
Math 203, Spring 2020 Day 23, Due 4/21

1 Reading

Read the proof of the Cantor-Schroeder-Bernstein Theorem and start trying to understand it.

2 Response

Do you understand the statement of the Cantor-Schroeder-Bernstein Theorem? Does each of
the individual steps in the proof follow from what comes before? Do the steps successfully prove
what the theorem claims?

Theorem 2.1 (Cantor-Schroeder-Bernstein). Let A and B be functions and suppose that f :
A→ B and g : B → A are one-to-one functions. Then A and B have the same cardinality (i.e.
there is a bijection between A and B).

Proof. We define a sequence of sets, interleaved between subsets of A and subsets of B, by

B1 = B \ f [A], An = g[Bn], Bn+1 = f [An].

Observe that if a ∈
⋃

n∈NAn then, by definition, there is a b ∈ B with g(b) = a. Since g is
one-to-one, this b is uniquely defined, so we will write g−1(a) for it.
We define h : A→ B as follows:

h(a) =

{
g−1(a) if a ∈

⋃
n∈NAn

f(a) otherwise

We claim that h is a bijection. First, we check that h is one-to-one. Suppose a1, a2 ∈ A and
a1 6= a2. We have to consider cases depending on whether or not a1 and a2 belong to

⋃
n∈NAn.

If a1, a2 are both in
⋃

n∈NAn then h(a1) = g−1(a1) and h(a2) = g−1(a2), and by the definition
of the inverse (and the fact that g is a function), h(a1) 6= h(a2).
If neither is in

⋃
n∈NAn then h(a1) = f(a1) 6= f(a2) = h(a2) since f is one-to-one.

If one is in
⋃

n∈NAn and one is not, assume without loss of generality that a1 ∈
⋃

n∈NAn and
a2 6∈

⋃
n∈NAn. Then h(a1) = g−1(a1) ∈ Bn for some n. If n > 1 then g−1(a1) = f(a′) for some

a′ ∈ An−1. Since a2 6∈
⋃

n∈NAn, a′ 6= a2, and since f is one-to-one, h(a2) = f(a2) 6= f(a′) =
h(a1). If n = 1 then g−1(a1) 6∈ f [A], so h(a2) = f(a2) 6= g−1(a1) = h(a1).
Therefore h is one-to-one.
To see that h is onto, take any b ∈ B. If b ∈

⋃
n∈NBn then g(b) ∈

⋃
n∈NAn, so h(g(b)) =

g−1(g(b)) = b. If b 6∈
⋃

n∈NBn then b 6∈ B1, so b ∈ f [A], so there is an a ∈ A with f(a) = b, and
since f is one-to-one, there is exactly one such a. If a ∈

⋃
n∈NAn then a ∈ An for some n, so

b ∈ Bn+1 ⊆
⋃

n∈NBn, which is a contradiction. So a 6∈
⋃

n∈NAn, so h(a) = f(a) = b.
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