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We postulate a continuous-time heterogeneous agent model with a financial sector
and households to study the nonlinear linkages between aggregate and financial vari-
ables. In our model, the interaction between the supply of bonds by the financial sector
and the precautionary demand for bonds by households produces significant endoge-
nous aggregate risk. This risk makes the economy transition between a high-leverage
region and a low-leverage region, which, in turn, creates state dependence in impulse
responses: the same shock starting from the high-leverage region gets propagated and
amplified more than when the shock arrives when leverage is low. State dependence
in impulse responses generates a time-varying aggregate precautionary savings motive
that, by moving the risk-free rate, justifies the leverage level of the financial sector in
each region. Finally, we illustrate the usefulness of neutral networks to solve for the
nonlinear perceived law of motion of the model, and the importance of household het-
erogeneity in driving its quantitative properties.

KEYWORDS: Heterogeneous agents, wealth distribution, financial frictions, continu-
ous time, neural networks, likelihood function.

1. INTRODUCTION

A GROWING BODY OF EMPIRICAL EVIDENCE has highlighted the nonlinear links between
financial and aggregate variables. For example, Jordà, Schularick, and Taylor (2016) have
gathered data from 17 advanced economies over 150 years to document how output
growth, volatility, skewness, and tail events correlate with the levels of leverage in an
economy. Similarly, Adrian, Boyarchenko, and Giannone (2019) have found how, in the
United States, sharply negative output growth follows worsening financial conditions as-
sociated with leverage.

This paper shows how a continuous-time heterogeneous agent model can generate
many of these nonlinear linkages. Our economy comprises a financial sector, modeled
as a representative financial expert, and a continuum of households, subject to idiosyn-
cratic labor productivity shocks. The economy is hit by aggregate shocks to the stock of
capital and operates under two financial frictions. First, only the expert can hold the capi-
tal rented to a representative firm, and it cannot issue state-contingent assets (i.e., outside
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equity) to finance it. Instead, the expert can issue a risk-free bond to leverage his equity
and accumulate more capital; hence, he must absorb all the capital-return risk. Second,
households can only save through the use of a risk-free bond to self-insure against idiosyn-
cratic shocks and the wage and risk-free rate variations induced by aggregate fluctuations.
The bond, in addition, cannot be shorted.

We include a financial sector in our model to capture the evolution of debt and leverage.
We introduce household heterogeneity because, under the financial frictions we consider,
such heterogeneity begets substantial endogenous aggregate risk. This aggregate risk de-
rives from the interaction between the supply of bonds by the expert, determined by the
excess return of capital over risk-free bonds, and the precautionary demand for bonds by
households, driven by their income risk.

The endogenous aggregate risk induces an endogenous regime-switching process for
output, the risk-free rate, excess returns, debt, and leverage. The economy transitions
periodically between two different regions (technically, the basins of attraction of two
different stochastic steady states, which we will define below). One region is characterized
by high leverage and the other region is characterized by low leverage.

When the economy is in the high-leverage region (with a capital-over-equity ratio of
around 2.1), the standard deviation of output is 14.2% higher than when the economy
is in the low-leverage region (with a capital-over-equity ratio of around 1.4). This higher
volatility is due to the higher persistence of the responses to the shock to capital. These
changes in volatility account for 46% of the observed changes in volatility in U.S. out-
put between the early 1990s and the mid-2000s reported in Fernández-Villaverde and
Guerrón-Quintana (2020). Output is also less skewed when leverage is high than when it
is low (0.0014 vs. 0.1186). Finally, the moves between high and low leverage resemble the
debt supercycles (i.e., sustained periods of borrowing and deleveraging lasting for several
decades) documented in Reinhart and Rogoff (2009) and Schularick and Taylor (2012).

We demonstrate the presence of endogenous aggregate risk by solving the model by
obtaining a flexible, nonlinear approximation of the perceived law of motion (PLM) of
aggregate debt as a function of the expert’s equity and the cross-sectional distribution of
households’ bonds.1

First, we explain how we can approximate the PLM with high accuracy using just the
first moment of the households’ bond distribution—for example, aggregate debt—à la
Krusell and Smith (1998) because the households’ consumption decision rule is close to
linear with respect to the household state variables (except for impoverished households).
At the same time, we let the PLM be a nonlinear function of the aggregate states (given
our assumption regarding the PLM: aggregate debt and equity) because households’ con-
sumption decision rule is sharply nonlinear with respect to them. Households understand
the strongly state-dependent responses of wages and the risk-free rate with respect to the
aggregate states and act accordingly.

In comparison, in Krusell and Smith (1998), the PLM of the aggregate variables is log-
linear in the endogenous aggregate state variables.2 We prove that a loglinear PLM is a
poor choice in our model by computing a naive implementation of the Krusell and Smith
(1998) algorithm. Fernández-Villaverde, Marbet, Nuño, and Rachedi (2022) found a sim-
ilar result in a quite different heterogeneous agent environment (discrete time, nominal

1A GitHub repository with the codes for the paper and further examples of our methodology is available at
https://github.com/jesusfv/financial-frictions.

2In Krusell and Smith (1998), the PLM is nonlinear in the exogenous states because the coefficients of the
regression are allowed to vary across shocks. However, in our model, exogenous states are incorporated into
the endogenous states instantaneously and this refinement is moot.

https://github.com/jesusfv/financial-frictions


FINANCIAL FRICTIONS AND THE WEALTH DISTRIBUTION 871

rigidities, etc.). Thus, we conjecture that this point applies to many heterogeneous agent
economies: the PLM of the model can be well approximated by one or a few moments of
the distribution and, yet, be fully nonlinear.

Second, we show how to employ neural networks to find the PLM as a nonlinear func-
tion of the aggregate state variables. Neural networks can capture nonlinearities without
specifying, ex ante, any concrete structure for them. All linear models are alike, but every
nonlinear model is nonlinear in its particular and unpredictable way. While other nonlin-
ear approximation methods are possible, they often run into problems. For example, we
show how a Chebyshev polynomial approximation delivers much worse accuracy than our
approach.

Our approach generates a “bounded rationality” solution with the same pros and cons
as the solution in Krusell and Smith (1998). On the positive side, since the forecast errors
are small, this “bounded rationality” solution is a self-justified equilibrium (Kubler and
Scheidegger (2018)). On the negative side, this equilibrium may or may not be close to
the rational-expectations equilibrium, which we cannot compute. In particular, if we had
more households clustered around their borrowing constraints, we would need to allow
for more features of the wealth distribution beyond its first moment to enter into the
PLM.

Also, given our PLM, we illustrate how a nonlinear model like ours can be taken to the
data with a likelihood function employing aggregate and micro observations using infer-
ence with diffusions (Lo (1988)). The likelihood is computationally straightforward once
we have solved the model with the approach outlined above: it simply amounts to trans-
posing a matrix. Likelihood-based estimation is attractive in this context because methods
of moments (either informal, such as calibration, or formal, such as the SMM) face dif-
ficulties when dealing with nonlinear DSGE models (Andreasen, Fernández-Villaverde,
and Rubio-Ramírez (2018)).

Why does the nonlinear PLM create endogenous aggregate risk? For parameter values
that match U.S. data and maximize the likelihood function, the curve within the PLM that
implies zero changes in debt crosses the curve that implies zero changes in equity multiple
times. Each of these crossings constitutes a stochastic steady state, or SSS(s): debt and
equity accumulation are zero and, hence, so is capital accumulation. Interestingly, this
occurs despite the model having a unique deterministic steady state (DSS).3 In particular,
we will have a high-leverage SSS (HL-SSS) and a low-leverage SSS (LL-SSS), each with
its basin of attraction (there is a third, unstable SSS that we do not need to discuss).4

Notice that the multiplicity of SSS(s) in our model is different from the multiplicity of
equilibria: in our model, we find a unique equilibrium.

The intuition for the existence of two stable SSS(s) is as follows. In the basin of attrac-
tion of the HL-SSS, endogenous aggregate risk is high. After a negative aggregate shock,
the economy suffers protracted recessions with persistently low wages (we explain below
why). Due to precautionary behavior, households accumulate more bonds when risk is
high. Higher savings have two consequences.

3An SSS, also known as a risky steady state (Coeurdacier, Rey, and Winant (2011)), is a fixed point of the
equilibrium conditions of the model when the realization of the aggregate shock is zero. A DSS is a fixed point
of the equilibrium conditions of the model when the volatility of the aggregate shock (but not of idiosyncratic
shocks) is zero. We care about SSSs because they are the points around which the ergodic distribution of the
endogenous variables of the model is concentrated.

4The basin of attraction of an SSS is the set of starting points of debt and equity that converge to such an
SSS in the absence of aggregate shocks.
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First, higher savings increase wealth inequality among households: households with
good realizations of their idiosyncratic shock accumulate much wealth. Second, higher
savings lower the risk-free rate that clears the bond market and cause a high expected
excess return for capital, pushing the expert to leverage aggressively, the defining feature
of this basin of attraction. In comparison, aggregate risk is low in the basin of attraction
of the LL-SSS. Thus, precautionary savings are lower, wealth inequality is smaller, the
risk-free rate is high, and the expected excess return is reduced. These prices sustain the
low leverage that characterizes this basin.

Why are recessions more severe in the basin of attraction of the HL-SSS than around
the LL-SSS? When leverage is high, a negative aggregate shock to capital greatly erodes
the expert’s net wealth since his relatively small equity must absorb all the capital losses.
Furthermore, in the aftermath of this negative shock, the expert is reluctant to take addi-
tional debt on too quickly: his leverage position is already quite risky. But since the expert
does not issue too much debt, he also gets lower excess returns and accumulates equity
sluggishly. Slow debt and equity accumulation lead to slow capital recovery. During this
time, wages are persistently low and the risk-free rate is high.5 By contrast, the recessions
after a negative aggregate shock are mild when leverage is low. While the responses are
similar on impact, the recovery is much faster because the expert experiences less reduc-
tion in his net wealth.

Whether the economy has high or low leverage is a consequence of past aggregate
shocks. Sometimes, while the economy is traveling in the basin of attraction of the HL-
SSS, a sequence of aggregate shocks will move it to the basin of attraction of the LL-SSS
(and vice versa). For our baseline parameter values, the economy will spend more time,
on average, in the basin of attraction of the HL-SSS than in the basin of attraction of
the LL-SSS. This finding, however, varies as we change the volatility of idiosyncratic and
aggregate shocks.

The transition between the two basins of attraction amounts to an endogenous regime-
switching process for output, interest rates, debt, and leverage and generates a strong
state-dependence in the impulse response functions of the model. This endogenous
switching generates the time variation in the volatility and skewness of these variables
and the long-lasting changes in the leverage and wealth inequality in the economy. Con-
sider, for instance, the experience of the advanced economies between 1945 and today,
as leverage was slowly rebuilt after World War II, pushing the economy toward higher
levels of debt, wealth inequality, and financial fragility. Our model offers an intriguing
interpretation of such a phenomenon.

Our findings are in stark contrast to the properties of the model when we move it to-
ward its representative household version. As we reduce idiosyncratic risk (while keeping
the volatility of the aggregate shock constant), the precautionary saving motive becomes
smaller and the excess return is low. Eventually, the model encounters a bifurcation and
the HL-SSS evaporates. Conversely, when we increase idiosyncratic risk, the LL-SSS van-
ishes. In this case, households are so concerned about their idiosyncratic risk that their
demand for bonds propels the risk-free rate sufficiently low to allow only the existence
of the HL-SSS (paradoxically, increasing the endogenous aggregate risk they face). Our
findings also diverge from the version of the model where the expert can issue outside
equity without constraints. In such a case, the expert and the households share the capi-
tal risk, and the large impact of leverage movements (and the associated nonlinearities)
disappears.

5In our model, wages are equal to the marginal productivity of labor (lower when capital is low) and the
risk-free interest rate depends on the marginal productivity of capital (higher when capital is low).
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Thus, household heterogeneity allows us not only to generate nonlinear dynamics be-
tween aggregate variables and leverage, but also to think about ways in which (i) the rise
in wealth inequality witnessed before the 2007–2009 financial crisis (Alvaredo, Chancel,
Piketty, Saez, and Zucman (2017)); (ii) the increase in debt and leverage experienced dur-
ing the same period (Adrian and Shin (2010), and Nuño and Thomas (2017)); and (iii)
the low risk-free interest rates of the last two decades (Holston, Laubach, and Williams
(2017)) can be linked. Furthermore, since household heterogeneity is at the core of our
argument, changes in the forces behind precautionary savings affect the overall behavior
of the economy. For example, an increase in idiosyncratic risk, such as the one docu-
mented for the United States since the late 1970s by Moffitt and Zhang (2018), translates
in our model into higher macro volatility—even when the variance of aggregate shocks
remains constant, a novel result in the literature.6

The papers closest to ours are Brunnermeier and Sannikov (2014) and He and Krishna-
murthy (2012, 2013). Brunnermeier and Sannikov (2014) developed a model of financial
frictions with between-agents heterogeneity: there is a representative expert and a repre-
sentative household. Their model generates highly nonlinear amplification effects: suffi-
ciently large shocks force the expert to sell his capital to the household, which operates it
less efficiently. In comparison, the expert absorbs small shocks by adjusting payouts. Thus,
as in our model, their economy transitions between regions of high and low leverage. He
and Krishnamurthy (2012, 2013), also using a model of between-agents heterogeneity, fo-
cused on studying the dynamics of risk premia during crises in asset markets. There is
an outside equity constraint. When the constraint is slack, aggregate risk aversion deter-
mines risk premia, but these increase sharply when the constraint is operative. Instead,
the mechanism in our paper relies on within-agents heterogeneity: households never op-
erate capital but have precautionary behavior due to aggregate and idiosyncratic shocks.
With high leverage, households demand many bonds (justifying the high leverage in equi-
librium), and, conversely, with low leverage, households demand few bonds. We see our
paper as complementary to these early works.

Furthermore, Brunnermeier and Sannikov (2014) shared with our model a link between
volatility and leverage, which they called the “paradox of volatility.” In their model, low
volatility of aggregate shocks leads to higher leverage by the financial expert and, thus,
deep recessions when a large shock hits the economy. In our model, high volatility of
idiosyncratic shocks leads to higher leverage and deeper recessions despite the volatility
of aggregate shocks being constant.

Our paper also contributes to the literature on global solution methods for heteroge-
neous agent models with aggregate shocks. To the best of our knowledge, we are the first
to generalize the celebrated algorithm of Krusell and Smith (1998) to accommodate a
universal nonlinear law of motion in the endogenous state variables. We are also close
to Ahn, Kaplan, Moll, Winberry, and Wolf (2017), who introduced a related method to
compute the solution to heterogeneous agents models with aggregate shocks in continu-
ous time. However, theirs is a local solution based on first-order perturbation around the
DSS and, thus, unable to analyze the nonlinear dynamics posed by our paper. Similarly,
Childers (2022) used linear projection methods (basis functions like histograms, splines,
or polynomials) to solve discrete-time models locally. He described a setting in which the

6In the data, the economy is buffeted by many aggregate shocks. Some of them, such as monetary policy
shocks, have become less volatile since the 1980s, thus lowering the overall volatility of the economy despite
higher micro turbulence. Our claim is a comparative statics statement with respect to capital shocks.
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model equilibrium conditions can be represented as a neural network (and so can be an-
alyzed and implemented using neural network theory), but the paper does not solve for
these equilibrium conditions.

Finally, our paper is related to the literature on the application of machine learning to
compute dynamic models. The proposed methods have so far been concerned with the
solution of high-dimensional dynamic programming problems. Examples include Schei-
degger and Bilionis (2019), Duarte (2018), Maliar, Maliar, and Winant (2019), Azinović,
Gaegauf, and Scheidegger (2022), and Ebrahimi Kahou, Fernández-Villaverde, Perla, and
Sood (2021). Instead, our algorithm provides a nonlinear forecast of aggregate variables
within the model.

While many nonlinear solution schemes are possible, our neural network approach is
convenient, regarding both theoretical properties and practical considerations. First, the
universal approximation theorem (Hornik, Stinchcombe, and White (1989), Bach (2017))
states that a neural network can approximate any unknown Borel measurable function.
Second, the neural network can be efficiently trained using a combination of the gradient
descent and the backpropagation algorithms. Third, our algorithm is easy to code and
readily amenable to massive parallelization, and the computed solution generalizes well
to simulation paths outside the aggregate ergodic distribution.

The Supplemental Material (Fernández-Villaverde, Hurtado, and Nuño (2023)) in-
cludes several appendices providing further details regarding the computation and es-
timation of the paper. Throughout the text, we will refer to this Supplemental Material as
needed.

2. MODEL

We postulate a continuous-time DSGE model with a representative firm, a representa-
tive financial expert, and a continuum of households. There is one risky asset, capital, and
a risk-free one, noncontingent bonds. Only the expert can hold capital because he is the
only agent with the knowledge of how to accumulate it (we can also think about the ex-
pert as depicting the financial sector). In contrast, households can lend to the expert at the
risk-free rate but cannot hold capital themselves, as they lack the required skill to handle
it. The expert cannot issue outside equity, but can partially finance his capital holdings by
issuing bonds to households. While in our model there is no need to distinguish between
the firm and the expert, separating these two agents clarifies the exposition. We introduce
heterogeneity on the side of the households—but not among the financial experts or the
firms—because this heterogeneity triggers significant endogenous aggregate risk, the key
feature of our investigation.

2.1. The Firm

A representative firm rents aggregate capital, Kt , and aggregate labor, Lt , to produce
output with a Cobb–Douglas technology Yt = Kα

t L
1−α
t . Since input markets are competi-

tive, wages, wt , are equal to the marginal productivity of labor:

wt = (1 − α)
Yt

Lt

� (1)

and the rental rate of capital, rct , is equal to the marginal productivity of capital:

rct = α
Yt

Kt

� (2)
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During production, capital depreciates at a rate δ and receives a growth rate shock Zt

that follows a Brownian motion with volatility σ . Hence, aggregate capital evolves as

dKt

Kt

= (ιt − δ) dt + σ dZt� (3)

where ιt is the investment rate per unit of capital. The capital shock Zt is a common
assumption in the financial frictions literature because it impacts the equity of the ex-
pert directly, making the effects of the shock transparent (Brunnermeier and Sannikov
(2014)). The shock is a stand-in for any exogenous change in the efficiency units of cap-
ital. For example, it can represent the consequences of a new environmental regulation
that lowers the profitability of existing capital or a technological innovation that renders
already-installed capital economically obsolete, as in Greenwood, Hercowitz, and Krusell
(1997).

We define the rental rate of capital rct over the capital contracted, Kt , and not over the
capital returned after depreciation and the growth rate shock. Thus, the instantaneous
return rate on capital is drkt = (rct − δ) dt + σ dZt .

2.2. The Expert

The representative expert holds capital K̂t and rents it to the firm (we denote variables
related to the expert with a caret). To finance K̂t , the expert issues risk-free debt B̂t at
rate rt to households. The financial friction in the model is the fact that the expert cannot
issue state-contingent claims (i.e., outside equity) against K̂t . In particular, the expert
must absorb all the risk from holding capital.

The net wealth (i.e., inside equity) of the expert, N̂t , is the difference between his assets
(capital) and liabilities (debt), N̂t = K̂t − B̂t . We allow N̂t to be negative, although this will
not occur along the equilibrium path.

If Ĉt is the consumption of the expert, N̂t evolves as

dN̂t = K̂t dr
k
t − B̂trt dt − Ĉt dt = [(

rt + ω̂t (rct − δ− rt)
)
N̂t − Ĉt

]
dt + σω̂tN̂t dZt� (4)

where ω̂t ≡ K̂t

N̂t
is the leverage ratio of the expert. The term rt + ω̂t(rct − δ − rt) is the

expected instantaneous return on net wealth, equal to the return on bonds, rt , plus ω̂t

times the excess return on leverage, rct − δ − rt . The term σω̂tN̂t is the risk of holding
capital induced by the capital growth rate shock. Equation (4) allows us to derive the law
of motion for K̂t :

dK̂t = dN̂t + dB̂t =
[(
rt + ω̂t (rct − δ− rt)

)
N̂t − Ĉt

]
dt + σω̂tN̂t dZt + dB̂t�

The expert’s preferences over Ĉt can be represented by

Ûj = Ej

[∫ ∞

j

e−ρ̂(t−j) log(Ĉt) dt
]
� (5)

where ρ̂ is his discount rate. The log felicity function will make our derivations below
easier, but it could be generalized to recursive preferences à la Duffie and Epstein (1992).

The expert decides his consumption and leverage ratio to solve the problem:

max
{Ĉt �ω̂t}t≥0

Û0� (6)
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subject to the evolution of Nt (4), an initial net wealth N0, and the no-Ponzi-game condi-
tion:

lim
T→∞

e− ∫ T
0 rτ dτBT = 0� (7)

2.3. Households

There is a continuum of infinitely lived households with unit mass. Households are
heterogeneous in their wealth am and labor supply zm for m ∈ [0�1]. The distribution of
households at time t over these two individual states is Gt (a�z). We will drop the subindex
m when no ambiguity occurs to save on notation.

Each household supplies zt units of labor valued at wage wt . As in Huggett (1993),
we assume that idiosyncratic labor productivity follows a two-state Markov chain: zt ∈
{z1� z2}, with 0 < z1 < z2. The process jumps from state 1 to state 2 with intensity λ1 and
vice versa with intensity λ2. The ergodic mean of z is 1. When we face the model with
the data, we will identify state 1 with unemployment (where z1 is the value of leisure and
home production) and state 2 with working.

Households save an amount at in the riskless debt issued by the expert at interest rate
rt . Hence, a household’s wealth follows:

dat = (wtzt + rtat − ct) dt = si(at�Gt�Nt) dt� (8)

where si(at�Gt�Nt) is the drift of wealth for a household with labor supply zi. The ag-
gregate state variables Gt and Nt enter into this drift because they determine wages and
the risk-free rate (as we will see in equation (11), Gt gives us Bt , and Bt , with Nt , gives
us Kt). These variables pin down the optimal choice of consumption, cit = ci(at�Gt�Nt).
Households cannot short bonds:

at ≥ 0� (9)

Households have a CRRA instantaneous felicity function u(ct) = c
1−γ
t −1
1−γ

discounted at
rate ρ > 0. We pick this functional form to allow households and the expert to have dif-
ferent risk aversions, but we could substitute more general recursive preferences for it.

In summary, households maximize

max
{ct}t≥0

E0

[∫ ∞

0
e−ρt c

1−γ
t − 1
1 − γ

dt

]
� (10)

subject to the budget constraint (8), initial wealth a0, and the borrowing limit (9).

2.4. Market Clearing

There are three market clearing conditions. First, the total amount of debt issued by
the expert must equal the total amount of households’ savings:

Bt ≡
∫

adGt(a�z) = B̂t� (11)

which also implies dBt = dB̂t .
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Second, the total amount of labor rented by the firm is equal to labor supplied, Lt =∫
zdGt . Since the ergodic mean of z is 1, we have that Lt = 1 and total payments to labor

are wt .
Define households’ total consumption as Ct = C(Gt�Nt) ≡ ∑2

i=1

∫
ci(a�Gt�Nt) dGt(a�

i). Then, we can write

dB̂t = dBt = (wt + rtBt −Ct) dt� (12)

which tells us that the evolution of aggregate debt is the total income of households wt +
rtBt minus their total consumption Ct .

Third, the total amount of capital in this economy is owned by the expert, Kt = K̂t , and,
therefore, dKt = dK̂t and ω̂t = Kt

Nt
, where Nt = N̂t =Kt −Bt . With these results, we derive

dKt =
{[
rt + ω̂t (rct − δ− rt)

]
N̂t − Ĉt

}
dt + σω̂tN̂t dZt + dB̂t

= (Yt − δKt −Ct − Ĉt) dt + σKt dZt� (13)

where the last line uses the fact that, from competitive input markets and constant-
returns-to-scale, Yt = rctKt + wt . Recall, from equation (3), that dKt = (ιt − δ)Kt dt +
σKt dZt . Equating this result to (13) and canceling terms, we get ιt = Yt−Ct−Ĉt

Kt
, that is, the

investment rate is output less aggregate consumption divided by aggregate capital. Also,
we get the direct result:

dKt = dNt + dBt� (14)

The households’ distribution Gt (a�z) has a density on assets a, git (a), conditional on
the labor productivity state i ∈ {1�2}. The dynamics of this density conditional on the
realization of aggregate variables are given by the Kolmogorov forward (KF) equation:

∂git (a)
∂t

= − ∂

∂a

(
si(a�Gt�Nt)git (a)

) − λigit (a) + λjgjt (a)� i �= j = 1�2� (15)

This density evolves according to the households’ optimal consumption-saving choices
plus the jumps corresponding to households that circulate out of (λigit (a)) and into
(λjgjt (a)) the labor state i. Also, the density satisfies the normalization

∑2
i=1

∫
git (a) da=

1.

3. EQUILIBRIUM

Appendix A in the Supplemental Material defines an equilibrium for this economy and
lists the equilibrium conditions. To characterize this equilibrium, we proceed first with the
expert’s problem. The use of log-utility implies that the expert consumes a constant share
ρ̂ of his net wealth and chooses a leverage ratio proportional to the difference between
the expected return on capital and the risk-free rate:

Ĉt = ρ̂Nt� (16)

ωt = ω̂t = 1
σ2 (rct − δ− rt)� (17)

Second, rewriting the latter result, we get that the excess return on leverage,

rct − δ− rt = σ2ω = σ2 Kt

Nt

= σ2Nt +Bt

Nt

�
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depends positively on the variance of the aggregate shock, σ2, and the leverage of the
economy Nt+Bt

Nt
. The higher the volatility or the leverage ratio, the higher the excess return

the expert requires to isolate households from dZt .
Third, we can use the equilibrium values of rct , Lt , and ωt to get the wage wt = (1 −

α)Kα
t , the rental rate of capital rct = αKα−1

t , and the risk-free interest rate:

rt = αKα−1
t − δ− σ2 Kt

Nt

= α(Nt +Bt)α−1 − δ− σ2Nt +Bt

Nt

� (18)

This equation will play a key role in explaining our quantitative results. Notice that equa-
tions (16)–(18) depend only on Nt and Bt .

Fourth, we use equations (4), (16), and (17) to describe the evolution of Nt as

dNt =
[
rct − δ− ρ̂+ (ωt − 1)(rct − δ− rt)

]
Nt dt + σ (Nt +Bt) dZt

= [
rct − δ− ρ̂+ σ2(ωt − 1)ωt

]
Nt dt + σ (Nt +Bt) dZt

=
[
α(Nt +Bt)α−1 − δ− ρ̂+ σ2

(
Nt +Bt

Nt

− 1
)
Nt +Bt

Nt

]
Nt dt + σ (Nt +Bt) dZt

= μN (Bt�Nt) dt + σN (Bt�Nt) dZt� (19)

The first line of equation (19) shows that the drift is the capital return plus the levered-up
excess return. The second line uses the portfolio choice embedded in equation (17) to
relate excess return to leverage. The third line demonstrates the nonlinear dependence of
dNt on Nt , Bt , and dZt . The fourth line writes the equation compactly in terms of a drift
μN (Bt�Nt) and a volatility σN (Bt�Nt).

Fifth, we have from equation (12):

dBt = (wt + rtBt −Ct) dt

=
(

(1 − α)(Nt +Bt)α +
(
α(Nt +Bt)α−1 − δ− σ2Nt +Bt

Nt

)
Bt −Ct

)
dt

= μB(Bt�Gt�Nt) dt� (20)

where the last line comes from recalling that Ct = C(Gt�Nt). Equation (20) has a drift but
no diffusion term because the shocks to capital are absorbed by the expert’s equity. Thus,
if we know μB(Bt�Gt�Nt), we get dBt . With dBt , we can calculate dKt and all the other
endogenous variables of the model follow. Section 4 will explain how we approximate
μB(Bt�Nt�Gt) numerically given that we do not have a closed-form expression for Ct , the
only unknown variable in equation (20).

Next, we define the DSS of the model. At the DSS, there are no capital growth rate
shocks (i.e., σ = 0), but we still have idiosyncratic household shocks. From equation (19),
we get

dNt = μN (Bt�Nt) = (
α(Nt +Bt)α−1 − δ− ρ̂

)
Nt dt� (21)

Since, in the DSS, dNt = 0, we find KDSS = NDSS + BDSS = ( ρ̂+δ

α
)

1
α−1 . Thus, from equation

(18), we get

rDSS = rkDSS = rcDSS − δ= αKα−1
DSS − δ= ρ̂� (22)



FINANCIAL FRICTIONS AND THE WEALTH DISTRIBUTION 879

FIGURE 1.—DSS of the model.

This condition implies that we must have that ρ̂ < ρ, that is, households must be less
patient than the expert. Otherwise, households would want to accumulate savings without
bounds to self-insure against idiosyncratic labor risk, and the DSS would not be well-
defined.7

At rDSS, there is demand for bonds by households, BDSS = ∫
adGDSS(a�z), a quantity we

cannot compute analytically. We will impose parameter values in Section 5 that ensure
that BDSS < KDSS since the expert always wants to hold a positive net wealth (NDSS =
KDSS −BDSS) in equilibrium.

Figure 1 illustrates the DSS. The line K(r) = ( r+δ
α

)
1

α−1 is the capital demanded by the
representative firm as a function of r. The crossing of the capital demand with ρ̂ deter-
mines rDSS and KDSS. The line B(r) is the quantity of bonds demanded by households as
a function of r. This function is monotonically increasing and asymptotes below ρ for the
same reasons as in Aiyagari (1994). The crossing of the capital demand with ρ̂ pins down
BDSS. The difference between KDSS and BDSS gives us NDSS.

In comparison, an SSS (stochastic steady state) is defined as a density gSSS(·) and an
equity NSSS that remain invariant when the realization of the aggregate shock is zero. The
difference between the SSS and the DSS is that, in the former, agents make their decisions
taking into account aggregate risks (σ > 0), but no shock arrives along the equilibrium
path, whereas, in the latter, σ = 0 and the agents are aware of it. While the DSS is unique
in our model, we will find multiple SSSs in our quantitative exercise.

As mentioned in the Introduction, we care about these SSSs because they are the
points around which the ergodic distribution of the variables of the model is concen-
trated (Schenk-Hoppé and Schmalfuss (2001)). For example, they are the points toward

7This property stands in contrast to models à la Bernanke, Gertler, and Gilchrist (1999), where borrowers
are more impatient than lenders to prevent the former from accumulating enough wealth to render the finan-
cial friction inoperative. In these models, borrowers are infinitesimal and subject to idiosyncratic risk, and the
lenders’ discount rate determines the DSS risk-free rate. The situation is reversed in our model, where the
households (lenders) must be more impatient than the expert (borrower).
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which an economy returns in a generalized impulse response function (GIRF).8 Hence,
the SSSs are good summaries of many of the dynamic properties of the model.

4. SOLUTION

Our discussion of equation (20) highlighted the role of finding μB(Bt�Nt�Gt) to com-
pute the equilibrium of the economy. In order to do so, we need to find the solution to
the households’ optimization problem (10) to get, by aggregating individual consumption
choices, Ct = ∑2

i=1

∫
ci(a�Gt�Nt) dGt(a� i).

Using recursive notation, the households’ i �= j = 1�2 problem can be expressed as a
Hamilton–Jacobi–Bellman (HJB) equation:

ρVi(a�G�N) = max
c

c1−γ − 1
1 − γ

+ si(a�G�N)
∂Vi

∂a
+ λi

[
Vj(a�G�N) − Vi(a�G�N)

]
+

2∑
j=1

∫
δVi

δGj

(a�G�N; â)
∂Gj

∂t
dâ+μN (B�N)

∂Vi

∂N

+
[
σN (B�N)

]2

2
∂2Vi

∂N2 � (23)

where δVi
δGj

(·; â) is the Fréchet derivative of the value function Vi with respect to the distri-
bution G. This is not a normal finite-dimensional derivative, as it reflects how the value
function responds to changes in G, which is an infinite-dimensional object. Thus, equa-
tion (23) cannot be solved using standard tools for finite-dimensional partial differential
equations.9

We tackle this challenge by making two assumptions. First, we follow Krusell and Smith
(1998) and assume that, when forming their expectations, households only keep track
of total debt, Bt , the first moment of Gt , instead of the entire distribution. As shown
in Section 7.3, the first moment of Gt will numerically suffice because of the linearity
of the household consumption policy with respect to individual wealth for most wealth
levels (except those very close to the borrowing limit). Thus, instead of approximating
μB(Bt�Gt�Nt), we approximate the much simpler conditional expectation of dBt given
(Bt�Nt), that is, h(Bt�Nt) = E[dBt|Bt �Nt ]

dt
. In other words, we assume that households con-

sider a perceived law of motion (PLM) of Bt :

dBt = h(Bt�Nt) dt� (24)

instead of equation (20). We borrow the term PLM from the learning literature (Evans
and Honkapohja (2001)) to accentuate that we allow h(·� ·) to be a general function.

8The word “generalized” in GIRF is used because, in comparison with linear models, impulse responses in
nonlinear models are (i) state-dependent; (ii) a nonlinear function of the size of the shock; (iii) and nonsym-
metric. Thus, we need to specify the size and sign of the shock and when this shock occurs.

9This difficulty does not emerge in the absence of aggregate risk, as the complete dynamics of G can be
summarized by calendar time, and, hence, the problematic fourth term in equation (23) collapses to ∂V

∂t
. See

Bilal (2021) for a derivation of the HJB in the presence of aggregate risk.
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Given the PLM, the household’s HJB (23) can be rewritten as

ρVi(a�B�N) = max
c

c1−γ − 1
1 − γ

+ si(a�B�N)
∂Vi

∂a
+ λi

[
Vj(a�B�N) − Vi(a�B�N)

]
+ h(B�N)

∂Vi

∂B
+μN (B�N)

∂Vi

∂N
+

[
σN (B�N)

]2

2
∂2Vi

∂N2 � (25)

where now both Vi and si depend on B instead of G. If we know h(Bt�Nt), equation (25)
can be solved using standard numerical techniques, such as the upwind finite differences
scheme described in Appendix B in the Supplemental Material, or any other suitable
algorithm (e.g., a deep neural network when the number of state variables is high).

Second, we approximate h(·� ·) by training a neural network on simulated data. Our
algorithm will approximate the PLM arbitrarily well. This extra flexibility is key given the
complex nonlinearities present in equations (19)–(20). By doing so, we will capture equi-
librium dynamics missed if we approximated the PLM by a simple polynomial function
(see Appendix G).

The ideas in the previous paragraphs are quite general. At the core of every hetero-
geneous agent model, we have laws of motion for aggregate variables dependent on the
agents’ distribution. These laws of motion can be approximated efficiently by neural net-
works. Appendix C presents a general algorithm to solve heterogeneous agent models
using this approach. Our application in this paper is an instance of such a general algo-
rithm.

An overview of the algorithm: Our algorithm to find h(B�N) in (24) proceeds as follows:
(1) Start with h0, an initial guess for h. Set n := 0.
(2) Using hn, solve for household consumption, c, in the HJB equation (25).
(3) Construct a time series for Bt by simulating the cross-sectional distribution over

time using the KF equation (15). Given Bt , we can find Nt and Kt using equations
(19) and (14).

(4) Use a neural network to obtain h̃, a new guess for h.
(5) If ‖h̃−hn‖ < ε given a norm ‖ · ‖ and tolerance level ε > 0, stop. The solution is h̃.

Otherwise, set n := n+ 1, make hn = h̃, and return to step 2.
Steps 1–5 show that our solution has two differences with respect to the original

Krusell–Smith algorithm: the use of continuous time and our employment of neural net-
works to update the guess of the PLM. Both differences deserve some explanation.

Simulating in continuous time: We use continuous time for convenience: it helps us to
characterize much of the equilibrium dynamics analytically and to avoid dealing with ex-
pectations in the HJB equations (23) and (25) thanks to Itô’s lemma. However, nothing
essential in our analysis depends on it and Appendix C shows that the algorithm is easily
adapted to discrete time without changing any important idea. See, for details, Achdou,
Han, Lasry, Lions, and Moll (2021) and Nuño and Thomas (2016).

We simulate T periods of the economy with a constant time step �t. We start from the
initial income-wealth distribution at the DSS (although we could pick other values). A
number of initial samples are discarded as a burn-in. Then, we have

Btj =
2∑

i=1

∫
gitj (a;Btj �Ntj ) da�

where the dynamics of the density are given by the KF equation (15).
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Our simulation (X� ĥ) is composed of a vector of inputs X = {x1�x2� � � � �xJ}, where
xj = {x1

j � x
2
j} = {Btj �Ntj} are samples of aggregate debt and the expert’s net wealth at J

random times tj ∈ [0�T ], and a vector of outputs ĥ = {̂h1� ĥ2���� ĥJ}, where ĥj ≡ Btj+�t−Btj

�t

are samples of the growth rate of Bt . The evaluation times tj should be random and uni-
formly distributed over [0�T ] as, ideally, samples should be independent.

Neural networks as universal nonlinear approximators: In Krusell and Smith (1998), the
law of motion of the mean of capital is log-linear in capital, the endogenous variable,
with state-dependent coefficients. This approximation is highly accurate due to the near
log-linearity of their model in the vicinity of the DSS. Indeed, in their model, the DSS
and SSS almost coincide. But, as shown in equations (19) and (20), this linearity does not
extend to our model.

This nonlinearity causes two problems. First, we face the approximation problem: we
need to search for an unknown nonlinear functional. Second, we need to fix the gener-
alization problem. While the domain of Bt and Nt is unbounded, practical computation
requires limiting it to a compact subset of R2 large enough to prevent boundary conditions
from altering the solution in the subregion where the ergodic distribution accumulates.
But this is such a large area that the simulation in step 3 of the algorithm above never vis-
its much of it (even for extremely long simulations). Thus, the approximation algorithm
should generalize in a “reasonable” fashion to the rest of the state space.10

To address these two problems, we employ neural networks to approximate the PLM.
Our approach displays four strengths. First, the universal approximation theorem (Hornik,
Stinchcombe, and White (1989), Cybenko (1989)) states that a neural network with
at least one hidden layer can approximate any Borel measurable function mapping
finite-dimensional spaces arbitrarily well. The theorem applies to functions with non-
differentiabilities, kinks, and occasionally binding constraints.

Second, neural networks generalize outstandingly and are resilient to sparse initial in-
formation about the problem’s solution. Neural networks have well-behaved shapes out-
side their training areas (the “reasonableness” we mentioned two paragraphs ago). In
contrast, Chebyshev polynomials (or other series) often display explosive behaviors out-
side the fitted area. Indeed, Figure S3 in Appendix G shows the poor behavior of an
approximation to the PLM in our model with Chebyshev polynomials.

Third, neural networks can be coded and trained using standard machine learning li-
braries. Furthermore, training a neural network is particularly well suited to massive par-
allelization in CPUs, GPUs, FPGAs, or in the dedicated AI accelerators such as TPUs
specially designed for this class of problems (see, for FPGAs in economics, Cheela, De-
Hon, Fernández-Villaverde, and Peri (2022)).

Fourth (although this feature is not relevant for our model), neural networks can also
tackle highly dimensional ht ’s. Under technical conditions, neural networks break the
“curse of dimensionality” (Barron (1993), and Bach (2017)). Researchers have found that
this property holds very well in practice. For instance, Ebrahimi Kahou et al. (2021) have
solved a model of industry dynamics with up to 10,000 state variables.

10The dynamics of the model in the generalized region might not coincide with the ones expected in the
PLM. As in Krusell and Smith (1998), our approximation is a self-justified equilibrium in which households’
beliefs about the PLM coincide with the actual law of motion (ALM) only in the equilibrium paths (Kubler
and Scheidegger (2018)). Off-equilibrium, the PLM and the ALM may diverge, but households never discover
it, as this region is never visited.
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More concretely, a neural network with one hidden layer h(x;θ) is a linear combination
of Q activation functions φ(·):

h(x;θ) = θ2
0 +

Q∑
q=1

θ2
qφ

(
θ1

0�q +
2∑

i=1

θ1
i�qx

i

)
� (26)

where x is a two-dimensional input and θ= (θ2
0� θ

2
1� � � � � θ

1
2�Q) is a vector of weights. Thus,

the neural network provides a flexible parametric function h that determines the growth
rate of aggregate debt ĥj = h(xj;θ)� j = 1� ��� J. The neural network (26) can be extended
to include additional hidden layers. In that case, the network is called a deep neural net-
work. However, for our problem, we checked that one layer was enough.

In terms of the network architecture, we pick a softplus activation function, φ(x) =
log(1 +ex). This function has a simple sigmoid derivative, while keeping an efficient com-
putation and gradient propagation. Through trial-and-error, we select a generous Q = 16
because the computational cost of a large hidden layer is small.11

The network weights θ are trained by minimizing a quadratic error function:

θ∗ = arg max
θ

E (θ;X�̂h) = arg max
θ

1
2

J∑
j=1

∥∥h(xj;θ) − ĥj

∥∥2

given a simulation (X� ĥ). We solve this problem using the batch gradient descent algo-
rithm. Appendix B describes the training of the network and how we handle local minima.

Why do neural networks approximate functions efficiently? Neural networks are a chain
of geometric transformations. We take the vector of state variables, apply a linear trans-
formation to it (in our case, θ1

0�q + ∑2
i=1 θ

1
i�qx

i), and twist this transformation through an
activation function (φ(·)). The process is repeated successively in each layer of the net-
work. These geometric transformations move the functional approximation problem from
lying in a difficult-to-characterize space to one living in an equivalent but much more con-
venient space.

A well-known example of what we mean by geometric transformations is as follows
(Chollet (2021, p. 47)). Imagine that you have crumpled a sheet of paper into a ball.
The paper ball is the function you want to approximate in the computer but doing so,
with all its irregularities, is hard. That is why standard methods like splines or Cheby-
shev polynomials fail as soon as we deal with an irregular ball in four or five dimensions.
The geometric transformations of the neural network expand the paper ball (the linear
translation) and unfold it (the activation function) until it is a plain sheet of paper again.
Approximating a sheet of paper (a linear plane) in a computer is straightforward.

5. TAKING THE MODEL TO THE DATA

We take our model to the data by mixing calibration and likelihood estimation. Table I
summarizes the calibrated parameters. The capital share, α, is taken to be 0�35 and the
depreciation rate of capital, δ, is 0�1 (all rates are annual). The discount rate, ρ, is set to
0�05. The risk aversion of the households γ is 2. These are standard values in the business
cycle literature to match the investment-output ratio and the rate of return on capital.

11Overparameterizing the network with a Q too high is usually not a problem because of the “double descent
phenomenon”: even extremely overparameterized neural networks converge to a minimum-norm solution
within the space of approximating functions. See Ebrahimi Kahou et al. (2021) for details.
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TABLE I

BASELINE PARAMETERIZATION.

Parameter Value Description Source/Target

α 0�35 capital share standard
δ 0�1 capital depreciation standard
γ 2 risk aversion standard
ρ 0�05 households’ discount rate standard
λ1 0�986 transition rate unemp.-to-employment monthly job finding rate of 0.3
λ2 0�052 transition rate employment-to-unemp. unemployment rate 5%
z1 0�72 income in unemployment state Hall and Milgrom (2008)
z2 1�015 income in employment state E(y)= 1
ρ̂ 0�0497 experts’ discount rate K/N = 2

The idiosyncratic income process is calibrated following our interpretation of state 1 as
unemployment and state 2 as employment. The transition rates between unemployment
and employment (λ1�λ2) are chosen such that (i) the unemployment rate λ2/(λ1 + λ2) is
5% and (ii) the job finding rate is 0�3 at a monthly frequency or λ1 = 0�986 at an annual
frequency. These numbers describe the ‘U.S.’ labor market calibration in Blanchard and
Galí (2010).12 We normalize average income z̄ = λ2

λ1+λ2
z1 + λ1

λ1+λ2
z2 to 1. We also set z1

equal to 71% of z2, as in Hall and Milgrom (2008). Both targets allow us to solve for
z1 and z2. We set the expert’s discount rate ρ̂ to ensure that the leverage ratio K/N in
the DSS is nearly 2, which is roughly the average leverage from a Compustat sample of
nonfinancial corporations.

Next, and keeping all the other parameters fixed at their calibrated quantities, we es-
timate σ—the key parameter in terms of the properties of the model—using maximum
likelihood and U.S. quarterly observations for 1984.Q1–2017.Q4. We only estimate one
parameter to make the exercise as transparent as possible. We start in 1984, as often done
in the literature, to focus on the dynamics that have governed aggregate fluctuations in
the U.S. during the last decades (Galí and Gambetti (2009)). We transform output using a
bandpass filter output keeping frequencies between 20 and 60 quarters to eliminate long-
run trends and to skip the business cycle frequencies caused by productivity and monetary
policy shocks, which our model is not designed to account for. However, our methodology
does not depend on this filtering, which is just done for convenience.

Our estimation illustrates an advantage of our solution method: it allows for a fast eval-
uation of the likelihood function implied by the model using ideas from inference with
diffusions. Appendix D explains how to do so using aggregate data and Appendix E ex-
plores how to also add microeconomic observations from the cross-sectional distribution
of assets.

We solve the model with the algorithm in Section 4. We use four Monte Carlo simu-
lations of 2.5 million years, each at a monthly frequency. We initialize the model at the
DSS, and we disregard the first 500 years as a burn-in. Then, we evaluate the likelihood for
different values of σ . Our point estimate is 0.0142, with a standard error of 0.00011342.
Appendix F provides details and a plot of the likelihood function.

12Analogously to Blanchard and Galí (2010), footnote 20, we compute the equivalent annual rate λ1 as
λ1 = ∑12

i=1(1 − λm
1 )i−1λm

1 , where λm
1 is the monthly job finding rate.
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FIGURE 2.—The PLM h(B�N) and transversal cuts.

6. QUANTITATIVE RESULTS

Figure 2 reports the PLM, h(B�N), that we compute with our algorithm in Section 4
and the parameter values in Section 5. Panel (a), at the top left, displays three transversal
cuts of h(B�N) along with a range of values of equity (N). The first cut fixes B at the
high-leverage SSS (HL-SSS) value (BHL = 1�9641�NHL = 1�7470, with KHL = 3�7111 and
KHL

NHL = 2�1243), the second cut fixes B at an arbitrary high-leverage point (B∗ = 2�15�N∗ =
1�5, with K∗ = 3�65 and K∗

N∗ = 2�4333), and the third cut fixes B at the low-leverage SSS
(LL-SSS; BLL = 1�0967�NLL = 2�6010, with KLL = 3�6977 and KLL

NLL = 1�4216).
The thicker part of the lines indicates the regions of the state space in which the ergodic

distribution of aggregate variables is nonzero. The white point indicates, in the first top
cut, the LL-SSS; in the second cut, the HL-SSS; and in the third cut, the high-leverage
point described above. Panel (b), at the top right, follows the same pattern as panel (a),
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but switches the roles of equity (N) and debt (B). Finally, panel (c), at the bottom, shows
the three-dimensional representation of the PLM. The shaded area highlights the region
of the PLM visited in the ergodic distribution with nontrivial positive probability. The thin
middle line is the “zero” level intersected by the PLM: to the right of the line, aggregate
debt falls, and to the left, it grows.

Figure 2 demonstrates the nonlinearity of h(B�N). The agents in our economy expect
different growth rates of Bt in each region of the state space, with the function switching
from concave to convex along the way. While this argument is clear from the shape of
panel (c), it encodes rich dynamics. For instance, panel (b) shows how, as leverage in-
creases, h(B�N) becomes steeper and, in the ergodic distribution, more concave. Given
the same level of debt, a higher level of leverage induces larger changes in the level of
aggregate debt as the financial expert is exposed to more capital risk. This result will
resurface several times in future paragraphs. As intuition suggests, h(B�N) generally de-
creases in debt and equity.

Figure 3 replicates Figure 2, except now for μN (B�N), the drift for equity. Similar
comments regarding the nonlinear structure of the solution apply here. For example, now,
μN (B�N) becomes higher as a function of equity as the level of leverage falls.

The nonlinearity of the PLM confirms that more traditional solution methods that rely
on linear structures (conditional on aggregate shocks) might not be appropriate for this
model. We check this argument by looking at the forecasting capability of our PLM and
comparing it with the forecasting capability of an alternative PLM computed using the
Krusell and Smith (1998) algorithm.13

Figure 4 plots the histogram of forecasting errors at a one-month horizon (the time
step in the simulation), with a continuous line representing the errors from our algorithm
and the discontinuous line the errors from a Krusell–Smith algorithm. The R2 associated
with the neural-network PLM is 0�9922, with an RMSE of 0�0004. The forecasting errors,
furthermore, are nicely clustered around zero, with a mode roughly equal to zero. The
Krusell–Smith algorithm produces an R2 of 0�8275, considerably lower than typical values
reported in the literature for standard heterogeneous agents models, and with an RMSE
of 0�0021. Also, the forecasting errors are more volatile, skewed to the right, and without
a mode at zero. We checked that adding more moments to the OLS regression does not
help much in terms of accuracy.

But considering nonlinearities is not just about accuracy. More importantly, the model
dynamics change dramatically if we do not consider them. Appendix G shows that, when
we solve for the PLM using a Krusell–Smith algorithm, the multiplicity of SSSs at the
core of our paper disappears. At the same time, when we solve the model using other
nonlinear methods, such as splines, the multiplicity and location of SSS(s) remain un-
changed.14 Thus, our results arise from considering nonlinearities in the PLM, not using
neural networks per se. Appendix G also discusses other alternative solution methods,
such as Chebyshev polynomials, and argues that our method has advantages over them as
well.

13More concretely, we approximate dBt = h(Bt�Nt)dt with a linear regression of dBt

dt
on Bt and Nt . We

checked that the results were nearly the same with a log-linear regression.
14Neural networks are not strictly needed to solve our model nonlinearly. We just argue that they are par-

ticularly convenient to do so.
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FIGURE 3.—The law of motion μN (B�N) and transversal cuts.

6.1. The Phase Diagram

Figure 5 plots the phase diagram of our model. The x-axis is aggregate debt, B. The
y-axis is equity, N . The continuous line plots the pairs of B and N that make h(B�N) = 0
in equation (24), that is, the combinations of debt and equity that imply a zero drift in
the expert’s debt. This line comes from the intersections of zero with h(B�N) in Figure 2.
The discontinuous line plots the combinations of debt and equity that make μN (B�N) =
0 in equation (19), that is, the combinations of debt and equity that imply a zero drift
in the expert’s net wealth. This second line comes from the intersections of zero with
μN (B�N) in Figure 3. Both lines have a negative slope because the higher the debt, the
lower the equity required to sum up the total capital that clears the demand of capital by
the representative firm in equilibrium.

The intersections of the two lines—that is, the B and N such that h(B�N) =
μN (B�N) = 0—define the SSS(s) of the model, that is, the combinations of debt and
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FIGURE 4.—Forecasting error distribution at a one-month horizon, linear PLM (left) and neural network
(right).

equity that remain constant over time when the realization of the aggregate shock is zero.
The arrows in Figure 5 indicate the movement of debt, B, and equity, N , when we are
away from the two lines.

Given our parameter values, the two lines intersect three times, defining three SSS(s).
From the bottom right, the first intersection is the stable HL-SSS (BHL = 1�9641�NHL =
1�7470, and KHL = 3�7111). This SSS is the closest to the DSS (the square). In comparison
with the DSS (B = 1�8718�N = 1�8215, and K = 3�6933), the HL-SSS has 0.5% more
capital, 4.9% more debt, and 4.1% less equity. The second intersection is at a middle-
leverage SSS with less debt and more equity (BML = 1�3897�NML = 2�3108, and KML =
3�7005). This SSS is, however, unstable, and the dynamics of the economy move away from
it. Thus, we will not discuss it further. The final third intersection, at the top left, is the
stable LL-SSS. Here, debt is much smaller (BLL = 1�0967) and equity considerably higher
(NLL = 2�6010) than in the HL-SSS, yielding, however, a similar capital, KLL = 3�6977.
We also plot the point of high leverage that we use in Figures 2 and 3. Also, Appendix H
shows the convergence to the SSS(s) for points visited in the ergodic distribution.

6.2. Differences in Persistence at Each Stable SSS(s)

To explain why we have multiple SSS(s), we must first understand the differences in the
persistence of the dynamic responses to a capital shock in each basin of attraction. To do
so, Figure 6 displays the GIRFs to a two-standard-deviations negative capital shock.

We plot three GIRFs: when the shock hits the economy at the HL-SSS (continuous
lines); when the shock hits the economy at the LL-SSS (discontinuous dotted lines); and
when the shock hits the economy at the arbitrary high-leverage point defined in Figure 5
(discontinuous lines). Time units are years.

In the three cases, the shock destroys the same amount of capital (panel d) and output
falls, at impact, the same (panel a). However, the higher the leverage, the larger the re-
duction of equity at impact (panel f). To see why, rewrite the law of motion for the expert’s
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FIGURE 5.—Phase diagram, DSS, and SSS(s).

net wealth (19) as

dNt

Nt

= (
αKα−1

t − δ− ρ̂
)
dt + σ2Bt

Kt

N2
t

dt + σ
Kt

Nt

dZt� (27)

The volatility term in equation (27) depends positively on leverage: the expert must ab-
sorb the capital losses from a negative shock using a small net wealth. At the same time,
the recovery rate of the expert’s net wealth is roughly independent of leverage: the first
drift term, (αKα−1

t − δ − ρ̂), does not depend on leverage and the second drift term,
σ Kt

Nt
dZt , is negligible in size because it is multiplied by σ2.

The expert also accumulates less debt after the negative shock when leverage is high
(panel e). A negative shock to capital increases leverage above the level of the HL-SSS.
While taking on more debt is attractive due to the excess return it delivers, it is also quite
risky when leverage is so high. A possible future negative shock would be absorbed by a
small buffer of net wealth, forcing the expert’s consumption (Ĉt = ρ̂Nt) down too much.
Thus, the expert only takes on more debt as he accumulates more equity. But since we
just argued that accumulating equity is slow, the evolution of debt is also very persistent.

Interestingly, the GIRF for debt is hump-shaped. After many periods without an aggre-
gate shock (recall, we are looking at a GIRF, where the realization of aggregate shocks
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FIGURE 6.—GIRFs for different initial states.

is zero), the expert has accumulated enough capital so that we are very close to the SSS
(panel d). But since the excess returns continue accruing, the expert can pay back his debt.

Combining the slow accumulation of debt when leverage is high with the finding that
the growth rate of equity is roughly independent of leverage, we get that capital (panel d)
and output (panel a) recover more slowly when leverage is high. This gives us persistently
lower wages (panel g) and a higher risk-free rate (panel h). Section 7.2 explains how these
changes affect the consumption of different households along the wealth distribution.
Suffice it to say here that households experience a negative income effect (lower labor in-
come), a positive income effect (higher bond income), and an intertemporal substitution
effect (higher risk-free rate in their Euler equations). The net size of these opposite ef-
fects remains roughly unchanged as we vary the levels of leverage (panel b). For example,
when leverage is high, the negative labor income effect is larger, but the positive risk-free
rate income effect is bigger as well.
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Figure 6 also explains why our economy diverges from a version of the model where the
expert can issue outside equity without constraints. In such a case, the expert and house-
holds share the capital risk. Thus, after a negative capital shock, we would not observe
the large leverage movements in panel (f) that drive the nonlinear responses of other
aggregate variables.15

Three final points about the GIRFs deserve discussion. First, the GIRFs are highly
persistent. When leverage is high, even after 40 years, the economy is still around half a
percentage point below its pre-shock level. The dynamics of equity and debt accumulation
propagate aggregate shocks in ways that are not present in models without financial fric-
tions. Second, the state-dependence of the GIRFs induces time variation in the volatility
of aggregate variables. Third, the two-standard-deviations shock is not large enough to
send the economy away from the basins of attraction of each SSS. An even larger shock
or a shock closer to the frontier between the two basins will induce a switch of basin, the
endogenous regime-switching behavior we discussed in the Introduction. These larger
shocks induce a sharp nonlinearity, as the GIRFs will converge to the SSS of the new
basin, not their origin. We will return to this point in Section 6.4.

6.3. Why Do We Have Two Stable SSS(s)?

We are now ready to discuss why we have two stable SSS(s). The key is the evolution of
wages (panel g) in Figure 6. Because of the arguments in the previous subsection, when
leverage is high, wages fall for a much longer period than when leverage is low. In the
HL-SSS, it takes 19.08 years for 75% of the effect on wages of a negative aggregate shock
to dissipate (and 30 years at the high-leverage point). In comparison, it takes 13.33 years
in the LL-SSS. Similarly, the standard deviation of wages when the economy fluctuates
around the basin of attraction of the HL-SSS is 0�0125, but 0�0108 around the basin of
attraction of the LL-SSS.

The forecast of a persistent fall in wages embedded in the PLM induces a stronger
precautionary behavior by households. At the same time, the supply of debt given by
equation (17) is

Bt =
(

1 + 1
σ2 (rct − δ− rt)

)
Nt�

Thus, the debt market will clear with a reduction in rt . At the HL-SSS, this reduction in rt
will also need to compensate for the small Nt (the HL-SSS is characterized by having low
equity) and slightly lower rct (as total capital is a bit higher than at the LL-SSS).

Hence, we have shown why we have a fixed point at the HL-SSS. High leverage makes
wages persistently lower after a negative capital shock. Persistently lower wages create
a precautionary motive that lowers the risk-free rate and induces high leverage by the
expert. We only need to reverse the argument to show why we also have a fixed point at
the LL-SSS. Low leverage makes wages recover quickly after a negative capital shock.
The lower associated precautionary behavior means the risk-free rate is relatively high
and that sustains the low leverage of the expert.

The high sensitivity of leverage to excess returns induced by 1
σ2 in equation (17) ac-

counts for the large differences between the two SSS(s) in terms of how a roughly equal

15The importance of the financial friction in our model would still go through qualitatively if the expert
could issue some outside equity, but subject to some cap due to “skin-in-the-game” constraints. Quantitatively,
though, the effect of capital shocks could be smaller.
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FIGURE 7.—Simulation of equilibrium paths.

total wealth (KHL = 3�7111 vs. KLL = 3�6977) is allocated between experts (NHL = 1�7470
vs. NLL = 2�6010) and households (BHL = 1�9641 vs. BLL = 1�0967). The excess return for
the HL-SSS is 4.1636 basis points and, for the LL-SSS, 2.7864. This high sensitivity is the
dual of the negligibility of the term multiplied by σ2 in equation (27).

6.4. Endogenous Aggregate Risk

Figure 7 plots random equilibrium sequences for our economy corresponding to differ-
ent sequences of aggregate shocks. In light gray, we plot the paths when they are in the
basin of attraction of the LL-SSS. In darker gray, we plot the paths when they are in the
basin of attraction of the HL-SSS. Along the equilibrium sequence, our economy has re-
current endogenous regime switches. A path in the basin of attraction of the LL-SSS can
be pushed toward the basin of attraction of the HL-SSS by a series of shocks that reduce
equity and increase debt. Conversely, a series of shocks that increase equity and lower
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TABLE II

MOMENTS CONDITIONAL ON BASIN OF ATTRACTION.

Mean Standard deviation Skewness Kurtosis

Y basin HL 1�5802 0�0193 0�0014 2�869
Y basin LL 1�5829 0�0169 0�1186 3�0302
rbasin HL 4�92 0�3364 0�0890 2�866
rbasin LL 4�89 0�2947 −0�0282 3�0056
wbasin HL 1�0271 0�0125 0�0014 2�8691
wbasin LL 1�0289 0�0111 0�1186 3�0302

debt can push from the basin of attraction of the HL-SSS toward the basin of attraction
of the LL-SSS.16

Table II reports the moments of the economy conditional on the basin of attraction.
There are three takeaways from Table II. First, the mean of output is higher at the LL-
SSS basin than at the HL-SSS, despite output being higher at the HL-SSS itself than at the
LL-SSS (YHL = 1�5824 > Y LL = 1�5804). The reversal is due to the different skewnesses
of the distribution of output at each basin. The levels of low output at the HL-SSS basin
occur in the aftermath of large negative shocks to capital.17 Second, when leverage is
high, the economy fluctuates more. The mechanism, outlined a few paragraphs back, is
the higher persistence of capital in the basin of the HL-SSS after a shock. Third, there
is a mild excess kurtosis of output at the HL-SSS. Similar points can be made about the
risk-free rate and wages.

6.5. Debt Supercycles

Figure 8 plots the histogram of the duration of spells of the economy around each SSS
on a log scale.18 The interaction of financial frictions and precautionary behavior leads to
extremely persistent middle- and long-run dynamics of borrowing and deleveraging that
are not present in conventional DSGE models. The median duration of a spell around
the HL-SSS is 4.167 years and around the LL-SSS, 3.917 years. However, the distribution
of spells at the HL-SSS has a much thicker right tail, with many spells lasting centuries.
Indeed, the economy spends 86�738% of its time (86�706% if we condition on spells lasting
more than one year) in the basin of attraction of the HL-SSS.

The spells in Figure 8 resemble the debt supercycles documented by Reinhart and Ro-
goff (2009) and Schularick and Taylor (2012). Imagine, for instance, an economy that
is pushed to the LL-SSS basin because of a significant deleveraging (this can be due to
widespread defaults or high inflation). After a series of negative capital shocks that send
the economy back to the HL-SSS basin, the economy will experience a protracted process

16Figure S4 in Appendix H plots convergence paths from a large number of initial conditions to show the
deterministic dynamics of the model in the absence of shocks. Interestingly, these deterministic dynamics are
often non-monotone and plodding, with extremely high persistence.

17See Fernández-Villaverde and Guerrón-Quintana (2020) and Dew-Becker, Tahbaz-Salehi, and Vedolin
(2019) for evidence that aggregate activity is negatively skewed. Since our model suggests that over the last
several decades we have been at the HL-SSS basin, this is what we would expect to find in the data.

18To make this section more informative, we eliminate from our statistics and Figure 8 the spells with a
duration of less than one year. When the value of the state variables is close to the frontier between the two
basins of attraction, there are many extremely short spells as the economy jumps from one basin to the other
after a shock before the convergence dynamics of the model push the state variables closer to the SSS.
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FIGURE 8.—Spell durations at each SSS.

of progressively higher wealth inequality, increasing leverage, falling risk-free rates, and
larger responses to capital shocks.19

6.6. The Aggregate Ergodic Distribution of Debt and Equity

Panel (a) of Figure 9 displays the aggregate ergodic joint distribution of debt and equity
F (B�N). This distribution is defined, for any subset � of the state space, as P{(B�N) ∈
�}= ∫

�
dF and it can be computed by simulation.

Panels (b) and (c) of Figure 9 plot the marginal ergodic distributions for debt and eq-
uity. These two panels show how the economy spends most of the time in a region with
debt levels between 1.5 and 2.2 and equity between 1 and 2.2. Those values correspond
to the neighborhood of the HL-SSS. In comparison, the neighborhood of the LL-SSS ap-
pears much less often. As seen in Figure 8, the desire of households to accumulate more
debt lowers the height of this second peak as there is a strong force for reversion toward
higher levels of leverage. The marginal distribution of debt is much more concentrated
than the marginal distribution of equity. The ergodic distribution has a substantial tail in
areas of high equity and low debt, creating asymmetry in aggregate dynamics.

19This process qualitatively reminds us of the experience of many rich economies after 1945. For example,
the United States came out of World War II with a low level of household and corporate debt, the fruit of
pervasive defaults and the lack of new borrowing during the Great Depression and the war (McKinsey Global
Institute (2010, pp. 71–73)). Our model focuses on private debt. But even if we consider government debt, the
U.S. had low levels of aggregate debt at the end of 1945. This situation lasted until leverage started rising in the
1970s. Once the economy was in the new basin, higher leverage was accompanied by higher wealth inequality,
falling risk-free rates, and a heightened fragility of the economy to adverse shocks.
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FIGURE 9.—Ergodic distributions. Lighter colors indicate higher probability.

7. THE ROLE OF HOUSEHOLD HETEROGENEITY

This section explores how heterogeneity among households drives our results. We start
by comparing, in the top row of Figure 10, the wealth distribution in the DSS (discontin-
uous dotted line), the HL-SSS (continuous line), and the LL-SSS (discontinuous line). In
the left panel, we plot the distributions for low-z households (with circles denoting the
mass at zero assets). In the right panel, we plot the distributions for high-z households.

The wealth distribution slightly shifts to the left as we move from the DSS to the HL-
SSS, but shifts rather dramatically, also to the left, as we travel from the HL-SSS to the
LL-SSS. The reason behind these moves is the changes in endogenous aggregate risk
we have discussed before. The higher volatility and persistence of wages in the HL-SSS
generate a thicker right tail than at the DSS.

These movements in the distribution lead to substantial differences in the wealth Gini
coefficient: 0.28977 in the DSS, 0.24318 in the LL-SSS, and 0.31935 in the HL-SSS. In
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FIGURE 10.—Wealth distribution in the DSS and SSS.

comparison, the canonical Krusell–Smith model reported in Krueger, Mitman, and Perri
(2016, p. 873, Table 7) has a wealth Gini of 0.350. If we read the evidence as suggesting
that the U.S. economy has been at the basin of attraction of the HL-SSS over the last
few decades, our model does quite well in comparison with the canonical Krusell–Smith
environment despite the fact that we do not have correlated aggregate and idiosyncratic
shocks. This result is not surprising since there is a fair amount of idiosyncratic risk in our
model: adding aggregate risk only to the model increases the standard deviation of income
from 0.09064 to 0.093115 when we are at the HL-SSS and from 0.072379 to 0.093115 when
we are at the LL-SSS.

Having more wealth also means that the average welfare of households at the HL-SSS
is higher. Households are willing to give up, on average, 0.034% of their consumption to
(instantaneously) move from the DSS to the HL-SSS. However, we need to compensate
them, also on average, 0.340% of their consumption to go to the LL-SSS. These numbers
must be read carefully, though. The value functions of households at the LL-SSS are
above the value functions of those at the HL-SSS for all asset values because the economy
is less volatile and the utility function is concave (see the plot of the value functions in
Figure S10 in Appendix J). However, we have more households with larger assets at the
HL-SSS.

Next, we show how the results of Section 6 change as we modify the forces driving the
wealth distributions in Figure 10. We will answer this question in three steps. First, we
will vary the level of aggregate and idiosyncratic risk among households. Second, we will
explore how the differences in consumption decisions and the variation in distributions
over time account for our results. Third, we will conclude with a brief comment on our
approximation of the PLM.
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FIGURE 11.—Multiplicity of SSS(s) as a function of aggregate and idiosyncratic volatility.

7.1. The Interaction of Aggregate and Idiosyncratic Risk

Figure 11 shows the consequences of moving aggregate and idiosyncratic risk simul-
taneously and, as such, it is a good summary of most of our results.20 Each point in the
figure represents a different combination of values of z1 and σ , with the associated colors
of intermediate values computed with a nearest-neighbors algorithm.

There are three regions in the figure. For high levels of idiosyncratic risk (i.e., low z1),
and due to the subsequent high precautionary behavior of households, there is only one
HL-SSS. The region becomes larger (i.e., for higher z1) as we increase σ . For interme-
diate values of z1 (between 0.7 and 0.9) and moderate levels of aggregate risk (σ below
0.02; recall the maximum likelihood point estimate of 0.0142 using U.S. data), we have an
HL-SSS and an LL-SSS, exactly as discussed in previous pages. The region shrinks as ag-
gregate risk increases: households exhibit more precautionary behavior and the HL-SSS
disappears. Finally, for high values of z1, the level of idiosyncratic risk is sufficiently low
that only the LL-SSS exists. One can think about the top row of points, when z1 = 0�97,
as a version of the model with very low household heterogeneity. While this is not strictly
the representative household version of the model, idiosyncratic risk is so small (low pro-
ductivity is just 3% below the ergodic mean, and only 5% of households are in such a
situation) that we approximate very well the limit case of a representative household.21

20Appendix I documents how the properties of the model change when we vary either only aggregate risk or
only idiosyncratic risk.

21We do not compute the exact representative household version of the model because it would require a
different algorithm than the one we use for the heterogeneous case. Consequently, there would be numerical
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Figure 11 demonstrates the importance of household heterogeneity in terms of the ex-
istence of different SSS(s). If we look at a version of the model with low or no household
heterogeneity (the top region), we only discover a unique SSS and the model has quite dis-
parate properties (the next subsection will illustrate some of them). Such a model would
need different parameter values to match the U.S. data, biasing the usefulness of the
model for counterfactual analysis and welfare evaluation.

Appendix K complements this discussion by comparing the GIRFs of the baseline high
household heterogeneity version of the model with the GIRFs of the low household het-
erogeneity version. These sets of GIRFs differ in important ways, further illustrating the
importance of household heterogeneity.

7.2. Inspecting the Heterogeneity Mechanism

The key to understanding Figure 11 is to analyze how the reduction in households’ to-
tal consumption after a negative aggregate shock is distributed. After this shock, wages
decrease and the risk-free rate increases. Poorer households, mainly dependent on la-
bor earnings, lose much. In comparison, richer households, with more income from their
assets, lose less or, if they are sufficiently wealthy, can even gain (see, in the third row
of Figure S10 in Appendix J, how the value function improves for households with high
assets, in particular in the HL-SSS).

Appendix L plots the consumption decision rules of households along their asset axis
and shows how the wealth distribution evolves after a shock. Rich households reduce
their consumption less at the HL-SSS than in the LL-SSS. At the HL-SSS, rich house-
holds reduce their consumption not so much as a consequence of lower labor income
(wealth effect) but as a consequence of better rewards for savings (substitution effect).
Moreover, the sluggish aggregate dynamics of the model mean that wealthy households
expect a higher risk-free rate to last for a long time. Because of the marginal decreasing
utility of consumption, the integral of these consumption responses across households is
different than the response of a household with average wealth. Hence, the responses of
total consumption and the evolution of total debt are also different.

7.3. On the Approximation of the PLM

But if household heterogeneity matters in this economy, why can we approximate our
PLM well with just one moment of the distribution? Because the consumption decision
rule of households is close to linear with respect to the household state variables. Only
agents close to the borrowing limit face a nonlinear consumption decision rule but, being
close to zero assets, they contribute little to the aggregate dynamics of capital.

Interestingly, the consumption decision rule of households is close to linear with re-
spect to the household state variables even though it is strongly nonlinear with respect to
the aggregate state variables (B�N). Households understand the nonlinear responses of
wages and the risk-free rate they receive from labor and savings with respect to (B�N)
and behave accordingly. See the different decision rules in Figure 12.

This point is of general applicability: we can have models with agents’ heterogeneity
that imply nearly linear decision rules of the agents with respect to individual state vari-
ables and very nonlinear decision rules with respect to aggregate state variables. In that

chatter between both solutions that might complicate the comparison. Hence, we prefer to set z1 = 0�97 (as
high as our algorithm can go before breaking down).
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FIGURE 12.—Consumption and saving functions.

case, we will need solution methods that can capture such a nonlinearity and neural net-
works provide the required flexibility.

8. CONCLUSION

In this paper, we have analyzed a continuous-time DSGE model with a financial sector
and heterogeneous households. This exercise has allowed us to argue that the wealth dis-
tribution among households is central to studying the effects of financial frictions. More
concretely, we have shown how the total level of endogenous aggregate risk creates an
endogenous regime-switching process for output, interest rates, debt, and leverage. The
regime switching generates strong state dependence on the GIRFs of the model.

Methodologically, we also show how to efficiently compute and estimate a general class
of models with heterogeneous agents. For the computation, we have exploited tools bor-
rowed from machine learning. For the estimation, we have built on contributions from
inference with diffusions. Our methodology can help analyze heterogeneous agent mod-
els with aggregate shocks that display significant nonlinear features. An obvious candi-
date is the heterogeneous agent New Keynesian (HANK) model with a zero lower bound
(ZLB) on the nominal interest rates explored by Fernández-Villaverde et al. (2022). The
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ZLB introduces a nonlinearity in the state space of aggregate variables that local or global
methods based on linear laws of motion cannot address. We hope this HANK model will
be the first of many other related papers.
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