ~12! are compared for a chain ofN56
adsorbates separated byd55.54 Å ~twice the nearest-
neighbor distance for platinum! in Fig. 1. The solid line cor-
responds to the structure factor computed according to
~11!, while the dashed line representsS(k) given by Eq.
~12!. As N increases, the main peaks become narrower~the
width of the peaks is approximately 2p/L), and the differ-
ence between the two formulas decreases. In the limiN
→`, both expressions take the form of Eq.~7!.

FIG. 1. The structure factorS(kx) for a chain of six atoms separated byd
55.54 Å. The solid~dashed! curve was computed according to Eq.~11! @Eq.
~12!#.
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Finally, we show that the damping rate for a finite cha
of adsorbates can be computed approximately from Eq.~10!
for large enoughN ~where ‘‘large enough’’ may be as sma
as 6!. First, we assume that all the weight in the structu
factor comes from the main peaks. Then, repeating the a
ment we gave for the infinite chain, we conclude that
v0 /cR,2p (121/N) / d , only the peak centered atG50
contributes to the integral in Eq.~1!, and the damping rate
becomes

g5
m

r
v0

3 E dkx

2p
N Fsin~kxL/2!

~kxL/2! G2E dky

2p
@ Im Daa~k,v0!#.

~13!

If the peak is narrow enough, the imaginary part of t
Green’s function does not change significantly over its wi
~the region kx,2p/L). Thus for each value ofky the
Green’s function can be replaced by its value atkx50. The
integral overkx can now be carried out explicitly, and Eq
~10! follows.

IV. ADSORBATES FORMING ISLANDS

In this section we analyze the damping of the FT mo
when adsorbates form 2D islands at the substrate surface
with 1D step-edge aggregation, this case corresponds to
macroscopic coverage, but high local coverage. We ass
that each island is a locally periodic array ofN adsorbates
with local coverageu loc and areaA. We also assume that th
distance between islands is large enough that the islands
be treated as isolated.

Unlike in the previous section, there is no need here
considering the case of an infinite island, because an infi
island is the same as a periodic overlayer withu loc5u, and
its FT damping rate is given by Eq.~4!. The problem of a
finite island appears to be more complicated than that o
finite 1D chain at a step edge. The reason is that, apart f
its local coverage and size, the island is also characterize
its shape. It is convenient to represent the shape of the is
by a functionf (r ) defined as

f ~r !5H 1 if r is inside island,

0 otherwise.
~14!

It is straightforward to show that the structure factor can
expressed in terms of the Fourier transformf (k) of this func-
tion as

S~k!5
N

A2 (
G,G 8

f ~k2G! f ~k2G 8!, ~15!

where summation is over reciprocal vectors defined by
local periodicity of the adsorbate distribution inside the
land.

We further assume that the island is a convex set w
similar dimensions in all directions~i.e., its width is of the
same order of magnitude as its length!. If the number of
adsorbates in the island is not too small~the meaning of
which is discussed below!, then the functionf (k) will have a
strong peak atk50, with most of the function’s weigh
within the peak. Analytical examples of this function includ
Downloaded 13 Nov 2001 to 130.91.64.98. Redistribution subject to AI
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f rect~k!5A
sin@kxa/2#

@kxa/2#

sin@kyb/2#

@kyb/2#
, ~16!

for a rectangular island with dimensionsa along thex axis
andb along they axis, and

f circ~k!52A
J1~ ukuR!

ukuR
~17!

for a circular island of radiusR, whereJ1(x) is the first-order
Bessel function.

We now follow the arguments of the 1D case. First, w
neglect the cross-terms in Eq.~15! and write it as

S~k!5
N

A2 (
G

@ f ~k2G!#2. ~18!

Then, we assume that all the weight in the structure fac
comes from the main peaks. If the resonant frequency of
FT modev0 is small enough thatv0 /cR,G12D, whereG1

is the magnitude of the smallest reciprocal vector, andD is
the maximal width of the main peak inS(k), then only the
G50 term will contribute to the integral in Eq.~1!. Thus this
equation now takes the form

g5
m

r
v0

2 E d2k

~2p!2
@v0 Im Daa~k,v0!#

N

A2 @ f ~k!#2. ~19!

If the the peak of@ f (k)#2 is narrow enough, the imaginar
part of the Green’s function does not change significan
over its width~i.e., the regionuku,D), and it can be replaced
by its value atk50 given by ImDaa(0,v0)51/(c'

(a)v0) ,
and taken out of the integral. The remaining integral can
evaluated with the help of Parseval’s theorem as

E d2k

~2p!2

N

A2 @ f ~k!#25E d2r
N

A2 @ f ~r !#25
N

A
5

u loc

A0
,

where, as before,A0 is the area of the surface unit cel
Substituting this result into Eq.~19! we obtain

g5
m

r
v0

2 u loc

A0c'
(a)

, ~20!

which is exactly the damping rate of a periodic overlay
given by Eq.~4! with the total coverageu being replaced by
the local coverageu loc .

Finally, we need to determine for which values ofN the
approximation given by Eq.~20! really works. We consider
as an example, an isolated island of hexagonal shape on
Pt~111! surface with local coverageu loc51/4. This is about
the lowest local coverage observed for islands of small m
lecular adsorbates. If the approximation given by Eq.~20!
holds for this coverage, it will also hold for higher cove
ages. We have computed the integralI (v) in Eq. ~1! for
hexagonal islands of different sizes, and, in Fig. 2, plotI (v)
vs v for each island size. The value of the integral for t
two limiting cases of an isolated adsorbate and an infin
periodic overlayer are shown by the dashed and solid lin
respectively. The dotted, dashed–dotted, and dash
double-dotted lines correspond to the cases of one, two,
three hexagonal shells of adsorbates around the center a
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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bate, respectively. The inset to Fig. 2 characterizes the
lands by their circumscribing radiusR, and the number of
adsorbates,N, within the island.

The behavior ofI (v) shown in Fig. 2 can be readily
explained in terms of resonant phonon wavelengths at
quencyv. For small frequencies the phonon wavelengths
much greater than the island size, and the adsorbates in
island behave like a single isolated adsorbate of massNm.
Thus for small frequencies we haveI (v)5Nbv2 in accor-
dance with Eq.~3!.12 Mathematically, this result can be ob
tained from Eq.~19! by settingf (k)5 f (0)5A. Frequencies
for which the resonant phonon wavelengths become com
rable with the island size correspond to the crossover reg
where this quadratic behavior changes. When the pho
wavelengths are smaller than the island size, but still sign
cantly greater than the nearest-neighbor distance betwee
adsorbates, only phonons with in-plane wave vector com
nent,k, near zero couple strongly to the FT mode due to
G50 peak in the structure factor given by Eq.~18!. Terms
with GÞ0 have no corresponding resonant phonons at th
frequencies. In this frequency region we expectI (v) to
closely follow its limiting value of a full periodic overlayer
Finally, whenv is large enough that the phonon waveleng
become comparable to the inter-adsorbate nearest-neig
distance, nonzeroG-vectors in the structure factor becom
available channels for resonant phonon coupling. Howe
for realistic local coverages (u loc>1/4) these wave vector
lie at the boundary of the bare-surface Brillouin zone, wh
continuum models are no longer applicable. For the c
u loc51, this second crossover region does not exist, beca

FIG. 2. FunctionI (v) for an isolated adsorbate~dashed line!, for an infinite
periodic overlayer~solid line! at coverageu51/4, and for one-shell~dotted
line!, two-shell~dashed–dotted line!, and three-shell~dashed–double-dotted
line! hexagonal islands at local coverageu loc51/4. The substrate is Pt~111!.
In the inset,R is the circumscribing radius of an island,a is the nearest-
neighbor distance between the substrate atoms, andN is the number of
adsorbates inside an island. The features at 13.3 meV are caused by
pling to Rayleigh waves atG1.
Downloaded 13 Nov 2001 to 130.91.64.98. Redistribution subject to AI
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all nonzeroG-vectors lie outside the surface Brillouin zon
From Fig. 2 one can determine the range of resonant

frequencies for which the approximation given by Eq.~20!
holds. Even for the island with only one hexagonal sh
(N57), there is such a frequency range:I (v) stays close to
its limiting value of a periodic overlayer for a range of fre
quencies between about 3 and 7 meV. For larger islands
range expands to frequencies between 2 and 11 meV.

We can analytically estimate this frequency range for
island of sizeD. The low-frequency threshold corresponds
a transverse wave with wave vector magnitude equal to
width, D, of a peak in the structure factor, which can
estimated as 2p/D. The frequency of such a wave isv low

52pcT /D. The high-frequency threshold corresponds to
transverse wave with wave vector magnitude equal toG1

2D, which is approximately 2 (D/d21) pcT /D, whered is
the inter-adsorbate nearest-neighbor distance, as before
frequency of this wave isvhigh5(D/d21) v low . For a
three-shell hexagonal island (N537) with u loc51/4 on the
Pt~111! surface, we haved55.54 Å, D/d56, andcT511
Å meV, which leads to the estimatesv low52.1 meV and
vhigh510.5 meV. This frequency range is in excellent agre
ment with the corresponding plot in Fig. 2. Thus the exam
of a hexagonal island on the Pt~111! surface demonstrate
that, when most of the adsorbates form widely separated
lands, the damping rate can be computed from Eq.~20! for
FT resonant frequencies within a broad range.

V. APPROXIMATION FORMULA FOR b PARAMETER

The main difficulty researchers may encounter in us
Eq. ~5! to determine the damping rate for low-coverage s
tems is the necessity to compute the integral in Eq.~6! nu-
merically. In this section we present an analytical appro
mation for the parameterb defined by Eq. ~6!. The
approximation is developed for the cases of systems w
isotropic or cubic symmetry.

We start from the observation thatb must be a function
of the substrate parameters of the model, namely, the m
density r and the elastic constantsci j . Generally, i , j
51, . . . ,6, but we include only independent constants ch
acteristic of a given symmetry. This function must obey c
tain global constraints, however. It follows from the equati
of motion and the boundary conditions that any quantity
pending on the model inputs may depend only on the ra
ci j /r, which we denote aski j . Becauseb does not depend
on the frequencyv, one can show from the equations
motion thatb, as a function of density-normalized elast
constantski j , must satisfy a scaling property given by

b~vki j !5v23/2b~ki j !, ~21!

where v is an arbitrary number. This scaling property r
duces the number of independent variables in the func
b(ki j ) by one. We have found an excellent analytical a
proximation to this function for the cases of isotropic a
cubic substrates.

A. Isotropic substrate

An isotropic medium is characterized by only tw
density-normalized elastic constants:k11 andk44. The trans-

ou-
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



d

e

w

n

n

st

ic
e
e

by
g

-

ical
e
ce
us

ic

s.

e-

es
ral

10270 J. Chem. Phys., Vol. 113, No. 22, 8 December 2000 Pykhtin, Rappe, and Lewis
verse and the longitudinal speeds of sound are relate
these constants bycT5Ak44 and cL5Ak11, respectively.
Taking into account the scaling property given by Eq.~21!,
we can expressb22 as

b225k44
3 gS k11

k44
D , ~22!

where g(x) is an unknown dimensionless function of on
variable.

To elucidate the behavior ofg(x), we have computedb
numerically for a wide range ofk11/k44. The result of these
calculations is shown by squares in Fig. 3. From Fig. 3
obtain that~i! g(x) goes to zero atx51 as (x21)a, where
1,a,2, and~ii ! g(x) asymptotically approaches a consta
asx→`. We find that the function

g~x!5P
~x21!3/2

3/21~x21!3/2
~23!

almost perfectly approximates the numerical data~solid line
in Fig. 3!. The parameterP is dimensionless and has a
optimal value ofP59.14310211.

B. Cubic substrate

The isotropic approximation is not correct for mo
single-crystal materials. We therefore extend our approxim
tion formula forb to describe substrate materials with cub
symmetry, since these are the most commonly used in
periments. Crystals with cubic symmetry have three indep
dent density-normalized elastic constants:k11, k12, andk44.
The isotropic limit can be obtained from cubic symmetry
setting k125k1122k44. Taking advantage of the scalin
property given by Eq.~21!, we can write

FIG. 3. Fitting functiong(x) defined in Eq.~22!, computed numerically
~squares! and using the analytical approximation given in Eq.~23! ~solid
line!.
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b225k12
3 hS k11

k12
,
k44

k12
D , ~24!

whereh(x,y) is an unknown function of two variables. Gen
erally, the form of the functionh(x,y) may depend on the
particular choice of the surface indices. However, numer
calculations ofb for different low-index surfaces of the sam
material show thatb is essentially independent of the surfa
orientation with respect to the crystallographic axes. Th
the same functionh(x,y) works well for any low-index sur-
face.

First, we study howh(x,y) depends onx by computing
b numerically as a function ofk11/k12 while keepingk44/k12

fixed. We find thath(x,y) depends linearly onx when x
@1 and goes to zero atx51 as (x21)3/2. We choose the
fitting function to have the form

h~x,y!5b~y!
~x21!3/2

y1~x21!1/2
~25!

which satisfies these asymptotic requirements.
The next step is to find a fitting function forb(y). This

can be accomplished by requiring thatb for the cubic sub-
strate given by Eq.~24! go to the isotropic limit described by
Eq. ~22! when k125k1122k44. This requirement uniquely
specifies that the functionb(y) has the form

b~y!5
P

2
y2 F11S y

2D 1/2G ~y2111!3/2

3/21~y2111!3/2
, ~26!

where the parameterP is the one determined for the isotrop
case, namelyP59.14310211.

To check the quality of the approximation given by Eq
~24! through ~26!, we have computedb according to this
approximation and compared it withb obtained by numeri-
cal calculations for 88 different materials with cubic symm
try. The error in the approximated value ofb never exceeds
6% for this set of materials, and for the vast majority of cas
it is below 4%. Table I shows this comparison for seve

TABLE I. Density-normalized elastic moduli (1010 cm2/s2),a bn ~computed
numerically!, ba ~computed using the analytical approximation!, and (ba

2bn)/bn for several cubic materials. All values ofb are given in 1025

meV23 Å23.

Crystal k11 k12 k44 bn ba (ba2bn)/bn

Al 39.58 22.40 10.51 1.3635 1.3657 0.16%
Cs 1.25 1.04 0.75 242.75 231.03 24.83%
Cu 18.84 13.67 8.48 3.6321 3.5586 22.02%
GaAs 22.34 10.10 11.18 1.7750 1.7835 0.48%
Ge 24.16 9.08 12.55 1.4659 1.4608 20.35%
Au 9.98 8.45 2.18 23.549 22.361 25.05%
Ir 25.75 10.75 11.37 1.5337 1.5377 0.26%
Fe 28.73 17.80 14.74 1.4481 1.4374 20.74%
MgO 83.01 26.64 43.62 0.218 76 0.220 36 0.73%
Ni 27.85 17.38 13.94 1.5574 1.5439 20.87%
Pd 18.87 14.62 5.96 5.3473 5.1660 23.39%
Pt 16.13 11.66 3.56 7.9305 7.7329 22.49%
Rb 1.87 1.58 1.08 142.05 133.94 25.71%
Si 71.12 27.43 34.16 0.298 20 0.308 18 3.35%
Ag 11.81 8.92 4.39 9.0756 8.7958 23.08%

aMass density and elastic constants were taken from Ref. 13.
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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important substrate materials.13 It should be noted that a
given error inb results in a smaller error in the predicte
damping rate,g, due to theb-independent term in Eq.~5!.

VI. CONCLUSION

In this paper we have applied the general result of
continuum elastic model2 of phonon-mediated adsorbate v
brational relaxation to derive analytic formulas for the F
damping rate when the adsorbates form aggregates on
surface. We have considered two possible forms of adsor
aggregation:~i! when the adsorbates are aligned along s
edges, and~ii ! when the adsorbates form well-separated
lands. We have derived an expression for the damping ra
an infinite periodic chain of adsorbates, and then shown
the damping rate of a finite locally periodic chain is d
scribed by the same expression for all chains above a s
threshold length. For the case of an isolated island we h
shown that, under mild restrictions on the island geome
there is a wide range of possible FT resonant frequencies
which the damping rate is essentially the same as for a p
odic overlayer with coverage equal to the island’s local c
erage.

Finally, to facilitate the use of our previously derive
expression for the FT damping rate at low coverage, we h
developed an analytical formula which approximates the
rameterb appearing in the damping law. The formula
valid for both isotropic and cubic materials and achieves
markable accuracy. We have tested the formula on 88 dif
ent cubic materials~all of whose elastic constants we
readily available! and have found that our analytic approx
mation predictsb with accuracy better than 6%.
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