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1. Introduction

It is a pleasure to help honor Hashem Pesaran with this paper,
which fits well in the Pesaran tradition of dynamic econometric
modeling in the presence of instabilities. In our case the dynamic
econometric modeling focuses on inter-trade durations in finan-
cial markets (i.e., the times between trades), and the instabilities
are fluctuations in conditionally expected trade arrival intensities,
which are driven by regime-switching components. The general
context, moreover, is financial econometrics, which has concerned
Hashem more in recent years, and it involves extracting informa-
tion from ‘‘Big Data’’, a hallmark ofmuch of Hashem’swork ranging
frommicro (e.g., Pesaran, 2006) tomacro (e.g., Garratt et al., 2012).

Indeed the necessity of grappling with Big Data, and the
desirability of unlocking the information hidden within it, is a key
modern development – arguably the key modern development –
in all the sciences.1 Time-series econometrics, particularly time-
series financial econometrics, is no exception. Big Data in financial
econometrics has both cross-sectional and time-series aspects. In

∗ Corresponding author at: University of Pennsylvania, United States.
E-mail address: fdiebold@sas.upenn.edu (F.X. Diebold).

1 For background, see Diebold (2012).
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http://dx.doi.org/10.1016/j.jeconom.2013.04.016
the cross-sectional dimension it arises from the literally hundreds
of thousands of assets that trade in global financial markets. In the
time-series dimension it arises from the similarly huge number of
trades, oftenmany per second, that are now routinely executed for
financial assets in liquid markets. In this paper we are concerned
in general with the time-series dimension, and in particular with
the durations associated with inter-trade arrivals. Those trades
are facilitated by modern hardware, software and algorithms, and
they are continuously recorded electronically. The results are vast
quantities of high-frequency (trade-by-trade) price data.

One might reasonably ask what, precisely, financial econome-
tricians hope to learn from high-frequency trading data. Interest-
ingly, such high-frequency data emerge as largely uninformative
for some objects of interest (e.g., trend, or ‘‘drift’’, in log price), but
highly informative for others (e.g., volatility), an insight traces at
least to Merton (1980). In particular, although precise estimation
of trend benefits greatly from a long calendar span but not from
high-frequency sampling, precise estimation of volatility benefits
immensely from high-frequency sampling.2 Accurate volatility

2 Indeed the mathematical foundation of the modern financial econometrics
‘‘realized volatility’’ literature initiated by Andersen et al. (2001) and Barndorff-
Nielsen and Shephard (2002) is precisely the convergence of empirical quadratic
variation to population quadratic variation as sampling frequency increases.
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Fig. 1. Citigroup duration time series. We show a time-series plot of inter-trade durations between 10:00 am and 4:00 pm during February 1993, measured in seconds and
adjusted for calendar effects. As indicated by the horizontal axis labeling, there were approximately 23,000 trades, and hence approximately 23,000 inter-trade durations.
estimation and forecasting, in turn, are crucial for financial risk
management, asset pricing and portfolio allocation.

In this paper we are not directly interested in volatility; rather,
as mentioned above, we are interested in inter-trade durations.
However, high-frequency data is informative not only for the
properties of volatility, but also for the properties of inter-
trade durations. At one level that observation is trivial, as one
obviously needs trade-by-trade data to infer properties of inter-
trade durations. But at another level the observation is quite deep,
linked to the insight that, via time-deformation arguments in the
tradition of Clark (1973), properties of calendar-time volatility and
transactions-time trade arrivals should be intimately related.

In particular, the time-deformation perspective suggests that
serial correlation in calendar-time volatility is driven by serial
correlation in calendar-time trade counts (i.e., the number of
trades per unit of calendar time, such as an hour or a day). But
serial correlation in calendar-time trade counts is driven by serial
correlation in transactions-time trade-arrival intensity, which is
ultimately driven by serial correlation in the information flow
that drives trading. Hence the calendar-time ‘‘realized volatility’’
persistence revealed by high-frequency data should have parallels
in calendar-time trade count persistence and transaction-time
inter-trade duration persistence. Interestingly, the key and robust
finding for realized volatility is not only high persistence, but
tremendously high persistence, in the formof longmemory.3 Hence
one suspects that long memory should be operative as well in
trade-arrival intensity, yet the duration literature has not featured
long memory prominently.

Against this background, we propose and evaluate a newmodel
of inter-trade durations, closely-linked to the pioneering ‘‘multi-
fractal’’ return volatility model of Mandelbrot et al. (1997), Calvet
and Fisher (2001) and Calvet and Fisher (2004), as extended and
surveyed by Calvet and Fisher (2008) and Calvet and Fisher (2012).
As we will discuss subsequently in detail, our model’s construc-
tion and implications are quite different from existing dynamic
duration models, most notably the prominent autoregressive con-
ditional duration (ACD) model of Engle and Russell (1998) and
variants thereof. Our model, which we call the Markov-switching
multifractal duration (MSMD) model, captures high persistence in
duration clustering; indeed it intrinsically captures long memory
while neverthelessmaintaining covariance stationarity. It also cap-
tures additional important features of observed durations, such as
over-dispersion. Finally, as we will also demonstrate, it is highly
successful empirically.4

We proceed as follows. In Section 2, we review the important
empirical regularities that routinely emerge in inter-trade dura-
tions in financial markets. In Section 3 we develop the MSMD

3 Findings of long memory in realized volatility run consistently from the early
work of Andersen et al. (2001) through scores of subsequent studies, as surveyed
for example in Andersen et al. (2013).
4 After the first version of this paperwaswritten,we learned of contemporaneous

and independent parallel work by Baruník et al. (2012), who use MSMD to study
inter-trade durations in foreign exchange futures markets. Their interesting work
complements ours and buttresses our claim that the MSMD model shows great
empirical promise.
Fig. 2. Citigroup duration distribution.We showanexponential QQplot for Citigroup
inter-trade durations between 10:00 am and 4:00 pm during February 1993,
measured in seconds and adjusted for calendar effects.

model, and we characterize its properties with emphasis on its
consistency with the empirical regularities. In Section 4 we con-
trast MSMD to various competing models. In Section 5 we apply
MSMD to inter-trade duration data for a representative set of US
equities, evaluating its performance in both absolute and relative
terms. We conclude in Section 6.

2. Empirical regularities in inter-trade duration data

Here we highlight three important properties of financial mar-
ket inter-trade durations, illustrating them for a particular US
equity (Citigroup). We shall be interested subsequently in econo-
metric duration models that capture those properties.

The first property of inter-trade durations is serial correlation
in duration dynamics. Durations are highly persistent, as is clear
visually from the time-series plot of Citigroup durations in Fig. 1.5,6

The second property of inter-trade durations, related to their high
persistence, is called over-dispersion. Over-dispersion refers to the
standard deviation exceeding the mean, in contrast to the equality
that would obtain if durations were exponentially distributed. The
exponential is an important benchmark for duration modeling,
because i.i.d. exponential durations arise from time-homogeneous
Poisson processes, as we discuss in greater detail subsequently in
Section 3.1. In Fig. 2we show an exponential durationQ–Q plot for
the Citigroup durations, which clearly indicates a non-exponential
duration distribution characterized by a longer right tail than

5 We have adjusted the durations for calendar effects and will provide details
subsequently in Section 5.1.
6 The transactions-time duration clustering is matched by a corresponding

calendar-time transactions-count clustering (i.e., clustering in the number of trades
per unit of calendar time, such as an hour or a day), but to conserve space we do
not pursue it here. There are, however, many interesting possibilities, including
empirical assessment of moment-scaling laws of the form E[(di+1 +· · ·+di+n)

q
] =

Cqnτ(q)+1 . See, for example, Calvet and Fisher (2012).
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Fig. 3. Citigroup duration autocorrelations. We show the sample autocorrelation function of Citigroup inter-trade durations between 10:00 am and 4:00 pm during February
1993, adjusted for calendar effects.
would occur under the exponential. Indeed the sample standard
deviation is 2.63 and the sample mean is only 1.93. A formal
Kolmogorov–Smirnov goodness-of-fit test rejects the exponential
null hypothesis at a marginal significance level less than 10−6.

Finally, although we have already emphasized duration persis-
tence, we have saved for last the most important property of that
persistence: long memory.7 Consider again the Citigroup duration
data. The time-series plot in Fig. 1 clearly reveals high persistence,
but the very slow decay of the sample autocorrelation function
in Fig. 3 reveals significantly more. As is well known, covariance-
stationary long-memory dynamics are associated with very slow
(hyperbolic) autocorrelation decay, in contrast to covariance-
stationary short-memory (e.g., ARMA) dynamics, which are asso-
ciated with very quick (exponential) autocorrelation decay.

Interestingly, it turns out that duration over-dispersion and
persistence are intimately related and can be captured using a
model in which the intensity (or scale) parameter is stochastic and
follows a multifractal process. We now introduce such a model.

3. Markov-switching multifractal durations

In this section we propose the Markov-switching multifractal
Duration model and study its properties, proceeding as follows. In
Section 3.1 we introduce some basic point process theory, focusing
on the fundamental and very general ‘‘mixture-of-exponentials’’
representation on which MSMD is built. In Section 3.2 we sketch
the MSMD structure of Markov-switching multifractal conditional
intensity. In Section 3.3we establishMSMD’s key properties,which
match those of inter-trade durations, and in Section 3.4we provide
an illustrative simulation.

3.1. Point processes and the mixture-of-exponentials representation

Here we introduce some general point process theory, which
leads directly to the mixture-of-exponentials representation on
whichMSMD is built.8 A point process (PP) on (0, ∞) is a sequence
of nonnegative random variables {Ti(ω)}i∈1,2,... defined on a proba-
bility space (Ω, F , P), satisfying 0 < T1(ω) < T2(ω) < · · ·, where
Ti is the instant of the i-th occurrence of an event. A PP is associ-
ated with a counting process, N(t, ω), where N(t, ω) =


i≥1 1

(Ti(ω) ≤ t) is the number of events up to and including time t . Un-
der suitable regularity conditions the PP can be characterized by a
stochastic intensity λ(t, ω). Intuitively, λ(t, ω) is like a conditional
hazard function:

λ(t, ω) = lim
1t↓0


1

1t
P[N(t + 1t, ω) − N(t, ω) = 1 | Ft−]


, (1)

where Ft− is a sub-sigma field of F and can be interpreted as infor-
mation available at time t−. Conditional on Ft− information, the

7 For an extensive investigation of long memory in inter-trade durations from a
model-free perspective, see Deo et al. (2010).
8 For more rigorous and complete treatment, see Karr (1991), Daley and Vere-

Jones (2003), Daley and Vere-Jones (2007), and Barndorff-Nielsen and Shiryaev
(2010).
intensity λ(t, ω) is non-stochastic, so wewill drop theω argument
subsequently.

One can interpret a PP as a dynamic, uncountable set of inde-
pendent Bernoulli trials, one for each instant, t . If we observe the
process over the interval (0, T ] then the probability of ‘‘successes’’
(i.e., trades) at times t1, . . . , tn is

n
i=1 λ(ti). Likewise, the proba-

bilities of no trades in the inter-trade intervals (ti−1, ti) are given
by exp[−

 ti
ti−1

λ(t)dt]. Combining the two expressions, we deduce
that the probability of events at and only at times t1, . . . , tn is

p(t1, . . . , tn|λ(·)) =

n
i=1


λ(ti) exp


−

 ti

ti−1

λ(t)dt


. (2)

If moreover λ(t) is constant on the interval [ti−1, ti) with value λi,
then we can rewrite the probability as

p(t1, . . . , tn|λ(·)) =

n
i=1

(λi exp [−λidi]) , (3)

where di = ti − ti−1. Equivalently, we can write

di =
ϵi

λi
, ϵi ∼ i.i.d. Exp(1), i = 1, . . . , n, (4)

where Exp(1) refers to an exponential distribution with intensity
parameter 1. This is the so-called mixture-of-exponentials repre-
sentation.

One also arrives at the mixture-of-exponentials representation
from a time-deformation perspective, as recently emphasized for
example by Barndorff-Nielsen and Shiryaev (2010). Provided that
the stochastic intensity λ(t, ω) exists and satisfies


∞

0 λ(t, ω) =

∞ almost surely, one can define the (stochastic) stopping time
τ(t, ω) as the (unique) solution to

 τ(t,ω)

0 λ(s, ω)ds = t . The
processN(t, ω) defined byN(t, ω) = N(τ (t, ω), ω) is a standard
Poisson process with intensity 1. As a consequence the random
variables ei(ω) =

 Ti(ω)

Ti−1(ω)
λ(t, ω)dt are i.i.d. Exp(1). If the intensity

is constant between events, then we obtain diλi ∼ i.i.d. Exp(1),
which matches Eq. (4).

The key message is that the mixture-of-exponentials represen-
tation applies with great generality, so long as the intensity is con-
stant between events (trades). In particular, the unit exponential
(diλi ∼ i.i.d. Exp(1)) is not an assumption, but rather a very general
result requiring onlyweak regularity conditions. TheMSMDmodel,
to whichwe now turn, is built on themixture-of-exponentials rep-
resentation.

3.2. The MSMD model

We specify our model of durations using a mixture-of-
exponentials representation with dynamically evolving intensity.
In precise parallel to the multifractal stochastic volatility model
of Calvet and Fisher (2008), we assume that the intensities are
composed multiplicatively of k̄ dynamic components following
two-state Markov-switching processes with different degrees of
persistence, ranging from very low to very high. This produces the
Markov-switching multifractal duration (MSMD) model.
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Let us now introduce the model. We begin with the general
mixture-of-exponentials representation,

di ∼
ϵi

λi
, ϵi ∼ i.i.d. Exp(1), i = 1, . . . , n. (5)

Conditional on λi, the duration has distribution Exp(λi), where λi
is the intensity. The intensity evolves according to the following
Markov-switching multifractal process:

λi = λ

k̄
k=1

Mk,i, (6)

where λ is a positive constant and the Mk,i’s are positive intensity
components, independent across k and following Markov renewal
processes. That is, at time iMk,i is either renewed (drawn from
a fixed distribution f (M)) or kept at its previous value, k ∈

{1, 2, 3, . . . , k̄}. We write

Mk,i =


draw from f (M) w.p. γk
Mk,i−1 w.p. 1 − γk,

(7)

where the renewal distribution f (M) is identical for all k = 1,
. . . , k̄, with M > 0 and E(M) = 1. Renewal of Mk,i corresponds
to a new shock of type k hitting the system at time i, with the draw
from f (M) governing the magnitude of the shock. The value of γk
determines the average lifetime and hence the persistence of an
M shock. A large γk corresponds to M shocks with short expected
lifetime and low persistence, and conversely.

Consider now the renewal distribution f (M). We take it as
discrete, with two equally-likely points of support,

M =


m0 w.p. 1/2
2 − m0 w.p. 1/2, (8)

where m0 ∈ (0, 2]. We refer to this distribution as ‘‘binomial’’,
although it differs slightly from a standard 0–1 Bernoulli trial. Note
that the conditionm0 ∈ (0, 2] impliesM > 0 a.s. and E(M) = 1, as
required. By combining (7) and (8) we obtain a two-state Markov
process for Mk,i that alternates between the states s1 = m0 and
s2 = 2 − m0 with transition probabilities

P (γk) =


1 − γk/2 γk/2

γk/2 1 − γk/2


. (9)

Here element jl of the matrix P (γk) specifies the transition from
state sj to sl. The largest eigenvalue of P (γk) is equal to one, which
implies that the Markov process has an equilibrium distribution.
The equilibrium probabilities of states s1 and s2 are 1/2 regardless
of γk. The second eigenvalue is equal to 1 − γk and determines the
persistence of the Markov chain.

Finally, to induce parsimony, we impose the following restric-
tion on the sequence {γk}

k̄
k=1:

γk = 1 − (1 − γk̄)
bk−k̄

, (10)

where γk̄ ∈ (0, 1) and b ∈ (1, ∞). Hence, although the renewal
distribution f (Mk) is the same for all intensity components Mk,
the renewal probability, γk, differs across k, creating a variety of
intensity components ranging from low-frequency components
that renew infrequently to high-frequency components that renew
frequently, despite the fact that all renewals are of course
stochastic. Small values of k relative to k̄ lead to large values of
1 − γk and therefore produce ‘‘low-frequency’’ or ‘‘long-run’’ Mk
shocks with low renewal probability and hence long expected
lifetime and high persistence.
Eqs. (5), (6), (7), (8), and (10) define the MSMD model. Assem-
bling everything, we can write it compactly as

di =
ϵi

λ
k̄

k=1
Mk,i

(11a)

Mk,i =


M w.p. 1 − (1 − γk̄)

bk−k̄

Mk,i−1 w.p. (1 − γk̄)
bk−k̄ (11b)

M =


m0 w.p. 1/2
2 − m0 w.p. 1/2, (11c)

where ϵi ∼ i.i.d. exp(1), k̄ ∈ N, λ > 0, γk̄ ∈ (0, 1), b ∈ (1, ∞)

and m0 ∈ (0, 2]. Conditional on k̄ we collect the remaining pa-
rameters in the vector θk̄ = (λ, γk̄, b,m0)

′. Note that the MSMD
model has a k̄-dimensional state vectorMi = (M1,i,M2,i, . . . ,Mk̄,i),
and hence 2k̄ states, despite its great parsimony (just four param-
eters, regardless of k̄). Each latent intensity component takes the
valuem0 in the high state and 2 − m0 in the low state. The param-
eter λ governs the overall intensity level; if all intensity compo-
nents are in the high state, then λi = λmk̄

0 (the upper bound for
intensity) and if all intensity components are in the low state, then
λi = λ(2−m0)

k̄ (the lower bound for intensity). The parameter γk̄
is the renewal probability of the most frequently-renewing inten-
sity component Mk̄. The other renewal probabilities γ1, . . . , γk̄−1
increase monotonically (and at an increasing rate) toward γk̄, with
the precise pattern governed by the parameter b.

3.3. Implied dynamics and distributions

Here we study some properties of MSMD processes. We begin
by showing stationarity, finite moments and ergodicity. Then
we show that MSMD processes are consistent with the earlier-
documented key stylized features of inter-trade financial market
durations: serially-correlated duration dynamics, over-dispersion
and long memory.

3.3.1. Stationarity, ergodicity, and finite moments
Provided that γk > 0, the transition probability matrix (9)

implies that the processes Mk,i are strictly stationary and ergodic.
Moreover, because theMk,i processes are independent across k and
independent of ϵi, and because the ϵi’s are independent across i, the
vector process ξi = (ϵi,M1,i, . . . ,Mk̄,i) is strictly stationary and
ergodic. Because the durations di are a measurable function of ξi,
it follows that the sequence of durations is strictly stationary and
ergodic. Finally, because the moments of the Exp(1) distribution
are finite and there exists an upper bound λ̄ and a lower bound
λ > 0 such that λ ≤ λi ≤ λ̄ for all i, we deduce that the moments
of di are finite.

3.3.2. Serially-correlated duration dynamics
The MSMD model produces serially-correlated durations by

design, due to the serial correlation in intensity. That serial cor-
relation matches the predictions of many theoretical market mi-
crostructure models. Those models emphasize the simultaneous
presence of informed and uninformed traders, with informed
trades occurring onlywhen informational events occur, which pro-
duces serial correlation in trade arrivals.9

9 See the surveys by O’Hara (1995), Hasbrouck (2007) and Vives (2008). Key early
work includes Admati and Pfleiderer (1988) and Easley and O’Hara (1992).
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3.3.3. Over-dispersion
MSMD processes also display over-dispersion. The Exp(1) dis-

tribution of ϵi implies that E[ϵi] = 1 and E[ϵ2
i ] = 2. Recall that

di = ϵi/λi. Because ϵi and λi are independent, we have that

Var(di) = 2E[λ−2
i ] − (E[λ−1

i ])2

≥ 2(E[λ−1
i ])2 − (E[λ−1

i ])2 (by Jensen’s Inequality)

= (E[di])2, (12)

where the inequality is strict if the distribution of λi has non-zero
variance. Taking square roots establishes the over-dispersion prop-
erty
Var(di) > E[di]. (13)

Hence, in the MSMDmodel and in reality, stochastic intensity pro-
duces over-dispersion of transactions-time duration distributions.
This is precisely analogous to the well-known fat-tails of calendar-
time return distributions produced by stochastic volatility. Just as
stochastic volatility ‘‘fattens’’ Gaussian conditional return distribu-
tions, so too does MSMD ‘‘over-disperse’’ exponential conditional
duration distributions.

3.3.4. Long memory
We now show that the MSMD process has long memory,

by showing that the duration autocorrelation function, ρ(h) =

Corr(di, di+h), decays hyperbolically. We begin by letting α1 < α2
denote two arbitrary numbers in the open interval (0, 1). Then the
set of integers Hk̄ = {h : α1 logb(bk̄) ≤ logb h ≤ α2 logb(bk̄)} con-
tains a broad collection of lags. Notice that as k̄ → ∞ the values of
h included in the set Hk̄ also tend to infinity. The formal statement
of the long-memory property is provided in the following proposi-
tion.

Proposition 1. As k̄ → ∞, the MSMD autocorrelation function
satisfies

sup
h∈Ik̄

 ln ρ(h)
ln h−δ

− 1
 → 0,

where δ = logb E(M2) − logb{[E(M)]2} and M has a binomial
distribution,

M =


2m−1

0

(m−1
0 + (2 − m0)−1)

w.p. 1/2

2(2 − m0)
−1

(m−1
0 + (2 − m0)−1)

w.p. 1/2.

Proof. The proposition is a direct consequence of results in Calvet
and Fisher (2008), as follows. First note that we can define the
mean-duration process

φi =
1
λi

=
1
λ

k̄
k=1

M−1
k,i . (14)

Because Mk,i is a two state Markov process taking values s1 = m0

and s2 = 2 − m0 it follows that M−1
k,i is also a two state Markov

process taking values s−1
1 and s−1

2 . Themean ofM−1
k,i is independent

of k and given by µ = (s−1
1 + s−1

2 )/2. Now define the mean-one
process Mk,i = M−1

k,i /µ such that

φi =
µk̄

λ

k̄
k=1

Mk,i, (15)
Fig. 4. Latent intensity component renewal probabilities. We show the renewal
probabilities (γk = 1−(1−γk̄)

bk−k̄
) associatedwith the latent intensity components

(Mk), k = 3, . . . , 7.We calibrate theMSMDmodel with k̄ = 7, andwith parameters
that match our subsequently-reported estimates for Citigroup.

which highlights that φi is also a Markov-switching multifractal
process. The autocovariances of φi are not affected by the factor
µk̄/λ. Hence with this transformation the MSMD duration process
di = φiϵi has the same probabilistic structure as the squared
return process r2t in Calvet and Fisher (2008), and the long-memory
property of the durations follows from their Proposition 1. �

As shown in Proposition 1, the overlaid Markov-switching pro-
cesses in the MSMD model truly generate long memory in du-
rations.10 The MSMD long memory is reminiscent of well-known
earlier results showing that long memory is obtained by aggregat-
ing short-memory processes of differing persistence. Those results
include both aggregation of simple AR(1) processes in discrete
time as in Granger (1980) and aggregation of Ornstein–Uhlenbeck
processes in continuous time as in Cox (1981).11 Moreover, al-
though the long memory arising from aggregation is a limiting re-
sult as the number of component processes grows (k̄ → ∞ in the
case of MSMD), authors such as Alizadeh et al. (2002) and Corsi
(2009) argue that only a few components are be needed to approx-
imate long memory accurately.

3.4. An illustrative simulation

To build insight we provide an illustrative simulation of the
MSMD model. We calibrate the parameters to our later-obtained
estimates for Citigroup (m0 = 1.23, λ = 1.17, γk̄ = 0.18, b =

4.52), and we use k̄ = 7, which emerges as widely adequate in our
subsequent empirical work. In Fig. 4 we show some of the renewal
probabilities γk implied by our choices of γk̄, k̄ and b. (Recall that

γk = 1 − (1 − γk̄)
bk−k̄

.)
In Fig. 5 we show time series of simulated latent intensity com-

ponents M1,i, . . . ,M7,i, overall latent intensities λi, and durations
di. Despite the sample of length greater than 22,000 (again chosen
to match our subsequent Citigroup empirical work), the switch-
ing probabilities of M1 and M2 are so low that they never switch
regime. Switching beginswithM3 and increases in frequency aswe
approach the highest-frequency component M7, which switches

10 In this regard the MSMD environment with k̄ → ∞ is very different from
the simple two-state Markov-switching environment studied by Diebold and Inoue
(2001), who show how short-memory Markov-switching dynamics can be mis-
diagnosed as long memory.
11 The heterogeneous autoregressive realized volatility model of Corsi (2009) also
approximates long memory via overlaid components.
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Fig. 5. Time-series plots of simulatedM1,i, . . . ,M7,i, λi , and di .We show simulated sample paths for anMSMDmodelwith sample size (N = 22,988) and parameters calibrated
to match our subsequently-reported estimates for Citigroup.
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Fig. 6. QQ plot, simulated durations. We show a QQ plot for a simulated duration
sample path for an MSMD model with sample size (N = 22,988) and parameters
calibrated to match our subsequently-reported estimates for Citigroup.

very often. The resulting overall intensity and duration series are
very highly persistent, with episodes of clustering visually appar-
ent in the bottom two subplots of Fig. 5.

Now we consider the ability of MSMD to capture the over-
dispersion and long memory found in duration data. First, in Fig. 6
we show an exponential QQ plot for the simulated durations. It
clearly indicates a longer right tail than exponential, consistent
with over-dispersion. Indeed a Kolmogorov–Smirnov goodness-
of-fit test for the exponential has a p-value less than 2.2e−16.
Second, in Fig. 7 we show the sample autocorrelation function
for the simulated durations, which makes clear that they are not
merely persistent; instead, their slow hyperbolic decay indicates
long memory.

4. On the comparative structure of MSMD

Duration dynamics and volatility dynamics are by necessity in-
timately related. In particular, we have noted the close link be-
tween the MSMD model and the Calvet–Fisher Markov-switching
multifractal volatility (MSMV) model. But MSMD is not, of course,
the first or only dynamic duration model, just as MSMV is not the
first or only dynamic volatility model. Here, therefore, we contrast
MSMD to some prominent competitors. We organize our discus-
sion along four themes: conditional intensity vs. mean duration
models, parameter-driven vs. observation-driven models, long-
memory vs. short-memory models, and ‘‘structural’’ vs. ‘‘reduced-
form’’ long-memory models. Throughout, we use the ACD model
as an anchoring benchmark.12

4.1. Conditional intensity vs. mean duration

The ACD model of Engle and Russell (1998), which is param-
eterized in terms of the conditional mean duration, was the key
breakthrough in modeling financial market inter-trade durations,
and many varieties of ACD models now exist. The ‘‘multiplicative
errormodel’’ (MEM) originally suggested by Engle (2002) is closely
related; indeed ACD is a special case of MEM.13 ACD/MEM assumes
that

di = ϕiϵi, (16)

where ϕi = E(di|di−1, . . . , d1) and ϵi ∼ i.i.d.(1, σ 2), and it focuses
on parameterizing the conditional mean duration, ϕi, as well as the

12 Hautsch (2012) provides a fine overview of the large and growing literature.
13 The MEM literature has also grown impressively; see, for example, the review
by Brownlees et al. (2012).
distribution of ϵi. We have shown in Section 3.3, however, that the
MSMD model can be re-written as a mean-duration model where
the mean duration follows a Markov-switching process. Hence the
conditional-intensity and mean-duration approaches are closely
related in at least one key respect. They differ importantly in other
respects, however, to which we now turn.

4.2. Parameter-driven vs. observation-driven

A key difference between ACD/MEM and MSMD concerns
‘‘observation-driven’’ vs. ‘‘parameter-driven’’ structure. In the par-
lance of Cox (1981), a model is observation-driven if conditional
dynamics are driven by the history of observables (as for example
in traditional GARCH volatility models), whereas it is parameter-
driven if conditional dynamics are driven by the history of a latent
variable (as for example in traditional stochastic volatilitymodels).
A key insight is that parameter-driven models have an additional
stochastic shock, which gives makes them more flexibility in ap-
proximating dynamics.

The ACD/MEM model, as well as the important score-driven
MEM extensions emphasized by Creal et al. (2010) and Har-
vey (2011), are clearly and intrinsically observation-driven. Their
construction precisely parallels the ARCH model, which is also
observation-driven. The motivating recognition is that the likeli-
hood can always be factored into a product of conditional densi-
ties, where the conditioning is on observed historical data, so that
if one specifies a model directly in terms of those conditional den-
sities then likelihood evaluation is immediate and simple.

In contrast, theMSMDmodel is parameter-driven, as the evolu-
tion of the intensity follows a hidden Markov process. Rich MSMD
duration dynamics arise from the large MSMD state space (re-
call that λi can take 2k̄ distinct values). Simultaneously, how-
ever, MSMD is parsimonious. In addition to k̄, which determines
the total number of duration states, MSMD uses only two pa-
rameters, namely b and γk̄, to determine the transition probabil-
ities in this high-dimensional state-space. However, as we discuss
below in Section 5.2.2, likelihood evaluation is a bit more chal-
lenging (although still simple) for parameter-driven MSMD than
for observation-driven ACD/MEM. In particular, MSMD likelihood
evaluation requires use of a nonlinear filter as in Hamilton (1989).

MSMD is of course not the first parameter-driven duration
model. For example, the stochastic conditional duration (SCD)
model of Bauwens and Veredas (2004) specifies the log expected
duration (lnϕi in the notation of (16)) as an autoregressive pro-
cess.14 Hence if ACD is the duration analogue of the GARCHmodel,
then SCD is the duration analogue of the stochastic volatility
model. Finally, Hautsch (2008) combines parameter-driven and
observation-driven dynamics in a so-called stochastic ACD model.

4.3. Long memory vs. short memory

Another key difference between ACD/MEM (as typically imple-
mented) and MSMD concerns long memory. Before considering
transactions-time durations, first consider calendar-time volatil-
ity. The volatility literature features long memory prominently.
Long memory is routinely found and modeled in realized volatil-
ity calculated using intra-day data, as for example in Andersen
et al. (2003). Indeed longmemory features prominently even in the
earlier ‘‘conventional’’ stochastic volatility literaturewithout intra-
day data, as for example in the pioneering work of Comte and Re-
nault (1998) and Breidt et al. (1998).

14 Meddahi et al. (1998) also propose an interesting and closely-related model.



F. Chen et al. / Journal of Econometrics 177 (2013) 320–342 327
Fig. 7. Sample autocorrelation function, simulated durations. We show the sample autocorrelation function for a simulated sample path from an MSMD model with sample
size (N = 22,988) and parameters calibrated to match our subsequently-reported estimates for Citigroup.
Nowconsider durations. The existing inter-trade dynamic dura-
tionmodeling literature that beganwith theACDmodel is of course
aware of high persistence in inter-trade duration dynamics, and it
works hard to capture that persistence. But given the close rela-
tionship between duration dynamics and volatility dynamics (and
again, the routine finding of long memory in volatility dynamics),
as well as the direct and model-free empirical evidence of long
memory in inter-tradedurations presented in Section 2, longmem-
ory has been curiously absent frommost of the duration literature.
Two notable exceptions are the fractionally integrated ACD model
of Jasiak (1998) (FI-ACD) and the long-memory version of the SCD
model proposed by Deo et al. (2010). MSMD is firmly in this long-
memory camp.

4.4. Structural vs. reduced-form long memory

MSMD’s long-memory durations have an appealing structural
flavor; that is, MSMD provides a natural long-memory duration
generating mechanism by overlaying simple regime-switching
processes with different degrees of persistence, potentially cor-
responding to market activity of different types of informed and
uninformed traders.15 The regime-switchingMSMD intensity com-
ponents in turn parallel earlier two-state regime-switchingmodels
in the tradition of Hamilton (1989).

The structural long-memory model embedded in MSMD con-
trasts to the reduced-form long-memory model of Granger and
Joyeux (1980). In its simplest form, the Granger–Joyeux approach
works directly with representations of the form (1 − L)dyt = εt ,
where εt is a short-memory process, and 0 < d < 1/2, with the
fractional differencing operator (1 − L)d defined by the expansion

(1 − L)d = 1 − dL +
d(d − 1)

2!
L2 −

d(d − 1)(d − 2)
3!

L3 + · · · .

Such a series is said to be (fractionally-) integrated of order d, and
we write yt ∼ I(d).

From the reduced-form perspective, all shocks have identical
hyperbolically-decaying effects. That is the case, for example, with
the reduced-form long-memory duration models of Jasiak (1998)
and Deo et al. (2010). An attractive feature of MSMD, in contrast,
is its structural decomposition of reduced-form long memory into
short-memory pieces coming from underlying cyclical variation at
different frequencies, or conversely, its construction of reduced-
form long memory by aggregating such short-memory pieces.

4.5. Summation

All told, then, we have seen that although some existingmodels
have some of the desirable properties of conditional intensity spec-
ification, parameter-driven dynamics, longmemory, and structural
interpretation, no existing model has all of them. The beauty of
MSMD is that it has all of them, while maintaining a parsimonious
four-parameter specification.

15 By ‘‘structural’’, we mean unobserved-components structure in the tradition of
Harvey (1991).
Table 1
Twenty-five US equities: Ticker symbols and com-
pany names. We show twenty-five stocks selected
randomly from the US S&P 100 Index, ordered al-
phabetically.

Symbol Company name

AA ALCOA
AXP American Express
BAC Bank of America
CSCO Cisco Systems
DOW Dow Chemical
GE General Electric
IBM IBM
JNJ Johnson and Johnson
MCD McDonald’s
MSFT Microsoft
T AT&T
WFC Wells Fargo
XRX Xerox
ABT Abbott Laboratories
BA Boeing
C Citigroup
DELL Dell
F Ford Motor
HD Home Depot
INTC Intel
KO Coca-Cola
MRK Merck
QCOM Qualcomm
TXN Texas Instruments
WMT Wal-Mart

5. Empirical analysis of US equities

Here we apply the MSMD model to twenty-five US equities
selected randomly from those in the S&P 100 index. We study
consolidated trade data extracted from the TAQ database. The
sample period covers twenty trading days, from February 1, 1993
to February 26, 1993, 10:00–16:00.16 We summarize graphically
the results for all firms collectively, and we provide details for
Citigroup, whose results are typical. In the appendices we provide
details for all firms individually. We list the firms and their ticker
symbols in Table 1.

5.1. Intra-day calendar effects

Just as volatility displays intra-day calendar effects, so to do
durations. In particular, inter-trade durations tend to be shorter
early and late in the day, and longer around lunch. Although
the calendar effects are mild, they are nevertheless desirably
removedprior to analysis.Wedo so using a simple dummyvariable
approach, as is standard (e.g., Ghysels et al., 2004). We divide the
six-hour trading day into twelve half-hour periods, and we form
the associated indicator variables, xki = 1 if i ∈ k, and 0 otherwise,
k = 1, . . . , 12. Then, using the full sample of data, we estimate the

16 Trading also occurs 09:30–10:00, but following standard procedure (e.g., Engle
and Russell, 1998), we delete transactions in 09:30–10:00 to remove effects of the
opening auction.
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Fig. 8. Intra-day duration calendar effects profile bundle. For each firm we plot
estimated intra-day calendar effects over twelve half-hour intervals, 10:00–16:00.
The bold profile is Citigroup.

logarithmic dummy-variable regression, log di =
12

k=1 akxki + ϵi.
The estimated coefficients are the estimated calendar effects. We
graph them for all firms in Fig. 8; that is, we provide a ‘‘profile
bundle’’ in the terminology of Gallant et al. (1993). For reference,
the bold line indicates Citigroup in Fig. 8 and all subsequent profile
bundles.17 Finally, we form the adjusted duration series as d̂i =

di exp(−â′xi), where a = (a1, . . . , a12)′. For Citigroup the intra-
day calendar effect is greatest during 13:30–14:00 with exp(â8) ≈

12.7, and smallest during 10:00–10:30 with exp(â1) ≈ 6.6.
On average our calendar-effect adjustment scales the Citigroup
duration by a factor of approximately 1/10. Henceforth we use
such adjusted durations exclusively, slightly abusing notation by
using di rather than d̂i to refer to the adjusted durations.

The Citigroup coefficient of variation (the sample standard
deviation relative to the sample mean) is 1.36, consistent with
over-dispersion. In Fig. 9 we show a histogram of coefficients of
variation for all twenty-five firms. All are greater than one, indi-
cating pervasive over-dispersion, and moreover, the distribution
has a long right tail.18 In Fig. 10 we focus on dynamics rather than
distributions, showing a profile bundle of sample autocorrelation
functions. The slow hyperbolic decay is apparent for all firms.
Moreover, and quite interestingly, the overall levels of the sample
autocorrelation functions (as opposed to decay rates) split roughly
into high and low groups. We shall subsequently return to this
point.

5.2. Maximum-likelihood estimation

We proceed as follows. First we highlight some aspects of
MSMD structure and identification of particular relevance for es-
timation. Second, we discuss likelihood evaluation and optimiza-
tion. Third, we discuss the choice of k̄.

5.2.1. More on structure and identification
Asdiscussed in Section 3.2, theMSMDmodel is a hiddenMarkov

model. Its parameter vector is given by θk̄ = (λ, γk̄, b,m0)
′ and the

number of states is 2k̄. Hence k̄ can be viewed as amodel index, and
we will use the notation Mj to denote a MSMD model with k̄ = j.
Although k̄ affects the number of hidden states in theMSMDmodel,

17 A complete set of estimates is provided in Appendix A.
18 For reference, the arrow indicates Citigroup in Fig. 9 and all subsequent
histograms.
Fig. 9. Distribution of duration coefficients of variation across firms. We show a
histogram of coefficients of variation (the standard deviation relative to the mean).
Coefficients of variation greater than 1 indicate over-dispersion.

it does not alter the dimensionality of the parameter vector θk̄, so
the MSMDmodel remains parsimonious even if k̄ is large.

Models Mj and Ml, j ≤ l are essentially non-nested. For
instance, consider M1 versus M2. For model M1 the intensity
switches between λi ∈ {λ1m0,1, λ1(2 − m0,1)}, whereas for M2
the intensity switches between λi ∈ {λ2m2

0,2, λ2m0,2(2 − m0,2),

λ2m2
0,2}. Recall that the sequence {γk}

k̄
k=1 that determines the tran-

sition probabilities P (γk) of the k’th intensity component Mk,i is

γk = 1− (1− γk̄)
bk−k̄

. This restriction ensures that M1 and M2 are
only nested if either b = 1 and γk̄ = 1 or m0 = 1. The first case is
explicitly excluded from the parameter space and the second case
corresponds to a degenerate renewal distribution, and hence no
regime switching.

Several issues arise in identification of the MSMD model. For
γk̄ = 1 the decay parameter b is non-identifiable. While we ex-
clude γk̄ = 1 from the parameter space – recall that γk̄ ∈ (0, 1) –
the decay parameter becomes weakly identified near the upper
bound for γk̄. As b approaches its lower bound of one, the sequence
{γk}

k̄
k=1 approaches a sequence of constants. In the limit, the inten-

sity components Mk,i become exchangeable. Finally, if m0 ∈ (0, 2]
equals one, then the intensity components are identical across
states and neither b nor γk̄ are identifiable.

5.2.2. Likelihood evaluation and optimization
Nowwe derive theMSMD likelihood function and discuss some

related identification issues. Consider a sequence of durations
d1:n = {d1, . . . , dn} governed by the MSMD model. By conditional
factorization of the joint density, the likelihood is immediately

p(d1:n|θk̄) = p(d1|θk̄)
n

i=2

p(di|d1:i−1, θk̄). (17)

Conditional on λi, the point likelihood for duration di is simply
an Exp(λi) distribution with density p(di|λi) = λi exp[−λidi],
so evaluation of the likelihood would be trivial if the sequence
of λi’s were known. But the λi’s are of course not known, so the
likelihoodbecomes slightlymore complicated: the point likelihood
for duration di is a weighted average of the 2k̄ state-conditional
likelihoods, where the weights are state probabilities obtained by
optimal filtering, precisely as in the two-state Markov-switching
model of Hamilton (1989). The only difference is that the MSMD
model has 2k̄ states rather than Hamilton’s 2 states.

Let us illustrate the calculations for the case of k̄ = 2, for a to-
tal of 4 states; generalization to k̄ > 2 is obvious but notationally
tedious. Recall that we denoted the values taken by the state vari-
ables Mk,i by s1 = m0 and s2 = 2 − m0. Using this notation, λi
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Fig. 10. Profile bundle of duration autocorrelation functions. For each firm, we show the sample autocorrelation function of inter-trade durations. The bold profile is Citigroup.
can take four values, λi ∈ {λs1s1, λs1s2, λs2s1, λs2s2}, which we
abbreviate as λj, j = 1, . . . , 2k̄. Because the Mk,i evolve indepen-
dently, the 4 × 4 matrix of transition probabilities for λi is simply
Pλ = P (γ1)⊗P (γ2), where⊗ denotes the Kronecker product and
P (γk) was defined in (9). We evaluate the likelihood recursively.
First we initialize the hidden states with their equilibrium distri-
bution in period i = 0. Then, starting from P(λi−1 = λj

|d1:i−1, θk̄),
we forecast the intensity by iterating the latent state forward using
the matrix of transition probabilities Pλ to obtain the conditional
probabilities P(λi = λj

|d1:i−1, θk̄), and we forecast the duration

p(di|d1:i−1, θk̄) =
2k̄

j=1 p(di|λ
j)P(λi = λj

|d1:i−1, θk̄), which pro-
vides the contribution of observation i to the likelihood function.
To complete the iteration we use Bayes law to update our knowl-
edge about λi: P(λi = λj

|d1:i, θk̄) ∝ p(di|λj)P(λi = λj
|d1:i−1, θk̄),

where ∝ denotes proportionality.
In our subsequent empirical work, we estimate the parameter

vector θk̄ of model Mk̄ by maximizing the log likelihood function:
θ̂k̄ = argmaxθk̄∈Θ ln p(d1:n|θk̄, Mk̄). We implement maximum-
likelihood estimation (MLE) in MATLAB using the fmincon func-
tion for constrainedmaximization. After some experimentationwe
selected the interior-point option of the optimization algorithm.
The empirically relevant bound on the parameters turns out to be
γk̄ < 1, which we enforce by supplying the fmincon function with
an upper bound of 0.999 for γk̄. The identification issues associ-
ated with b = 1 and m0 = 1 did not turn out to be empirically
relevant. For each estimation, we explore a grid of starting values
for the minimization routine. The computational time is increas-
ing in 2k̄. For instance, for k̄ = 10 the state transition matrix is a
1024 × 1024 matrix that needs to be re-calculated for every eval-
uation of the likelihood function. Moreover, the filter has to track
probabilities for 1024 states. Fortunately, however, such high k̄ val-
ues are empirically unnecessary, as we now show.

5.2.3. Choice of k̄
In Fig. 11 we show profile bundles of maximized log likelihood

functions, ln p(d1:n|θ̂k̄, Mk̄). In particular, we show maximized log
likelihood differences relative to the maximized log likelihood for
k̄ = 7. The likelihood difference for k̄ = 7 is therefore identically
equal to 0, and moreover, a profile increasing in k̄ corresponds
to a likelihood increasing in k̄. Most profiles increase in k̄ and
level off quickly, around k̄ = 4, and a few are basically flat in k̄.
While the largest log-likelihood differential is −85, most of the
differentials are less than 10 in absolute value. Because the model
complexity, i.e. number of parameters, does not increase with k̄
the log-likelihood differentials may be interpreted as log-posterior
odds. It is rare that the log-likelihood difference is positive, and
when it is, the evidence in favor of k̄ < 7 tends to be small.
The Citigroup profile fits the general pattern, with the likelihood
increasing sharply from k̄ = 3 to k̄ = 4, and then staying roughly
constant. Given the log likelihood results,we now focus exclusively
on k̄ = 7.
Fig. 11. Log-likelihood-differential profile bundle. We show log-likelihood differen-
tials for all firms as a function of k̄, with respect to the value for k̄ = 7, which is
therefore identically equal to 0. The bold profile is Citigroup.

5.3. Estimation results and model fit

We now summarize the maximum-likelihood estimation re-
sults as well as various (absolute and relative) goodness-of-fit
statistics for all firms, highlighting results for Citigroup, which we
present in Table 2. Detailed estimation results for the other stocks
appear in Appendix C. In Fig. 12 we show the cross-firm distribu-
tions of parameter estimates. The distributions ofm0, λ and b esti-
mates are all unimodal, but right-skewed. The Citigroup estimates
of m0 and b are close to the median of the cross-sectional distri-
bution, whereas the estimate of the scale parameter λ is slightly
above the median. The distribution of γk̄ estimates, in contrast, is
strongly bimodal, with a ‘low mode’’ toward 0 and a ‘‘high mode’’
toward 1.19 The Citigroup γk̄ estimate is 0.18 and lies near the ‘‘low
mode’’ of the cross-sectional distribution.

In Fig. 13we assemble the information in the various parameter
estimates in an informative way, showing intensity component
renewal probability profile bundles. That is, for each firmwe show
γk = 1 − (1 − γk̄)

bk−k̄
as a function of k, k = 3, . . . , 7, where

k̄ = 7.20 Because the estimated b tends to be substantially larger
than 1 for all firms, bk−k̄ is close to zero for small values of k, and all
profiles have similarly small γk’s for k ≤ 3. But as k grows, a clear
bifurcation emerges, with roughly half the profiles rising slowly,
and half rising more quickly. Fig. 13 suggests a clear volume effect,
with the profiles of low-volume firms rising more quickly, and
the profiles of high-volume firms rising less quickly. Citigroup is

19 Although the estimate of γk̄ is near one for some stocks, the likelihood function
nevertheless peaks at values smaller than our boundary value of 0.999.
20 Recall that 1 − γk corresponds to the eigenvalue of the transition probability
matrix P (γk) that governs the persistence of the intensity component Mk . Thus,
firms for which γk stays close to zero have very persistent inter-trade durations.
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Table 2
Citigroup MSMD model estimation and evaluation. The top panel reports MSMD estimation results (standard errors in parentheses),
maximized log likelihood values, and White’s information matrix test of model specification (p-values in parentheses) for k̄ intensity
components. The bottom two panel compares in-sample and out-of-sample goodness-of-fit statistics for MSMD(7) vs. ACD(1, 1). See text
for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.33 1.30 1.26 1.26 1.23
(0.02) (0.01) (0.01) (0.01) (0.01)λ 0.79 0.98 0.88 0.70 1.17
(0.08) (0.03) (0.05) (0.27) (0.10)γk̄ 0.08 0.10 0.18 0.18 0.18
(0.03) (0.01) (0.02) (0.01) (0.06)b 14.33 11.06 6.14 6.16 4.52
(11.23) (0.39) (0.55) (2.29) (1.61)

ln L −34,872.83 −34,844.23 −34,850.18 −34,850.67 −34,845.03

White 25.01 22.89 11.81 13.63 9.12
(p = 0.01) (p = 0.01) (p = 0.30) (p = 0.19) (p = 0.52)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −34,845.03 −34,865.12 2.41 2.44 2.50
ACD(1, 1) −35,055.65 −35,070.72 2.43 4.94 4.50
λ γ

Fig. 12. Distributions of MSMD parameter estimates across firms, k̄ = 7. We show histograms of maximum likelihood parameter estimates across firms, obtained using k̄ = 7.
The arrow denotes Citigroup.
Fig. 13. Estimated intensity component renewal probability profile bundle. The data
are inter-trade durations between 10:00 am and 4:00 pm during February 1993,
adjusted for calendar effects. We show the 12 lowest-volume firms using dashed
lines, and the 12highest-volume firmsusing solid lines. The bold profile is Citigroup.

one of the ‘‘slowly-rising’’ firms, with γk rising from approximately
0–0.18 as k goes from 3 to 7, meaning that its inter-trade durations
are quite persistent.

Now we assess the adequacy of our MSMD(7) specification.
We first perform an absolute assessment, using the information
matrix (IM) test of White (1982), which is a generic specification
test for models estimated by MLE. White’s IM test was originally
developed for models with i.i.d. observations. Extensions to
time series models are discussed, for instance, in White (1994).
In the context of a time series model, IM tests focus on two
properties of a correctly specified model. The so-called dynamic
first-order IM tests assess whether the score process is serially
uncorrelated. Under correct specification, the score process should
be a martingale difference sequence. The so-called second-order
IM tests mimic White (1982)’s test for i.i.d. data and assess the
large-sample equivalence of the Hessian and the outer product of
scores.

We report p-values for a second-order IM test.21 We use all ten
non-redundant elements of the informationmatrix to form the test
statistic White. Under the null hypothesis of correct specification,
the limit distribution isWhite ∼ χ2

10. In Fig. 14 we show the profile
bundle of White statistic p-values. There is rather wide variation,
but there is also a clear pattern of increase in p-values with k̄.
Indeed for the preferred value of k̄ = 7, almost none of the
twenty-five p-values are less than 0.05.22 Thus the second-order
IM test generally reveals little or no evidence in the data against
our preferred MSMD specification. We present detailed results for
Citigroup in Table 2. The IM test rejects the model specification for
small values of k̄, with p-values of 1% when k̄ = 3 or 4, but the p-
values are much greater, and hence there is little evidence against
the model, for k̄ ≥ 5.

Now we assess the relative performance of MSMD(7), by
comparing it to the popular ACD(1, 1) model,

di = ϕiϵi (18)
ϕi = ω + αdi−1 + βϕi−1

ϵi ∼ i.i.d. Exp(1).

21 For details, see White (1994, Section 11.1).
22 Moreover, note that if the twenty-five tests were independent, the p-values
would be distributed U(0, 1), as casually confirmed by a visual check of Fig. 14 at
k̄ = 7.
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Fig. 14. White statistic p-value profile bundle. The bold profile is Citigroup. For visual
reference we include a horizontal line at p = 0.05.

Fig. 15. Distribution of differences in BIC values across firms, γk̄ = 7. We compute
differences as MSMD–ACD. We show a histogram.

The ACD(1, 1) has three parameters whereas our MSMD(7) model
has four parameters. We estimate both models by maximum like-
lihood and use the Bayesian information criterion, BIC = −2 ln L+
k ln(n), to adjust the maximized likelihood function for model
complexity, that is, the number of estimated parameters.23 In
Fig. 15 we show the distribution of BIC differences (BICMSMD −

BICACD). The differences are typically very large; indeed the distri-
bution is centered around 300. For Citigroup the BIC differential
is roughly 200. To put the number into perspective, consider the
following back-of-the-envelope calculation. The sample consists of
22,988 observations. Dividing the differential by the number of ob-
servations yields 0.013. Thus, from a Bayesian perspective, on aver-
age each duration observation shifts the odds in favor of theMSMD
model by a factor of 1.013. Thus, although each individual observa-
tion provides only weak evidence in favor of our specification, the
nearly 23,000 observations in combination provide overwhelming
evidence in its favor.

Because both theMSMD and the ACDmodel treat the durations
as conditionally exponentially distributed, the difference in fit may
be due to the differences in the ability among themodels to capture
the temporal dependence in the durations. Thus, in the tradition
of Ogata (1988) and Meitz and Teräsvirta (2006), we compare the
serial correlation of standardized ‘‘residuals’’ computed from the

23 For ease of interpretation and comparability to the maximized log likelihoods
reported in Appendix C and Fig. 15, we multiply the BIC by −1/2, which converts
it to BIC = ln L − k ln(n)/2; that is, maximized log likelihood less a degrees-of-
freedom penalty. Hence our BIC is in log-likelihood units, so that ‘‘bigger is better’’.
MSMD(7) model and the ACD(1, 1), defined as ϵ̂M
i = diλ̂i and ϵ̂A

i =

di/ϕ̂i.24Based on the in-sample residuals we compute Ljung–BoxQ
statistics, defined as Q = n(n+2)

h
j=1 ρ̂2

j /(n− j), where N is the
duration sample size and ρ̂j is the j’th sample autocorrelation of the
standardized ‘‘residuals’’ ϵ̂i.

In Fig. 16 we plot the results for h = 40 and h = 200. Points
below the 45° line correspond to stocks for which the residual
serial correlation is smaller for the MSMD model than for the ACD
model. For h = 40, 18 out of 25 stocks exhibit lower residual
serial correlation under the MSMD model. For h = 200 this
number increases to 20. The vertical and horizontal lines depict 5%
critical values computed from χ2 distributions with h degrees of
freedom. These critical values do not account for the contribution
of parameter estimation to the variability of the residual sample
autocorrelations. The number of stocks for which the MSMD Q
statistic exceeds the critical value is smaller than the number of
stocks for which the ACD Q statistic exceeds the critical value,
albeit it is greater than 5%.

As a second assessment of the relative performance ofMSMD(7)
vs. ACD(1, 1), we compare their (pseudo-) out-of-sample forecast-
ing performance. This is closely related to our earlier BIC compar-
ison, because BIC is an asymptotic approximation of a Bayesian
marginal data density, which in turn can be interpreted as a mea-
sure of one-step-ahead predictive performance.25 We conduct a
pseudo-out-of-sample forecasting experiment and directly com-
pute RMSEs for one-step-ahead as well as multi-step-ahead fore-
casts. Because our sample is large, we do not re-estimate the
parameters of the MSMD and ACD models for each forecast origin.
Instead we simply estimate the models based on an initial sample
d1:n0 and then keep the parameter estimates fixed for the subse-
quent forecast origins i = n0 + 1, . . . , n.26 For more than half of
the stocks we have more than 11,000 inter-trade durations. In this
case we choose n0 = 10,000. For all other stocks we choose n0
such that n − n0 > 1000. Thus, the forecast evaluations are based
on more than 1000 forecasts for all stocks. The shortest estimation
sample consists of n0 = 1000 observations. Detailed information
in n and n0 for each stock is provided in Appendix B.

Under the quadratic loss function implicit in the RMSE cri-
terion, the best predictor is the conditional mean. For the ACD
model we simply iterate the expression for ϕi, which represents
the expected duration, forward using (18). The forecasting pro-
cedure for the MSMD model is slightly more complicated. Us-
ing our filter, we construct a posterior (based on the information
available at the forecast origin n∗) for the intensity components:
p(M1,n0 , . . . ,Mk̄,n0 |θ̂ , d1:n∗

). We then use the transition matrices
P (γ̂k) to forecast the intensity components and compute the ex-
pected duration. Both the MSMD and the ACD forecasts are con-
ditioned on the maximum likelihood estimate of the respective
model parameters.

We summarize the results in Fig. 17. The three panels show
histograms of RMSE differences (MSMD(7)–ACD(1, 1)) at forecast
horizons h = 1, h = 5, and h = 20. For each horizon we
are forecasting the duration dn∗+h, which is the duration between

24 For the MSMD model the estimate λ̂i is based on the filtered probabilities:
λ̂i =

k̄
j=1 λjP(λi = λj

|d1:i, θ̂k̄).
25 The marginal data density is defined as p(d1:n) =


p(d1:n|θ)dθ and its loga-

rithm can be decomposed as p(d1:n) =
n

i=1 ln p(di|d1:i−1) =
n

i=1 ln

p(di|d1:i−1,

θ)p(θ |d1:i−1)dθ . Here

p(di|d1:i−1, θ)p(θ |d1:i−1)dθ can be viewed as a score for a

one-step-ahead forecast of di based on information about d1:i−1 .
26 Wedo, however, use duration data adjusted for calendar effects estimated using
the full sample. This is unlikely to affect our results, for several reasons. First, the
MSMD and ACD forecasts are based on the same adjusted data. Second, it is highly
unlikely that calendar effects would evolve significantly within one month. Finally,
the calendar effects are small in any event.
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Fig. 16. Scatter plot of residual Ljung–Box Q statistics. Each dot corresponds to one stock. We also depict a 45° line and χ2(h) critical values (ignoring parameter estimation
uncertainty) through vertical and horizontal lines.
Fig. 17. Distribution of differences in RMSE across firms. We compute RMSE differences as MSMD–ACD. The units are calendar-effect adjusted durations measured in seconds.
trade n∗ + h − 1 and n∗ + h (as opposed to the duration between
trade n∗ and n∗ +h). Across stocks, the one-step-ahead forecasting
performances of the MSMD and ACD models are comparable, and
most of the differentials are close to zero. However, for five-step-
ahead and 20-step-ahead forecasting the MSMDmodel dominates
the ACD model for all 25 stocks, and the MSMD improvement is
often huge. We report RMSEs for Citigroup durations in the second
panel of Table 2. The RMSE differentials are −0.02, −2.50, and
−2.00, respectively, corresponding to an approximate fifty percent
RMSE reduction at the longer horizons relative to 1-step-ahead.
A decomposition of the mean-squared forecast error into squared
bias and variance reveals that the RMSE differential at longer
horizons is due to an increased bias of the ACD(1, 1) forecasts. This
illustrates the benefits ofMSMD’smore-accurate approximation to
longer-run dynamics.

6. Summary and concluding remarks

In this paper we have proposed a new Markov-switching
multifractal (MSMD) model of inter-trade durations. MSMD is
a parameter-driven long-memory model of conditional intensity
dynamics, with the long memory driven by structural Markov-
switching components. The popular autoregressive conditional
duration (ACD)model neglects all of those features. A fewother no-
table duration models such as the stochastic conditional duration
(SCD) model have featured them in isolation or in smaller assem-
blies, but none have featured them all. MSMD does so in a simple
and parsimonious fashion, successfully capturing the key features
of financial market inter-trade durations: long-memory dynamics
and over-dispersed distributions. Model selection criteria and out-
of-sample forecast comparisons strongly favor MSMD relative to
ACD. Our results may be useful for financial risk management, as-
set pricing andportfolio allocationnot least because the inter-trade
duration is an important and natural measure of market liquidity,
and its variability is related to liquidity risk. All told, we think that a
strong case now exists for moving from the dominant GARCH/ACD
volatility/duration paradigm to the Markov-switching multifractal
paradigm.

Ifwe have progressed in this paper, we have of course neverthe-
less left a great deal to future research,whichwe hope to stimulate.
Our progress is in the Pesaran tradition: We have proposed and
explored a new dynamic econometric model for ‘‘big data’’ on fi-
nancialmarket inter-trade durations,with intensity driven by non-
linear regime-switching components. Future work will hopefully
incorporate additional aspects of the Pesaran tradition, in partic-
ular possible structural change associated with the massive trade
counts observed in recent years. In particular, although the non-
linearities that we have already incorporated via stochastic regime
switching are in a sense a type of structural change, they never-
theless form a stationary stochastic process, and one may want to
go farther, exploring potentially nonstationary structural change.
Along those lines, it would be interesting to analyze several Febru-
aries (say), perhaps at five-year intervals (say), quite apart from the
single February 1993 that we have studied. Clearly, for example,
volume has skyrocketed in recent years, but that does not neces-
sarily mean that the dynamics or distributions of inter-trade dura-
tions have changed. Ultimately those issues are empirical matters,
awaiting exploration. Moreover, moving beyond time series of iso-
lated cross sections, one could indeed do a full-scale panel analysis
incorporating time effects month-by-month (say), and incorporat-
ing firm effects by allowing λ to vary across firms while imposing
cross-firm constancy of b, γk̄ andm0. Other obvious extensions also
await exploration, including examination and interpretation of op-
timal extractions of the latent Mk series, and multivariate point-
process analyses of trades, quotes, macroeconomic fundamentals,
etc.
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Table 3
Estimated intra-day calendar effects, twenty-five firms selected from S&P 100. We show estimated coefficients on time-of-day dummies, for half-hour intervals from 10 am to
4 pm, for February 1993. We order firms across rows alphabetically.

Ticker Name â1 â2 â3 â4 â5 â6 â7 â8 â9 â10 â11 â12

AA Alcoa 3.61 3.58 3.64 3.91 4.22 3.90 4.41 4.24 4.02 4.21 4.06 3.70
ABT Abbott Labs 2.38 2.29 2.51 2.51 2.68 2.75 2.56 2.82 2.75 2.65 2.56 2.44
AXP Amex 2.45 2.63 2.79 2.84 2.99 3.10 2.99 3.00 2.93 2.99 3.02 2.82
BA Boeing 2.37 2.43 2.60 2.53 2.59 2.67 2.81 2.85 2.58 2.60 2.60 2.41
BAC B of A 3.11 3.15 3.30 3.38 3.40 3.41 3.34 3.40 3.32 3.12 3.16 3.15
C Citigroup 1.89 1.92 2.02 2.27 2.40 2.37 2.39 2.54 2.40 2.29 2.32 2.13
CSCO Cisco 2.03 1.98 2.39 2.23 2.41 2.54 2.53 2.64 2.59 2.36 2.19 2.31
DELL Dell 1.67 1.79 1.93 1.97 2.23 2.28 2.36 2.28 2.26 2.01 2.13 2.03
DOW Dow 3.20 3.23 3.37 3.34 3.49 3.79 3.61 3.54 3.52 3.43 3.25 3.27
F Ford 2.32 2.32 2.48 2.56 2.62 2.62 2.67 2.66 2.33 2.52 2.49 2.39
GE GE 2.40 2.42 2.59 2.54 2.68 2.79 2.76 2.84 2.85 2.60 2.54 2.47
HD Home Depot 1.80 1.85 1.92 2.08 2.15 2.44 2.15 2.32 2.30 2.32 2.22 2.05
IBM IBM 1.84 1.82 1.88 1.96 2.08 1.95 2.14 2.03 2.16 2.14 2.06 1.96
INTC Intel 1.39 1.41 1.57 1.64 1.75 1.86 1.87 1.89 1.91 1.80 1.85 1.54
JNJ J & J 2.15 2.16 2.20 2.24 2.33 2.45 2.46 2.49 2.43 2.34 2.17 2.13
KO Coca-Cola 2.54 2.50 2.50 2.63 2.78 2.78 2.89 2.93 2.84 2.71 2.61 2.51
MCD McDonald’s 3.26 3.22 3.35 3.41 3.43 3.58 3.52 3.68 3.40 3.34 3.15 3.01
MRK Merck 1.40 1.37 1.40 1.46 1.65 1.65 1.67 1.74 1.65 1.64 1.61 1.43
MSFT Microsoft 1.79 1.89 1.90 1.80 1.94 2.19 2.04 2.19 2.09 1.91 1.97 1.72
QCOM Qualcomm 3.35 3.60 3.64 3.91 3.61 2.26 3.32 3.73 3.97 3.64 3.94 3.25
T AT&T 2.24 2.25 2.20 2.31 2.50 2.43 2.58 2.55 2.55 2.41 2.35 2.28
TXN Texas Inst. 3.42 3.58 3.47 3.57 3.95 3.94 4.04 3.85 3.69 3.67 3.27 3.34
WFC Wells Fargo 3.30 3.55 3.41 3.62 3.78 3.78 3.98 3.90 4.04 4.09 3.75 3.54
WMT Wal-Mart 1.66 1.73 1.82 1.87 1.96 1.98 2.14 2.13 2.05 2.01 1.98 1.85
XRX Xerox 3.89 3.80 3.87 4.06 4.06 4.07 4.14 4.35 4.12 3.98 4.02 3.85
Table 4
Descriptive statistics, twenty-five firms selected from S&P 100. We show sample mean, median, standard deviation, skewness, kurtosis, over-dispersion (Std/Mean), sample
size n (number of inter-trade durations), and size of estimation sample for pseudo-out-of-sample forecasting exercise (n0) for inter-trade durations between 10 am and 4 pm
during February 1993, measured in seconds and adjusted for calendar effects. We order firms across rows alphabetically.

Ticker Name Mean Med Max Min Std Skew Kurt OD n n0

AA Alcoa 2.66 1.28 39.58 0.01 3.77 3.07 17.09 1.42 2,989 1,000
ABT Abbott Labs 1.86 1.11 26.30 0.06 2.21 2.84 15.89 1.19 16,929 10,000
AXP Amex 2.22 1.17 42.33 0.05 2.93 3.13 19.35 1.32 10,531 9,000
BA Boeing 1.82 1.13 25.00 0.06 2.03 2.50 12.94 1.12 17,111 10,000
BAC B of A 1.97 1.12 27.14 0.03 2.44 2.90 15.69 1.24 7,939 6,000
C Citigroup 1.93 1.01 32.67 0.08 2.63 3.59 22.46 1.36 22,988 10,000
CSCO Cisco 2.22 1.01 56.30 0.07 3.52 4.53 36.29 1.59 17,963 10,000
DELL Dell 2.13 1.02 76.83 0.09 3.40 5.15 48.30 1.60 24,610 10,000
DOW Dow Chemical 1.96 1.11 37.59 0.02 2.49 3.60 28.03 1.27 6,902 5,000
F Ford 2.18 0.99 49.25 0.07 3.13 3.50 22.48 1.44 15,562 10,000
GE GE 2.03 1.10 27.13 0.06 2.56 2.72 13.85 1.26 14,798 10,000
HD Home Depot 1.97 1.00 38.62 0.09 2.65 3.47 22.28 1.35 25,113 10,000
IBM IBM 1.75 1.06 35.87 0.12 2.03 3.01 19.16 1.16 31,895 10,000
INTC Intel 1.81 1.00 50.38 0.15 2.41 4.17 34.57 1.33 41,957 10,000
JNJ J & J 1.72 1.03 29.56 0.08 2.01 3.10 19.10 1.17 24,208 10,000
KO Coca-Cola 1.82 1.14 26.31 0.05 2.06 2.49 12.47 1.13 15,542 10,000
MCD McDonald’s 1.93 1.15 22.17 0.03 2.26 2.58 12.77 1.17 7,441 6,000
MRK Merck 1.61 0.98 24.66 0.18 1.78 2.95 17.31 1.11 54,242 10,000
MSFT Microsoft 2.01 1.01 53.68 0.11 2.94 4.43 37.43 1.46 29,191 10,000
QCOM Qualcomm 3.09 1.09 201.25 0.02 6.81 10.00 202.57 2.20 4,416 3,000
T AT&T 1.79 1.05 22.78 0.08 2.09 2.62 13.26 1.16 21,145 10,000
TXN Texas Inst. 2.56 1.15 55.41 0.02 3.70 3.39 23.54 1.44 4,235 3,000
WFC Wells Fargo 2.47 1.08 78.65 0.02 4.05 5.18 54.37 1.64 4,047 3,000
WMT Wal-Mart 1.77 0.99 31.92 0.12 2.11 2.88 16.23 1.19 33,899 10,000
XRX Xerox 2.50 1.18 31.80 0.01 3.42 2.83 14.62 1.37 2,933 1,000
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Table 5
Model estimation and forecasting: AA. We report estimation results for the MSMDmodel with k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.47 1.47 1.47 1.47 1.47
(0.02) (0.08) (0.02) (0.02) (0.02)λ 0.83 0.65 1.23 2.35 4.47
(0.06) (0.43) (0.24) (0.40) (0.81)γk̄ 0.99 0.99 0.99 0.99 0.99
(0.00) (0.00) (0.00) (0.00) (0.00)b 7.68 13.85 14.72 14.96 15.07
(2.09) (16.68) (4.70) (2.85) (1.34)

ln L −5595.32 −5599.27 −5599.68 −5600.08 −5600.54
White 117.71 25.66 13.76 7.80 8.24

(p = 0.00) (p = 0.00) (p = 0.18) (p = 0.65) (p = 0.61)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −5600.54 −5616.55 4.26 4.33 4.45
ACD(1, 1) −5783.64 −5795.65 4.05 6.43 5.03
Table 6
Model estimation and forecasting: ABT.We report estimation results for theMSMDmodelwith k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.29 1.25 1.24 1.21 1.21
(0.01) (0.01) (0.01) (0.01) (0.01)λ 0.80 0.85 1.08 0.95 0.53
(0.14) (0.07) (0.04) (0.04) (0.02)γk̄ 0.07 0.13 0.13 0.18 0.17
(0.01) (0.01) (0.02) (0.03) (0.02)b 13.89 8.53 7.28 4.81 5.24
(1.09) (1.56) (0.72) (0.53) (0.22)

ln L −26342.34 −26329.71 −26326.88 −26324.39 −26328.48
White 39.00 16.39 15.01 21.18 17.70

(p = 0.00) (p = 0.09) (p = 0.13) (p = 0.02) (p = 0.06)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −26328.48 −26347.96 1.46 1.46 1.48
ACD(1, 1) −26434.75 −26449.36 1.46 3.10 1.68
Table 7
Model estimation and forecasting: AXP.We report estimation results for theMSMDmodelwith k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.38 1.34 1.30 1.31 1.27
(0.48) (0.02) (0.01) (0.01) (0.01)λ 0.76 0.95 0.87 1.61 0.81
(1.12) (0.26) (0.07) (0.15) (0.04)γk̄ 0.79 0.94 0.99 0.95 0.99
(0.10) (0.28) (0.00) (0.01) (0.00)b 30.70 29.10 12.69 20.68 10.24
(0.59) (4.69) (1.62) (0.18) (1.08)

ln L −17888.32 −17844.68 −17835.35 −17843.72 −17829.99
White 29.73 28.11 7.64 19.56 10.16

(p = 0.00) (p = 0.00) (p = 0.66) (p = 0.03) (p = 0.43)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −17829.99 −17848.52 4.18 4.23 4.31
ACD(1, 1) −18042.24 −18056.14 4.07 8.00 7.83
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Table 8
Model estimation and forecasting: BA. We report estimation results for the MSMDmodel with k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.30 1.25 1.26 1.24 1.22
(0.05) (0.01) (0.02) (0.01) (0.02)λ 1.17 1.06 1.63 0.74 0.82
(0.25) (0.05) (0.17) (0.03) (0.09)γk̄ 0.10 0.28 0.10 0.22 0.26
(0.04) (0.01) (0.03) (0.07) (0.06)b 26.21 11.86 9.70 10.44 6.77
(26.69) (2.62) (1.47) (1.35) (1.31)

ln L −26717.54 −26712.29 −26714.19 −26705.30 −26703.08
White 26.55 26.13 20.41 18.28 12.83

(p = 0.00) (p = 0.00) (p = 0.03) (p = 0.05) (p = 0.23)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −26703.08 −26722.58 1.79 1.80 1.83
ACD(1, 1) −26802.11 −26816.7 1.78 3.69 3.34
Table 9
Model estimation and forecasting: BAC.We report estimation results for theMSMDmodelwith k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.36 1.31 1.27 1.25 1.23
(0.01) (0.01) (0.01) (0.01) (0.01)λ 1.16 1.09 1.02 0.93 0.89
(0.06) (0.05) (0.03) (0.05) (0.11)γk̄ 0.42 0.86 0.99 0.98 0.99
(0.06) (0.25) (0.00) (0.02) (0.00)b 20.43 11.58 7.76 4.91 3.80
(0.24) (2.07) (0.43) (0.68) (0.33)

ln L −12917.76 −12910.83 −12910.44 −12910.30 −12909.57
White 20.09 11.32 13.26 8.07 11.33

(p = 0.03) (p = 0.33) (p = 0.21) (p = 0.62) (p = 0.33)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −12909.57 −12928.26 2.84 2.86 2.87
ACD(1, 1) −13073.60 −13087.07 2.82 4.97 4.04
Table 10
MSMD model estimation and forecasting: C. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.33 1.30 1.26 1.26 1.23
(0.02) (0.01) (0.01) (0.01) (0.01)λ 0.79 0.98 0.88 0.70 1.17
(0.08) (0.03) (0.05) (0.27) (0.10)γk̄ 0.08 0.10 0.18 0.18 0.18
(0.03) (0.01) (0.02) (0.01) (0.06)b 14.33 11.06 6.14 6.16 4.52
(11.23) (0.39) (0.55) (2.29) (1.61)

ln L −34872.83 −34844.23 −34850.18 −34850.67 −34845.03
White 25.01 22.89 11.81 13.63 9.12

(p = 0.01) (p = 0.01) (p = 0.30) (p = 0.19) (p = 0.52)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −34845.03 −34865.12 2.41 2.44 2.50
ACD(1, 1) −35055.65 −35070.72 2.43 4.94 4.50
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Table 11
Model estimation and forecasting: CSCO. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.42 1.37 1.34 1.40 1.29
(0.00) (0.01) (0.08) (0.01) (0.02)λ 0.73 0.82 0.84 2.74 0.83
(0.03) (0.04) (2.77) (0.17) (0.04)γk̄ 0.14 0.17 0.19 0.18 0.20
(0.01) (0.02) (0.50) (0.00) (0.02)b 2.65 2.47 2.02 3.73 1.68
(0.80) (0.34) (1.88) (0.32) (0.08)

ln L −28592.08 −28588.80 −28595.00 −28608.54 −28600.31
White 45.80 43.11 47.90 33.29 36.75

(p = 0.00) (p = 0.00) (p = 0.00) (p = 0.00) (p = 0.00)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −28600.31 −28619.9 1.77 1.81 1.86
ACD(1, 1) −29098.61 −29113.31 1.81 3.24 1.93
Table 12
Model estimation and forecasting: DELL. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.40 1.36 1.37 1.32 1.32
(0.01) (0.01) (0.01) (0.01) (0.02)λ 0.67 0.80 1.26 1.18 0.91
(0.02) (0.04) (0.09) (0.04) (0.07)γk̄ 0.08 0.09 0.10 0.11 0.10
(0.02) (0.01) (0.01) (0.01) (0.01)b 4.18 3.45 3.80 2.75 2.59
(0.98) (0.66) (0.55) (0.15) (0.30)

ln L −37957.67 −37903.42 −37909.02 −37899.56 −37898.92
White 63.21 35.57 35.94 11.09 7.37

(p = 0.00) (p = 0.00) (p = 0.00) (p = 0.35) (p = 0.69)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −37898.92 −37919.14 2.58 2.65 2.71
ACD(1, 1) −38240.47 −38255.64 2.65 4.71 3.88
Table 13
Model estimation and forecasting: DOW. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.29 1.28 1.25 1.25 1.22
(0.01) (0.01) (0.01) (0.01) (0.01)λ 0.72 0.64 0.64 0.51 0.90
(0.03) (0.02) (0.02) (0.02) (0.07)γk̄ 0.59 0.87 0.99 0.99 0.99
(0.10) (0.05) (0.00) (0.00) (0.00)b 16.52 15.47 9.26 9.38 6.89
(0.41) (0.44) (1.37) (1.18) (0.27)

ln L −11159.40 −11149.76 −11146.89 −11147.64 −11145.02
White 13.80 10.04 3.01 4.40 5.92

(p = 0.18) (p = 0.44) (p = 0.98) (p = 0.93) (p = 0.82)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −11145.02 −11162.7 3.19 3.24 3.27
ACD(1, 1) −11238.01 −11251.27 3.16 5.57 4.93
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Table 14
Model estimation and forecasting: F. We report estimation results for the MSMD model with k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.43 1.37 1.35 1.32 1.30
(0.01) (0.01) (0.04) (0.01) (0.01)λ 1.00 1.00 0.94 0.91 1.12
(0.09) (0.32) (1.16) (0.06) (0.02)γk̄ 0.76 0.99 0.99 0.99 0.99
(0.03) (0.02) (0.00) (0.00) (0.00)b 19.68 13.82 14.82 8.55 6.85
(2.07) (2.68) (2.69) (1.00) (0.33)

ln L −25684.19 −25673.06 −25650.57 −25640.26 −25638.54
White 55.32 16.75 22.23 11.29 15.59

(p = 0.00) (p = 0.08) (p = 0.01) (p = 0.34) (p = 0.11)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −25638.54 −2565.85 2.64 2.70 2.75
ACD(1, 1) −26227.00 −26241.48 2.57 5.05 4.65
Table 15
Model estimation and forecasting: GE. We report estimation results for the MSMDmodel with k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.36 1.30 1.27 1.30 1.27
(0.02) (0.01) (0.01) (0.01) (0.01)λ 0.90 0.85 0.80 1.75 0.51
(0.09) (0.03) (0.50) (0.10) (0.03)γk̄ 0.99 0.99 0.99 0.99 0.99
(0.00) (0.00) (0.00) (0.00) (0.00)b 30.54 8.94 5.61 9.66 6.56
(3.12) (0.54) (0.41) (0.65) (0.46)

ln L −24406.93 −24404.04 −24406.14 −24409.90 −24410.93
White 56.46 41.13 26.16 22.58 9.20

(p = 0.00) (p = 0.00) (p = 0.00) (p = 0.01) (p = 0.51)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −24410.93 −24430.14 2.39 2.43 2.48
ACD(1, 1) −24766.13 −24780.54 2.37 4.53 3.91
Table 16
Model estimation and forecasting: HD. We report estimation results for theMSMDmodel with k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.31 1.28 1.22 1.20 1.20
(0.01) (0.10) (0.01) (0.01) (0.01)λ 0.76 0.90 0.71 0.80 0.67
(0.01) (0.02) (0.02) (0.02) (0.03)γk̄ 0.05 0.06 0.06 0.09 0.09
(0.01) (0.01) (0.05) (0.01) (0.02)b 23.46 20.34 7.53 6.99 6.94
(4.73) (3.10) (6.60) (0.85) (1.28)

ln L −38439.49 −38402.59 −38378.43 −38370.54 −38371.06
White 51.38 30.45 12.69 8.96 8.61

(p = 0.00) (p = 0.00) (p = 0.24) (p = 0.54) (p = 0.57)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −38371.06 −38391.32 0.95 0.95 0.96
ACD(1, 1) −38474.64 −38489.84 0.95 2.15 2.03
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Table 17
Model estimation and forecasting: IBM.We report estimation results for theMSMDmodelwith k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.27 1.24 1.21 1.21 1.18
(0.01) (0.01) (0.03) (0.12) (0.01)λ 0.82 0.87 0.84 1.06 0.77
(0.02) (0.03) (0.29) (0.33) (0.03)γk̄ 0.05 0.05 0.05 0.05 0.06
(0.00) (0.00) (0.01) (0.04) (0.02)b 10.12 5.93 3.90 4.00 2.85
(0.99) (0.56) (1.91) (3.64) (0.31)

ln L −47744.73 −47710.78 −47696.20 −47697.22 −47695.07
White 40.16 16.37 5.86 9.93 3.42

(p = 0.00) (p = 0.09) (p = 0.83) (p = 0.45) (p = 0.97)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −47695.07 −47715.81 1.68 1.67 1.69
ACD(1, 1) −47794.69 −47810.25 1.68 3.57 2.84
Table 18
Model estimation and forecasting: INTC. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.32 1.29 1.30 1.24 1.22
(0.00) (0.01) (0.01) (0.01) (0.00)λ 0.76 0.71 1.00 0.74 0.76
(0.02) (0.01) (0.03) (0.04) (0.04)γk̄ 0.07 0.08 0.09 0.09 0.10
(0.01) (0.01) (0.00) (0.01) (0.01)b 3.86 3.42 3.97 2.21 1.92
(0.48) (0.27) (0.37) (0.19) (0.06)

ln L −61934.00 −61888.79 −61895.91 −61891.47 −61893.35
White 76.93 83.01 83.32 64.88 67.82

(p = 0.00) (p = 0.00) (p = 0.00) (p = 0.00) (p = 0.00)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −61893.35 −61914.65 2.72 2.79 2.92
ACD(1, 1) −62030.70 −62046.65 2.75 5.08 3.84
Table 19
Model estimation and forecasting: JNJ. We report estimation results for theMSMDmodel with k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.23 1.18 1.18 1.18 1.18
(0.00) (0.01) (0.01) (0.01) (0.03)λ 0.75 0.71 0.60 0.51 0.90
(0.01) (0.02) (0.01) (0.01) (0.04)γk̄ 0.08 0.12 0.12 0.12 0.12
(0.02) (0.03) (0.01) (0.04) (0.00)b 21.23 10.25 10.25 10.24 10.33
(2.34) (1.01) (0.40) (1.64) (0.83)

ln L −35902.36 −35890.60 −35891.17 −35891.85 −35891.62
White 9.45 17.73 11.24 11.02 9.75

(p = 0.49) (p = 0.06) (p = 0.34) (p = 0.36) (p = 0.46)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −35891.62 −35911.81 1.79 1.79 1.78
ACD(1, 1) −35961.84 −35976.98 1.82 3.75 3.01



F. Chen et al. / Journal of Econometrics 177 (2013) 320–342 339
Table 20
Model estimation and forecasting: KO. We report estimation results for theMSMDmodel with k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.24 1.21 1.20 1.21 1.18
(0.01) (0.52) (0.01) (0.34) (0.01)λ 0.78 0.76 0.66 0.55 0.56
(0.02) (3.80) (0.02) (0.35) (0.09)γk̄ 0.33 0.65 0.72 0.75 0.85
(0.05) (0.49) (0.09) (0.57) (0.02)b 12.02 7.21 6.78 7.17 4.69
(2.21) (2.89) (1.11) (8.03) (0.64)

ln L −24426.66 −24423.53 −24422.53 −24423.63 −24424.36
White 25.44 23.20 12.45 12.75 13.51

(p = 0.00) (p = 0.01) (p = 0.26) (p = 0.24) (p = 0.20)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −24424.36 −24443.67 1.74 1.74 1.76
ACD(1, 1) −24534.83 −24549.31 1.74 3.37 2.57
Table 21
Model estimation and forecasting: MCD. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.29 1.29 1.24 1.24 1.24
(0.01) (0.01) (0.01) (0.01) (0.01)λ 0.79 0.61 0.62 0.50 1.08
(0.03) (0.02) (0.01) (0.01) (0.03)γk̄ 0.99 0.99 0.99 0.99 0.99
(0.00) (0.00) (0.00) (0.00) (0.00)b 34.56 35.43 10.32 10.37 10.46
(5.50) (5.54) (0.53) (0.45) (0.91)

ln L −12094.83 −12095.83 −12097.68 −12098.48 −12098.37
White 17.27 12.02 16.77 14.35 17.55

(p = 0.07) (p = 0.28) (p = 0.08) (p = 0.16) (p = 0.06)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −12098.37 −12116.2 2.48 2.51 2.51
ACD(1, 1) −12201.87 −12215.24 2.47 4.54 3.59
Table 22
Model estimation and forecasting: MRK. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.22 1.20 1.17 1.17 1.17
(0.04) (0.01) (0.00) (0.00) (0.00)λ 0.71 0.83 0.75 0.64 0.78
(0.10) (0.05) (0.01) (0.01) (0.01)γk̄ 0.03 0.03 0.04 0.04 0.04
(0.04) (0.00) (0.01) (0.00) (0.01)b 16.59 8.12 5.97 5.94 5.96
(1.32) (0.21) (0.83) (0.67) (0.66)

ln L −77426.73 −77402.21 −77374.72 −77375.22 −77375.26
White 29.02 16.47 14.41 15.28 7.02

(p = 0.00) (p = 0.09) (p = 0.16) (p = 0.12) (p = 0.72)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −77375.26 −77397.05 0.95 0.96 0.95
ACD(1, 1) −77449.99 −77466.35 0.96 2.13 1.69
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Table 23
Model estimation and forecasting: MSFT. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.38 1.34 1.32 1.29 1.30
(0.03) (0.01) (0.03) (0.00) (0.01)λ 0.78 0.85 0.72 0.85 0.68
(0.16) (0.02) (0.02) (0.07) (0.03)γk̄ 0.09 0.10 0.11 0.12 0.12
(0.02) (0.01) (0.01) (0.02) (0.01)b 4.29 3.18 3.04 2.54 2.70
(0.20) (0.23) (0.28) (0.17) (0.16)

ln L −44695.91 −44641.79 −44635.38 −44630.75 −44633.69
White 60.03 12.87 15.57 6.39 7.04

(p = 0.00) (p = 0.23) (p = 0.11) (p = 0.78) (p = 0.72)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −44633.69 −44654.26 3.13 3.22 3.29
ACD(1, 1) −44978.82 −44994.24 3.20 6.07 5.51
Table 24
Model estimation and forecasting: QCOM. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.58 1.51 1.45 1.43 1.44
(0.01) (0.01) (0.01) (0.02) (0.01)λ 1.14 1.06 1.11 0.89 0.63
(0.10) (0.07) (0.10) (0.07) (0.13)γk̄ 0.18 0.21 0.22 0.21 0.23
(0.03) (0.02) (0.03) (0.03) (0.16)b 4.30 3.44 2.45 2.24 2.43
(1.01) (0.38) (0.28) (0.29) (0.73)

ln L −7597.95 −7568.28 −7564.41 −7562.45 −7564.50
White 41.27 15.36 12.69 6.32 5.08

(p = 0.00) (p = 0.12) (p = 0.24) (p = 0.79) (p = 0.89)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −7564.50 −7581.29 5.58 6.36 6.91
ACD(1, 1) −7871.92 −7884.51 5.92 10.63 10.80
Table 25
Model estimation and forecasting: T. We report estimation results for the MSMD model with k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.27 1.25 1.25 1.25 1.22
(0.01) (0.04) (0.07) (0.54) (0.01)λ 0.80 0.88 0.71 0.56 0.56
(0.04) (0.04) (0.35) (1.65) (0.03)γk̄ 0.29 0.48 0.48 0.48 0.73
(0.15) (0.05) (0.76) (0.10) (0.04)b 13.55 10.42 10.65 10.68 6.61
(4.05) (0.97) (1.73) (1.68) (1.18)

ln L −32707.60 −32684.19 −32685.15 −32685.87 −32685.19
White 49.12 29.23 17.68 15.33 19.86

(p = 0.00) (p = 0.00) (p = 0.06) (p = 0.12) (p = 0.03)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −32685.19 −32705.11 1.23 1.24 1.24
ACD(1, 1) −32886.98 −32901.92 1.28 2.49 1.52
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Table 26
Model estimation and forecasting: TXN.We report estimation results for theMSMDmodelwith k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.48 1.42 1.45 1.44 1.45
(0.01) (0.01) (0.02) (0.02) (0.02)λ 0.83 0.86 1.89 2.60 2.36
(0.05) (0.04) (0.27) (0.51) (0.32)γk̄ 0.99 0.99 0.99 0.99 0.99
(0.00) (0.00) (0.00) (0.00) (0.00)b 8.23 4.75 8.53 8.70 8.63
(0.79) (0.55) (1.04) (1.22) (1.77)

ln L −7689.50 −7688.41 −7693.84 −7695.12 −7694.20
White 22.17 98.37 12.57 38.89 8.54

(p = 0.01) (p = 0.00) (p = 0.25) (p = 0.00) (p = 0.58)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −7694.20 −7710.9 3.51 3.57 3.66
ACD(1, 1) −7987.2 −7974.67 3.34 5.35 3.92
Table 27
Model estimation and forecasting: WFC. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.46 1.41 1.36 1.36 1.36
(0.01) (0.01) (0.01) (0.01) (0.01)λ 0.81 0.72 0.74 1.15 0.86
(0.07) (0.06) (0.06) (0.10) (0.02)γk̄ 0.94 0.99 0.99 0.99 0.99
(0.05) (0.00) (0.00) (0.00) (0.00)b 14.25 9.86 5.64 5.77 5.88
(0.96) (0.91) (0.51) (0.31) (0.69)

ln L −7059.32 −7053.53 −7049.78 −7051.41 −7051.57
White 21.49 12.04 4.17 2.99 2.86

(p = 0.02) (p = 0.28) (p = 0.94) (p = 0.98) (p = 0.98)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −7051.57 −7068.18 1.77 1.78 1.78
ACD(1, 1) −7291.16 −7303.62 2.92 4.89 3.64
Table 28
Model estimation and forecasting: WMT. We report estimation results for the MSMD model with k̄
intensity components. Standard errors appear in parentheses beneath estimated parameters. White is
White’s omnibus information matrix test of model specification adequacy, with marginal significance
levels in parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.26 1.22 1.20 1.17 1.16
(0.03) (0.00) (0.00) (0.00) (0.01)λ 0.75 0.83 0.83 0.80 0.81
(0.37) (0.02) (0.01) (0.02) (0.03)γk̄ 0.03 0.06 0.21 0.13 0.22
(0.01) (0.04) (0.05) (0.03) (0.11)b 10.97 18.38 10.48 6.80 5.76
(1.33) (11.31) (1.52) (0.93) (1.07)

ln L −50726.70 −50654.46 −50648.08 −50643.79 −50639.69
White 94.54 20.87 22.78 5.54 8.80

(p = 0.00) (p = 0.02) (p = 0.01) (p = 0.85) (p = 0.55)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −50639.69 −50660.55 2.99 3.01 3.03
ACD(1, 1) −50774.41 −50790.05 3.02 5.33 4.16
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Table 29
Model estimation and forecasting: XRX.We report estimation results for theMSMDmodelwith k̄ intensity
components. Standard errors appear in parentheses beneath estimated parameters. White is White’s
omnibus information matrix test of model specification adequacy, with marginal significance levels in
parentheses. See text for details.

k̄ = 3 k̄ = 4 k̄ = 5 k̄ = 6 k̄ = 7m0 1.52 1.52 1.53 1.52 1.52
(0.02) (0.02) (0.10) (0.02) (0.03)λ 1.53 3.23 0.76 4.43 2.93
(0.19) (0.47) (0.35) (0.94) (1.12)γk̄ 0.99 0.99 0.99 0.99 0.99
(0.00) (0.00) (0.00) (0.00) (0.00)b 25.91 27.43 34.11 27.48 27.58
(6.18) (2.91) (37.63) (6.93) (1.58)

ln L −5360.69 −5361.73 −5362.07 −5361.97 −5361.94
White 30.32 8.34 31.07 28.50 29.34

(p = 0.00) (p = 0.60) (p = 0.00) (p = 0.00) (p = 0.00)

ln L BIC 1-step RMSE 5-step RMSE 20-step RMSE

MSMD(7) −5361.94 −5377.91 3.65 3.69 3.71
ACD(1, 1) −5552.51 −5564.49 3.43 5.37 4.04
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