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Abstract: This experimental and theoretical study deals with the thermal spontaneous polymerization
of n-butyl acrylate (n-BA). The polymerization was carried out in solution (n-heptane as the solvent)
at 200 and 220 ◦C without adding any conventional initiators. It was studied with the five different
n-BA/n-heptane volume ratios: 50/50, 70/30, 80/20, 90/10, and 100/0. Extensive experimental
data presented here show significant monomer conversion at all temperatures and concentrations
confirming the occurrence of the thermal self-initiation of the monomer. The order, frequency factor,
and activation energy of the thermal self-initiation reaction of n-BA were estimated from n-BA
conversion, using a macroscopic mechanistic model. The estimated reaction order agrees well with
the order obtained via our quantum chemical calculations. Furthermore, the frequency factor and
activation energy estimates agree well with the corresponding values that we already reported for
bulk polymerization of n-BA.
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1. Introduction

Free-radical polymerization has been initiated by a thermal initiator like ammonium persulfate [1]
and azobisisobutyronitrile [2], or a method such as plasma [3], ultrasound [4], UV-irradiation [5],
ionizing-irradiation [6], and redox initiation [7]. A monomer can also initiate free-radical
polymerization by itself. Examples are vinyl monomers that undergo self-initiation in bulk [8,9],
gas [10], and (mini)emulsion media [11,12]. However, the latter needs a large amount of surfactants
to stabilize monomer droplets and polymer particles [12]. The monomer self-initiation reactions can
also be exploited as a radical generation source in other radical polymerization mechanisms like
reversible addition-fragmentation chain transfer (RAFT) polymerization where a RAFT agent exists.
Among the vinyl monomers, styrene has shown high tendency for thermal self-initiation. The proposed
mechanism is the formation of two monoradicals from two styrene monomers via self-Diels-Alder
cycloaddition [13,14]. Monomer self-initiation strongly depends on temperature; styrene needs more
than one year to self-polymerize to reach 50% conversion at 29 ◦C, however, the same conversion
will be obtained after only 4 h at 127 ◦C. In addition to styrene, thermal self-initiation of acrylate
and methacrylate monomers have been studied [15–17]. For methyl methacrylate, the rate of thermal
self-initiation is two orders of magnitude lower than styrene [18].

Purity is an important advantage of thermally self-initiated polymers. Pure polymers have
many applications in medicine and food industries [19–21], because initiator and catalyst leftovers
in polymers reduce their applicability in such areas. For example, molecularly imprinted polymers
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(MIPs) as antibodies are synthesized through thermal self-initiation free-radical polymerization [22].
The absence of any kind of functional groups in the microstructure of self-polymerized polymers
prevents them from participating in many kinds of side reactions. Thus, the so-called dormant chains
can be used as a characterization tool in some living polymerizations [23]. In general, in any kind of
application where fully-pure polymer chains are required, polymerization through thermal monomer
self-initiation is a good choice. Another advantage of thermally self-polymerized polymers is their low
molecular weight [24] especially where they are used as paints and coatings [25].

Environmental regulations constantly have forced resin manufacturers to reduce the level of
organic solvents in their products. However, solvents are needed in coatings and paints to endow
them with good flowability and brushability. Low molecular weight acrylate resins synthesized
through thermal monomer self-initiation polymerization can obviate the need for high amount
of solvent. Thermally self-polymerized acrylate polymers usually have Mw < 10,000 g/mol and
thereby do not need a high amount of solvent to gain flowability [26]. In the synthesis of hybrid
organic/inorganic nanoparticles, thermal monomer self-initiation may also contribute. Hui et al. [27]
synthesized polystyrene/silica hybrid brushes via ATRP technique, however, they reported that some
pure untethered polystyrene homopolymers are formed due to the thermal self-initiation of styrene.
Their results showed that nearly 23 weight % of the styrene undergoes self-initiation reactions and these
untethered homopolymer chains, though are formed unintentionally and are considered as impurity,
improved elastic modulus and toughness of the polystyrene/silica brushes. Another advantage of
thermally monomer-self-initiated polymerization comes into play when conventional thermal initiators
are not able to polymerize some monomers. For example, it has been reported that benzoyl peroxide
is not able to polymerize dimethylaminoethyl methacrylate, while this monomer undergoes thermal
self-initiation polymerization [28]. Moreover, thermally monomer-self-initiated polymerization is a
good method for the synthesis of macromonomers as the occurrence of a β-Scission reaction, which is a
prevalent reaction at high temperatures, leads to the formation of an unsaturated carbon double bond
at the backbone of the produced shortened chain [29]. Such macromonomers have wide applications in
the synthesis of brush polymers and graft copolymers [30]. Similar to controlled/living polymerization,
thermally monomer-self-initiated polymerization is capable of producing macromonomers without
a need for an initiator or a mediating agent [29,30]. Monomer-self-initiated polymerization has also
been utilized to synthesize graphene/polystyrene nanocomposites. Graphene was functionalized to
improve its lipophilicity, while neither external initiator nor immobilization of initiating groups on the
surface of the graphene were required to initiate the polymerization [31].

To fully exploit potentials of the monomer self-initiation reaction, a detailed understanding of its
kinetics is needed [32]. Monomer self-initiation reaction affects polymer average molecular weights,
molecular weight distribution, and consequently many properties of the polymers [10,15]. At high
temperatures, styrene undergoes self-initiation reaction through a third order reaction [33]. For acrylate
and methacrylate monomers, a kinetic study of the polymerization at high temperatures is more
complicated as many side reactions take place at high temperatures. These side reactions are transfer to
monomer, transfer to polymer, midchain radical propagation, midchain radical termination, backbiting,
and β-Scission. In general, for non-styrenic monomers, the monomer self-initiation mechanism occurs
through Flory’s diradical mechanism [16,34,35]. For alkyl acrylate monomers, computational quantum
chemistry studies [35–37] showed that two monomer molecules (M) react and form a singlet diradical
(*MM*S) (Figure 1):

M + M→ *MM*S (1)
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*MM*S → *MM*T (2) 

The triplet diradical also includes two monomer units. A triplet diradical has two “spin-up” 
electrons in adjacent, degenerate (equal energy) orbitals (two electrons of the same spin, +1/2 and 
+1/2) [38]. Finally, a third monomer molecule abstracts a hydrogen atom from the triplet diradical 
and forms two monoradicals, one with two monomer units (MM*) and the other with one monomer 
unit (M*): 

*MM*T + M → MM* + M* (3) 

Thus, the overall (apparent) monomer self-initiation reaction is: 

3M ,  MM* + M* (4) 

which according to quantum chemical calculations [35–37], is second order. In this paper, 
experimentally we investigate this theoretical finding (reaction order) via estimating the order of 
reaction from monomer conversion measurements made in solution and bulk polymerizations. In 
addition, we estimate the frequency factor and activation energy of the n-BA self-initiation reaction 
and compare them with those estimated in bulk polymerization of n-BA. 
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Figure 1. n-BA self-initiation mechanism [35]. 

2. Materials and Methods 

n-BA with purity of 98% containing 50 ppm of inhibitor (4-methoxyphenol) was purchased from 
Alfa-Aesar. Anhydrous n-heptane (99%) was supplied by Sigma-Aldrich, MO, USA. Stainless steel 
Swagelok tubes (Swagelok Inc., Huntingdon Valley, PA, USA) with length of 4-inch were used as 
batch reactors. Both ends of the reactors were capped with Swagelok stainless steel caps. These tubes 
provide 4.8 mL reaction volume and bear pressures as high as 3300 psig. Before polymerization, n-
BA was passed through an inhibitor removal column to remove the manufacturer-added inhibitor 
from the monomer. The columns were DHR-4, supplied by Scientific Polymer Products of Ontario, 
New York, NY, USA. n-BA/n-heptane mixtures with different volume ratios of 50/50, 70/30, 80/20, 
90/10, and 100/0 were then prepared by adding the inhibitor-free n-BA to n-heptane followed by 
magnet stirring. The mixtures were then transferred to a sealed round flask, where its inlet was 
blocked by a rubber cap, to be purged by ultra-high pure nitrogen. After 1 h purging, the nitrogen 

Figure 1. n-BA self-initiation mechanism [35].

The singlet diradical includes two monomer units. A singlet diradical has a pair of electrons,
one spin-up and one spin-down (+1/2 and −1/2), in one orbital with the second, equal energy orbital,
empty [38]. The singlet diradical then goes through a spin crossover reaction and changes into a triplet
diradical (*MM*T):

*MM*S → *MM*T (2)

The triplet diradical also includes two monomer units. A triplet diradical has two “spin-up”
electrons in adjacent, degenerate (equal energy) orbitals (two electrons of the same spin, +1/2 and
+1/2) [38]. Finally, a third monomer molecule abstracts a hydrogen atom from the triplet diradical
and forms two monoradicals, one with two monomer units (MM*) and the other with one monomer
unit (M*):

*MM*T + M→MM* + M* (3)

Thus, the overall (apparent) monomer self-initiation reaction is:

3M
ki,m→ MM ∗ + M∗ (4)

which according to quantum chemical calculations [35–37], is second order. In this paper,
experimentally we investigate this theoretical finding (reaction order) via estimating the order of
reaction from monomer conversion measurements made in solution and bulk polymerizations.
In addition, we estimate the frequency factor and activation energy of the n-BA self-initiation reaction
and compare them with those estimated in bulk polymerization of n-BA.

2. Materials and Methods

n-BA with purity of 98% containing 50 ppm of inhibitor (4-methoxyphenol) was purchased from
Alfa-Aesar. Anhydrous n-heptane (99%) was supplied by Sigma-Aldrich, MO, USA. Stainless steel
Swagelok tubes (Swagelok Inc., Huntingdon Valley, PA, USA) with length of 4-inch were used as
batch reactors. Both ends of the reactors were capped with Swagelok stainless steel caps. These tubes
provide 4.8 mL reaction volume and bear pressures as high as 3300 psig. Before polymerization,
n-BA was passed through an inhibitor removal column to remove the manufacturer-added inhibitor
from the monomer. The columns were DHR-4, supplied by Scientific Polymer Products of Ontario,
New York, NY, USA. n-BA/n-heptane mixtures with different volume ratios of 50/50, 70/30, 80/20,
90/10, and 100/0 were then prepared by adding the inhibitor-free n-BA to n-heptane followed by
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magnet stirring. The mixtures were then transferred to a sealed round flask, where its inlet was
blocked by a rubber cap, to be purged by ultra-high pure nitrogen. After 1 h purging, the nitrogen flow
was stopped and the rubber cap was covered with an aluminum adhesive tape very quickly to make
sure no oxygen diffused into the flask contents. Next, the flask, tubes and caps were transferred to a
nitrogen-atmosphere glove box (LC Technology Solutions, Salisbury, MD, USA). Before transferring
the items to the main chamber of the glove box, several vacuum-nitrogen purging cycles were repeated.
When the concentration of oxygen in the glove box was lower than 0.1 ppm, the sealed flask was opened
and around 3 mL of the flask contents was added to each tube. Afterwards, the caps were tightened
and the tubes were removed from the glovebox and weighed, and their weights were recorded.

To carry out the polymerization, a fluidized sand bath was heated to 200 or 220 ◦C, and left in that
temperature for a while to reach a steady state condition. Each polymerization reaction was started by
fastening two tubes to a metal basket and putting it in the stabilized sand bath. The reaction times
were 55, 110, 165, and 220 min. After staying in the sand bath for the desired time, the basket was
removed from the sand bath and immersed in a cold-water bath to cool down the tubes and stop
polymerization. The tubes were then detached from the basket, dried, and weighed again to compare
their weights with the values recorded after removing them from the glove box. In case of weight
difference, the tube was not considered for monomer conversion measurements. Finally, each tube’s
contents were discharged to an aluminum petri dish and left in a vacuum oven at 50 ◦C to allow the
contents to dry for monomer conversion measurements. It is worth noting here that, our previous
studies showed that nearly 1 min is required for the monomer inside the tubes to reach the sand bath
temperature. Thus, the tubes were allowed to stay for one minute extra in the sand bath beyond each
nominal reaction time. The monomer conversion was measured using the gravimetric method [39].

3. Results and Discussion

Figure 2 shows measured monomer conversion at 200 and 220 ◦C. These results agree with what
one expects from free-radical polymerization; that is, the conversion increases with time, monomer
concentration, and temperature. In addition, this figure shows that the n-BA self-initiation reaction
in both solution and bulk media [39] is so strong that the monomer conversion can exceed 60% after
only 220 min in the absence of any external initiators. Monomer self-initiation reactions of both
acrylate and methacrylate families were investigated in our previous quantum chemical calculation
studies [35–37]; it was found that the second reaction step, transition from a singlet diradical to a
triplet one (Equation (2)), is the rate limiting step in the monomer self-initiation. We also found
theoretically that the overall monomer self-initiation reaction is second order [35–37]. To validate the
overall-reaction order obtained via the quantum chemical calculations, we estimate the overall-reaction
order from monomer conversion measurements using a macroscopic mechanistic model.
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Figure 2. Measured n-BA conversion vs. time (different n-BA/n-heptane ratios) at 200 °C (top) and 220 
°C (bottom). 

In thermally monomer-self-initiated polymerization, various reactions happen simultaneously. 
A list of the most likely reactions is presented in Table A1 in the Appendix A; more details can be 
found in Ref. [39]. The reactions include, propagation by secondary and tertiary radicals, termination 
by secondary and tertiary radicals, monomer self-initiation, back-biting, β-Scission, inter-chain 
transfer to polymer, chain transfer to monomer, chain transfer to solvent, termination by 
combination, and termination by disproportion. Except for monomer self-initiation reaction, all other 
reactions are considered as elementary reactions and their reaction rate equations are derived by the 
method of moments. Writing component mass balances leads to 21 differential equations [39], 
describing monomer and solvent concentrations; concentrations of secondary radicals containing 
zero, one, two and three monomer unit(s); the zeroth, first and second moments of the secondary 
radical chain length distribution; the zeroth, first, second and third moments of the chain length 
distribution of tertiary radicals formed through intermolecular chain transfer to polymer reactions; 
the zeroth, first, second and third moments of the chain length distribution of tertiary radicals created 
by backbiting reactions; and the zeroth, first, second and third moments of the chain length 
distribution of live and dead polymer chains. Given the initial monomer concentration and the 
monomer concentration, [ ]  and [ ], the monomer conversion,	 , is calculated using: = [ ] − [ ][ ]  (5) 

To simulate the model, we use the rate coefficients of all reactions except for the overall self-
initiation reaction, reported in Ref. [39]. Although frequency factor and activation energy of n-BA 
self-initiation reaction in bulk had been estimated in our previous article [39], we re-estimate them 
here in solution to compare these results with our previous findings. In our previous bulk study [39], 
to simulate the macroscopic mechanistic model, the order of n-BA overall self-initiation reaction was 
set to 2, obtained from quantum chemical calculations [35–37]. Here, in addition to re-estimating the 
frequency factor and activation energy, we estimate the order of n-BA overall self-initiation reaction 
from the conversion measurements. We use ode15s command of MATLAB to integrate the 
differential equations of the macroscopic mechanistic model and use ga command of MATLAB to 
minimize the sum of squared residuals: 

= , , − , , , , , 	 (6) 

subject to: 5.145 × 10 − 4.289 × 10 ≤ ≤ 5.145 × 10 + 4.289 × 10 (M s )  

0

0.2

0.4

0.6

0 50 100 150 200 250

C
on

ve
rs

io
n 

Time (min)

50/50 70/30

80/20 90/10

100/0

220 °C

Figure 2. Measured n-BA conversion vs. time (different n-BA/n-heptane ratios) at 200 ◦C (top) and
220 ◦C (bottom).

In thermally monomer-self-initiated polymerization, various reactions happen simultaneously.
A list of the most likely reactions is presented in Table A1 in the Appendix A; more details
can be found in Ref. [39]. The reactions include, propagation by secondary and tertiary radicals,
termination by secondary and tertiary radicals, monomer self-initiation, back-biting, β-Scission,
inter-chain transfer to polymer, chain transfer to monomer, chain transfer to solvent, termination by
combination, and termination by disproportion. Except for monomer self-initiation reaction, all other
reactions are considered as elementary reactions and their reaction rate equations are derived by
the method of moments. Writing component mass balances leads to 21 differential equations [39],
describing monomer and solvent concentrations; concentrations of secondary radicals containing zero,
one, two and three monomer unit(s); the zeroth, first and second moments of the secondary radical
chain length distribution; the zeroth, first, second and third moments of the chain length distribution
of tertiary radicals formed through intermolecular chain transfer to polymer reactions; the zeroth, first,
second and third moments of the chain length distribution of tertiary radicals created by backbiting
reactions; and the zeroth, first, second and third moments of the chain length distribution of live
and dead polymer chains. Given the initial monomer concentration and the monomer concentration,
[M]0 and [M], the monomer conversion, X, is calculated using:

X =
[M]0 − [M]

[M]0
(5)

To simulate the model, we use the rate coefficients of all reactions except for the overall
self-initiation reaction, reported in Ref. [39]. Although frequency factor and activation energy of n-BA
self-initiation reaction in bulk had been estimated in our previous article [39], we re-estimate them
here in solution to compare these results with our previous findings. In our previous bulk study [39],
to simulate the macroscopic mechanistic model, the order of n-BA overall self-initiation reaction was
set to 2, obtained from quantum chemical calculations [35–37]. Here, in addition to re-estimating the
frequency factor and activation energy, we estimate the order of n-BA overall self-initiation reaction
from the conversion measurements. We use ode15s command of MATLAB to integrate the differential
equations of the macroscopic mechanistic model and use ga command of MATLAB to minimize the
sum of squared residuals:

SSRs =
8

∑
l=1

5

∑
j=1

2

∑
k=1

(
Xe

(
tl , CSj, Tk

)
− Xm

(
tl , CSj, Tk, n, Z, Ea

))2 (6)
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subject to:
5.145× 106 − 4.289× 106 ≤ Z ≤ 5.145× 106 + 4.289× 106

(
M−1s−1

)
1.65× 105 − 0.05× 105 ≤ Ea ≤ 1.65× 105 + 0.05× 105 (J/mol)

1.5 ≤ n ≤ 2.5

where 5.145× 106± 4.289× 106
(

M−1s−1
)

and 1.65× 105 ± 0.05× 105 (J/mol) are the frequency factor
and activation energy values for n-BA bulk polymerization reported in [39], and 2 is the theoretical
value of n reported in [35–37]. Here, Xe is the measured monomer conversion value at the reaction
time tl , the solvent concentration CSj, and the temperature Tk, while Xm is the model-predicted
monomer conversion at the same time, solvent concentration and temperature. n, Z, and Ea are the
order, frequency factor, and activation energy of the n-BA overall self-initiation reaction, respectively.
The monomer conversion measurements are available at two different temperatures (200 and 220 ◦C),
five different n-BA/n-heptane volume ratios (50/50, 70/30, 80/20, 90/10, and 100/0), and four different
times (55, 110, 165, and 220 min) twice.

In high temperature free-radical polymerization, secondary reactions like transfer to solvent are
possible. In this work, n-heptane was used as the solvent, because transfer reactions to this solvent
are negligible. For other vinyl monomers such as styrene and methyl methacrylate, the transfer to
n-heptane constant is also very low [40]. On the other hand, solvents like n-butanol, methyl ethyl
ketone, and p-xylene participate in chain transfer reactions [41]. The macroscopic mechanistic model
showed that the concentration of n-heptane does not change under the experimental conditions used
in this study. For example, the highest transfer to n-heptane constant found in [40] is 90 × 10−4,
while values as low as 0.865× 10−4 are also reported in the same reference. In the worst scenario
when the transfer-to-solvent constant is 90× 10−4, n-BA/n-heptane ratio is 50/50 volume%, and the
temperature is 220 ◦C, our model showed that the solvent concentration decreased by 0.39% from 3.4169
to 3.4033 (mol/L) after 250 min of the polymerization, indicating the insignificance of chain-transfer-to
n-heptane reactions. Thus, it is logical to assume that transfer-to-n-heptane reactions are negligible.

The frequency factor, activation energy, and the order of n-BA overall self-initiation
reaction estimated from the conversion measurements are: 1.069 × 106 ± 0.656 × 106

(
M−1s−1

)
,

1.61× 105 ± 0.026× 105 (J/mol), and 2.08 ± 0.28. A possible reason for this frequency factor
value (estimated here for solution polymerization) being less than the value obtained for bulk
polymerization [39] is the cage effect of the solvent. Figures 3 and 4 show the model prediction of
n-BA conversion with these estimated values. They indicate that the model can predict the conversion
well at all temperatures and solvent concentrations. The frequency factor and activation energy values
reported here for the solution polymerization agree well with the values already reported for the
bulk polymerization: 5.145× 106 ± 4.289× 106

(
M−1s−1

)
and 1.65× 105 ± 0.05× 105 (J/mol) [39].

The order of the monomer self-initiation reaction found here also agrees well with the one obtained
theoretically through quantum chemical calculations [35–37]. Figure 5 shows the sensitivity of our
macroscopic mechanistic model to changes in the order, activation energy, and frequency factor.
It indicates that the predicted conversion has the lowest sensitivity to the frequency factor (Z) and the
highest sensitivity to the activation energy, Ea.
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obtained theoretically through quantum chemical calculations [35–37]. Figure 5 shows the sensitivity 
of our macroscopic mechanistic model to changes in the order, activation energy, and frequency 
factor. It indicates that the predicted conversion has the lowest sensitivity to the frequency factor ( ) 
and the highest sensitivity to the activation energy, . 
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Figure 5. Sensitivity of the model predictions to changes in n (top figure), Z (middle figure),

and Ea (bottom figure) (50/50 n-BA/n-heptane ratio; 220 ◦C). Z∗ = 1.069× 106
(

M−1s−1
)

,

E∗a = 1.61× 105(J/mol), and n∗ = 2.08.

4. Conclusions

Experimental results showed that n-BA undergoes self-initiation reaction at high temperatures
in the presence and absence of the solvent. Macroscopic mechanistic model predictions showed that
n-heptane does not participate in the polymerization; that is, chain-transfer-to-n-heptane reactions
are negligible under the experimental conditions. The monomer conversions predicted by the model
agree well with the experimental data. In addition, the order of the n-BA overall self-initiation reaction
estimated from conversion is 2.08± 0.28, which is in agreement with the theoretical value of 2 calculated
using quantum chemical calculations [35–37]. Moreover, the frequency factor and activation energy of
n-BA overall self-initiation reaction in solution polymerization are in agreement with those estimated
for the same reaction in bulk. The sensitivity analysis showed that the macroscopic mechanistic model
is adequately sensitive to the three estimated parameters.
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Appendix A

Table A1. n-BA polymerization reactions.

a. Apparent monomer self-initiation reaction

3M
ki→ R∗1 + R∗2

b. Propagation reactions

R∗n + M
kp→ R∗n+1

R∗∗n + M
kt

p→ R∗n+1 (+LCB)

R∗∗∗n + M
kt

p→ R∗n+1 (+SCB)

R∗n + Um
kmac→ R∗∗n+m

c. Backbiting reactions (n > 2)

R∗n
kbb→ R∗∗∗n

d. β-scission reactions (n > 3)

R∗∗∗n
kβ→ U3 + R∗n−3

R∗∗∗n
kβ→ R∗n−3 + U3

R∗∗∗n
kβ→ Un−2 + R∗2

R∗∗∗n
kβ→ R∗2 + Un−2

R∗∗n
kβ→ Un−m + R∗m

R∗∗n
kβ→ R∗m + Un−m

e. Intermolecular chain transfer to polymer reactions

R∗n + Dm
mktrP→ Dn + R∗∗m

R∗n + Um
mktrP→ Dn + R∗∗m

f. Chain transfer to monomer reactions

R∗n + M ktrM→ Dn + R∗1

R∗∗n + M
kt

trM→ Dn + R∗1

R∗∗∗n + M
kt

trM→ Dn + R∗1
g. Chain transfer to solvent reactions

R∗n + S
ktrS→ Dn + R∗0

R∗∗n + S
kt

trS→ Dn + R∗0

R∗∗∗n + S
kt

trS→ Dn + R∗0
h. Termination by coupling reactions

R∗n + R∗m
ktc→ Dn+m

R∗n + R∗∗m
2kt

tc→ Dn+m

R∗n + R∗∗∗m
2kt

tc→ Dn+m

R∗∗n + R∗∗m
ktt

tc→ Dn+m

R∗∗n + R∗∗∗m
2ktt

tc→ Dn+m

R∗∗∗n + R∗∗∗m
ktt

tc→ Dn+m
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Table A1. Cont.

i Termination by disproportionation reactions

R∗n + R∗m
ktd→ Dn + Um

R∗n + R∗∗m
kt

td→ Dn + Um

R∗n + R∗∗m
kt

td→ Dm + Un

R∗n + R∗∗∗m
kt

td→ Dn + Um

R∗n + R∗∗∗m
kt

td→ Dm + Un

R∗∗n + R∗∗m
ktt

td→ Dn + Um

R∗∗n + R∗∗∗m
ktt

td→ Dn + Um

R∗∗n + R∗∗∗m
ktt

td→ Dm + Un

R∗∗∗n + R∗∗∗m
ktt

td→ Dn + Um
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