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What is machine learning?

• Wide set of algorithms to detect and learn from patterns in the data (observed or simulated) and use

them for decision making or to forecast future realizations of random variables.

• Focus on recursive processing of information to improve performance over time.

• In fact, this is clearer to see in its name in other languages: Apprentissage automatique or

aprendizaje automático.

• Even in English: Statistical learning.

• More formally: we use rich datasets to select appropriate functions in a dense functional space.
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4 CHAPTER 1 What is deep learning?

was of the opinion—highly provocative at the time—that computers could in princi-
ple be made to emulate all aspects of human intelligence.

 The usual way to make a computer do useful work is to have a human programmer
write down rules—a computer program—to be followed to turn input data into appro-
priate answers, just like Lady Lovelace writing down step-by-step instructions for the
Analytical Engine to perform. Machine learning turns this around: the machine looks
at the input data and the corresponding answers, and figures out what the rules
should be (see figure 1.2). A machine learning system is trained rather than explicitly
programmed. It’s presented with many examples relevant to a task, and it finds statisti-
cal structure in these examples that eventually allows the system to come up with rules
for automating the task. For instance, if you wished to automate the task of tagging
your vacation pictures, you could present a machine learning system with many exam-
ples of pictures already tagged by humans, and the system would learn statistical rules
for associating specific pictures to specific tags.

Although machine learning only started to flourish in the 1990s, it has quickly
become the most popular and most successful subfield of AI, a trend driven by the
availability of faster hardware and larger datasets. Machine learning is related to math-
ematical statistics, but it differs from statistics in several important ways, in the same
sense that medicine is related to chemistry but cannot be reduced to chemistry, as
medicine deals with its own distinct systems with their own distinct properties. Unlike
statistics, machine learning tends to deal with large, complex datasets (such as a data-
set of millions of images, each consisting of tens of thousands of pixels) for which clas-
sical statistical analysis such as Bayesian analysis would be impractical. As a result,
machine learning, and especially deep learning, exhibits comparatively little mathe-
matical theory—maybe too little—and is fundamentally an engineering discipline.
Unlike theoretical physics or mathematics, machine learning is a very hands-on field
driven by empirical findings and deeply reliant on advances in software and hardware. 

1.1.3 Learning rules and representations from data

To define deep learning and understand the difference between deep learning and other
machine learning approaches, first we need some idea of what machine learning
algorithms do. We just stated that machine learning discovers rules for executing a
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Figure 1.2 Machine learning: 
a new programming paradigm
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 No output

 Clustering: Grouping similar instances

 Example applications:
 Customer segmentation
 Image compression
 Bio-informatics: Learning motifs
 ... 

UNSUPERVISED ML
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2 CHAPTER 1 What is deep learning?

1.1 Artificial intelligence, machine learning, 
and deep learning
First, we need to define clearly what we’re talking about when we mention AI. What
are artificial intelligence, machine learning, and deep learning (see figure 1.1)? How
do they relate to each other?

1.1.1 Artificial intelligence

Artificial intelligence was born in the 1950s, when a handful of pioneers from the
nascent field of computer science started asking whether computers could be made to
“think”—a question whose ramifications we’re still exploring today.

 While many of the underlying ideas had been brewing in the years and even
decades prior, “artificial intelligence” finally crystallized as a field of research in 1956,
when John McCarthy, then a young Assistant Professor of Mathematics at Dartmouth
College, organized a summer workshop under the following proposal:

The study is to proceed on the basis of the conjecture that every aspect of learning or any
other feature of intelligence can in principle be so precisely described that a machine can
be made to simulate it. An attempt will be made to find how to make machines use
language, form abstractions and concepts, solve kinds of problems now reserved for
humans, and improve themselves. We think that a significant advance can be made in
one or more of these problems if a carefully selected group of scientists work on it together
for a summer.

At the end of the summer, the workshop concluded without having fully solved the
riddle it set out to investigate. Nevertheless, it was attended by many people who
would move on to become pioneers in the field, and it set in motion an intellectual
revolution that is still ongoing to this day.

 Concisely, AI can be described as the effort to automate intellectual tasks normally per-
formed by humans. As such, AI is a general field that encompasses machine learning and
deep learning, but that also includes many more approaches that may not involve any
learning. Consider that until the 1980s, most AI textbooks didn’t mention “learning” at
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Figure 1.1 Artificial intelligence, 
machine learning, and deep learning4



Why now?

• Many of the ideas of machine learning (e.g., basic neural network by McCulloch and Pitts, 1943, and

perceptron by Rosenblatt, 1958) are decades old.

• Previous waves of excitement followed by backlashes.

• Four forces behind the revival:

1. Big data.

2. Long tails.

3. Cheap computational power.

4. Algorithmic advances.

• Likely that these four forces will become stronger over time.

• Exponential growth in industry⇒plenty of libraries for Python, R, and other languages.
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The many uses of machine learning in macrofinance

• Recent boom in economics:

1. New solution methods for economic models: my own work on deep learning.

2. Alternative to older bounded rationality models: reinforcement learning.

3. Data processing: Blumenstock et al. (2017).

4. Alternative empirical models: deep IVs by Hartford et al. (2017) and text analysis.

• However, important to distinguish signal from noise.

• Machine learning is a catch-all name for a large family of methods.

• Some of them are old-fashioned methods in statistics and econometrics presented under alternative

names.
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A formal approach



The problem

• Let us suppose we want to approximate (“learn”) an unknown function:

y = f (x)

where y is a scalar and x = {x0 = 1, x1, x2, ..., xN} a vector (why a constant?).

• We care about the case when N is large (possibly in the thousands!).

• Easy to extend to the case where y is a vector (e.g., a probability distribution), but notation becomes

cumbersome.

• In economics, f (x) can be a value function, a policy function, a pricing kernel, a conditional

expectation, a classifier, ...

9



A neural network

• A neural network is an approximation to f (x) of the form:

y ∼= gNN (x; θ) = θ0 +
M∑

m=1

θmϕ (zm)

where ϕ(·) is an activation function and:

zm =
N∑

n=0

θn,mxn

• The xn’s are known as the features of the data, which belong to a feature space X .

• The ϕ (zm)’s are known as the representation of the data.

• M is known as the width of the model (wide vs. thin networks).

• “Training” the network: selecting θ such that gNN (x; θ) is as close to f (x) as possible given some

relevant metric (e.g., the ℓ2 norm).
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Comparison with other approximations

• Compare:

y ∼= gNN (x; θ) = θ0 +
M∑

m=1

θmϕ

(
N∑

n=0

θn,mxn

)
with a standard projection:

y ∼= gCP (x; θ) = θ0 +
M∑

m=1

θmϕm (x)

where ϕm is, for example, a Chebyshev polynomial.

• We exchange the rich parameterization of coefficients for the parsimony of basis functions.

• In a few slides, I will explain why this is often a good idea. Suffice it to say now that evaluating a

neural network is straightforward.

• How we determine the coefficients is also different, but this is less important.
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Deep learning I

• A deep learning network is a multilayer composition of J > 1 neural networks:

z0m = θ00,m +
N∑

n=1

θ0n,mxn

and

z1m = θ10,m +
M(1)∑
m=1

θ1mϕ
1
(
z0m
)

...

y ∼= gDL(x; θ) = θJ0 +
M(J)∑
m=1

θJmϕ
J
(
zJ−1
m

)
where the M(1),M(2), ... and ϕ1(·), ϕ2(·), ... are possibly different across each layer of the network.
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Deep learning II

• J is known as the depth of the network (deep vs. shallow networks). The case J = 1 is the neural

network we saw before.

• From now on, we will refer to neural networks as including both single and multilayer networks.

• As before, we select θ such that gDL (x; θ) approximates a target function f (x) as closely as possible

under some relevant metric.

• We can also add multidimensional outputs.

• Or even to produce a probability distribution as output, for example, using a softmax layer:

ym =
ez

J−1
m∑M

m=1 e
zJ−1
m

• All other aspects (selecting ϕ(·), J, M, ...) are known as the network architecture. We will discuss

extensively at the of this slide block how to determine them.
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Why do neural networks “work”?

• Neural networks consist entirely of chains of tensor operations: we take x, we perform affine

transformations, and apply an activation function.

• Thus, these tensor operations are geometric transformations of x.

• In other words: a neural network is a complex geometric transformation in a high-dimensional space.

• Deep neural networks look for convenient geometrical representations of high-dimensional manifolds.

• The success of any functional approximation problem is to search for the right geometric space in

which to perform it, not to search for a “better” basis function.
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130 CHAPTER 5 Fundamentals of machine learning

it enables local generalization. But remarkably, humans deal with extreme novelty all the
time, and they do just fine. You don’t need to be trained in advance on countless
examples of every situation you’ll ever have to encounter. Every single one of your
days is different from any day you’ve experienced before, and different from any day
experienced by anyone since the dawn of humanity. You can switch between spending
a week in NYC, a week in Shanghai, and a week in Bangalore without requiring thou-
sands of lifetimes of learning and rehearsal for each city.

 Humans are capable of extreme generalization, which is enabled by cognitive mecha-
nisms other than interpolation: abstraction, symbolic models of the world, reasoning,
logic, common sense, innate priors about the world—what we generally call reason, as
opposed to intuition and pattern recognition. The latter are largely interpolative in
nature, but the former isn’t. Both are essential to intelligence. We’ll talk more about
this in chapter 14. 

WHY DEEP LEARNING WORKS

Remember the crumpled paper ball metaphor from chapter 2? A sheet of paper rep-
resents a 2D manifold within 3D space (see figure 5.9). A deep learning model is a
tool for uncrumpling paper balls, that is, for disentangling latent manifolds.

A deep learning model is basically a very high-dimensional curve—a curve that is
smooth and continuous (with additional constraints on its structure, originating from
model architecture priors), since it needs to be differentiable. And that curve is fitted
to data points via gradient descent, smoothly and incrementally. By its very nature,
deep learning is about taking a big, complex curve—a manifold—and incrementally
adjusting its parameters until it fits some training data points.

Manifold interpolation

(intermediate point

on the latent manifold)

Linear interpolation

(average in the encoding space)

Figure 5.8 Difference between 
linear interpolation and interpolation 
on the latent manifold. Every point on 
the latent manifold of digits is a valid 
digit, but the average of two digits 
usually isn’t.

Figure 5.9 Uncrumpling a 
complicated manifold of data

17



Why do deep neural networks “work” better?

• Why do we want to introduce hidden layers?

1. It works! Evolution of ImageNet winners.

2. The number of representations increases exponentially with the number of hidden layers while

computational cost grows linearly.

3. Intuition: hidden layers induce highly nonlinear behavior in the joint creation of representations without

the need to have domain knowledge (used, in other algorithms, in some form of greedy pre-processing).
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Some consequences

• Because of the previous arguments, neural networks can efficiently approximate extremely complex

functions.

• In particular, under certain (relatively weak) conditions:

1. Neural networks are universal approximators.

2. Neural networks break the “curse of dimensionality.”

• Furthermore, neural networks are easy to code, stable, and scalable for multiprocessing (neural

networks are built around tensors).

• The richness of an ecosystem is key for its long-run success.
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The challenges in macrofinance

• Many interesting questions in macrofinance require:

1. Many state variables. Examples: Corporate finance models, discrete node models, rich life-cycle models,

models where parameters are quasi-states.

2. Nonlinearities (i.e., local features and irregularly-shaped domains). Examples: How do financial crises

arise? Why do countries or firms default? When do firms invest in large, lumpy projects?

3. Heterogeneous agents (i.e., large amounts of data). Examples: What mechanisms account for changes

in income and wealth inequality? What is the relation between asset prices and wealth inequality? How

does inequality affect monetary and fiscal policy?

• Often, all three elements come together. Example: heterogeneous agents models with binding

constraints, nominal frictions, and many assets.
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Why are neural networks a good solution method in macrofinance?

Approximation method
Many state

variables

Can solve

local features

accurately

Irregularly

shaped

domain

Large amount

of data

Polynomials ✓ ✗ ✓ ✓

Splines ✗ ✓ ✗ ✓

Adaptive (sparse) grids ✓ ✓ ✗ ✓

Gaussian processes ✓ ✓ ✓ ✗

Deep learning ✓ ✓ ✓ ✓
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Limitations of neural networks and deep learning

• While deep learning can work extremely well, there is no such a thing as a silver bullet.

• Clear and serious trade-offs in real-life applications.

• We often require tens of thousands of observations to properly train a deep network.

• Of course, sometimes “observations” are endogenous (we can simulate them) and we can implement

data augmentation, but if your goal is to forecast GDP next quarter, it is unlikely a deep neural

network will beat an ARIMA(n,p,q) (at least only with macro variables).
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Activation functions I

• Traditionally:

1. Identity function:

ϕ (z) = z

Used in linear regression.

2. A sigmoidal function:

ϕ (z) =
1

1 + e−z

3. Step function (a limiting case as z grows quickly):

ϕ (z) = 1 if z > 0, ϕ (z) = 0 otherwise.

4. Hyperbolic tangent:

ϕ (z) =
e2z − 1

e2z + 1
24
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Activation functions II

• Some activation functions that have gained popularity recently:

1. Rectified linear unit (ReLU):

ϕ (z) = max(0, z)

2. Parametric ReLU:

ϕ (z) = max(z , az)

3. Continuously Differentiable Exponential Linear Units (CELU):

ϕ (z) = max(0, z) + min(0, α(ex/α − 1))

4. Softplus:

ϕ (z) = log(1 + ez)

26
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Two classic (yet remarkable) results I

Borel measurable function

A map f : X → Y between two topological spaces is called Borel measurable if f −1(A) is a Borel set for

any open set A on Y (the Borel sets are all the open sets built through the operations of countable

union, countable intersection, and relative complement).

Universal approximation theorem: Hornik, Stinchcombe, and White (1989)

A neural network with at least one hidden layer can approximate any Borel measurable function mapping

finite-dimensional spaces to any desired degree of accuracy.

• Intuition of the result.

• Comparison with other results in series approximations.
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Two classic (yet remarkable) results II

• Assume, as well, that we are dealing with the class of functions for which the Fourier transform of

their gradient is integrable.

Breaking the curse of dimensionality: Barron (1993)

A one-layer NN achieves integrated square errors of order O(1/M), where M is the number of nodes. In

comparison, for series approximations, the integrated square error is of order O(1/(M2/N)) where N is

the dimensions of the function to be approximated.

• More general theorems by Leshno et al. (1993) and Bach (2017).

• What about Chebyshev polynomials? Splines? Problems of convergence and generalization

(“extrapolation”).

• There is another, yet more subtle curse of dimensionality: data availability. We will return to this

concern while dealing with symmetries
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Loss function

• We need to specify a loss function to train the network (i.e., select θ).

• A natural loss function: the quadratic error function E (θ;Y, ŷ):

θ∗ = argmin
θ

E (θ;Y, ŷ)

= argmin
θ

L∑
l=1

E (θ; yl , ŷl)

= argmin
θ

1

2

L∑
l=1

∥yl − g (xl ; θ)∥2

• Where from do the observations Y come? Observed data vs. simulated epochs.

• Initial θ come from a normal distribution N (0, σ) to break symmetry. For example

σ = 4
√

2
ninput+noutput

, but other choices are possible.
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Alternative loss functions

• Other loss functions can be used.

• For instance, we can add regularization terms:

1. ℓ1 (LASSO): λ
∑

i=1 |θi |.

2. ℓ2 (ridge regression, aka as Tikhonov regularization): λ
∑

i=1 θ
2
i .

3. A combination of both norms (elastic net): λ1

∑
i=1 |θi |+ λ2

∑
i=1 θ

2
i .
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Backpropagation

• We can easily calculate E(θ∗;Y , ŷ) and ∇E(θ∗;Y , ŷ) for a given θ∗.

• In particular, for the gradient, we use backpropagation (Rumelhart et al., 1986):

∂E (θ; yl , ŷl)

∂θ0
= yl − g (xl ; θ)

∂E (θ; yl , ŷl)

∂θm
= (yl − g (xl ; θ))ϕ (zm) , for ∀m

∂E (θ; yl , ŷl)

∂θn,m
= (yl − g (xl ; θ)) θmxnϕ

′ (zm) , for ∀n,m

where ϕ′(z) is the derivative of the activation function.

• The derivative ϕ′(z) will be trivial to evaluate if we use a ReLU. Also, modern libraries use automatic

differentiation, which interacts particularly well with backpropagation.

• Backpropagation will be particularly important when we use multiple layers.
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Architecture design

• Before, we have taken many aspects of the network architecture as given.

• But in practice, you need to design them (hence, importance of having access to a good deep

learning library).

• Choices (“hyperparameters”):

1. ϕ(·): activation function.

2. M: number of neurons.

3. J: number of layers.

4. Number and size of epochs.

• Notation for whole architecture: A.

• Use E (θ;Y, ŷ) with some form of regularization (ℓ1 or ℓ2), cross-validation, or dropout.
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Cross-validation
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Dropout
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An online illustration

• We can play with many of these hyperparameters easily with the right libraries.

• Nothing substitutes practice.

• An interesting additional webpage: https://playground.tensorflow.org/.

• You can play with all the aspects of the architecture in several standard problems (from easy to

challenging).

• Spend some time with this webpage!

39
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Further ideas

• Principles:

1. Trade-off error/computational time.

2. Better to err on the side of too many M.

• Double descent phenomenon.

40



Generalization vs. overfitting

The classical view: Enrico Fermi, 1953

I remember my friend Johnny von Neumann used to say, with four parameters I can fit an elephant, and

with five I can make him wiggle his trunk.

The modern view: Ruslan Salakhutdinov, 2017

The best way to solve the problem from practical standpoint is you build a very big system. If you

remove any of these regularizations like dropout or L2, basically you want to make sure you hit the zero

training error. Because if you don’t, you somehow waste the capacity of the model.
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Some recent results

• Bubeck and Sellke (2021).

• They prove that for a broad class of data distributions and model classes, overparametrization is

necessary if one wants to interpolate the data smoothly.

• Intuition: a tradeoff between the size of a model and its robustness.
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Optimization



Descent direction iteration

• Most training of neural networks is done with (first-order) descent direction iteration methods.

• Starting at point θ(1) (determined by domain knowledge), a descent direction algorithm generates

sequence of steps (called iterates) that converge to a local minimum.

• The descent direction iteration algorithm:

1. At iteration k, check whether θ(k) satisfies termination condition. If so stop; otherwise go to step 2.

2. Determine the descent direction d(k) using local information such as gradient or Hessian.

3. Compute step size α(k).

4. Compute the next candidate point: θ(k+1) ← θ(k) + α(k)d(k).

• Choice of α and d determines the flavor of the algorithm.
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Gradient descent method I

• A natural choice for d is the direction of steepest descent (first proposed by Cauchy in 1847).

• The direction of steepest descent is given by the direction opposite the gradient ∇E(θ). Thus, a.k.a.
steepest descent.

• If function is smooth and the step size small, the method leads to improvement (as long as the

gradient is not zero).

• The normalized direction of steepest descent is:

d(k) = − ∇E(θ(k))
||∇E(θ(k))||
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Gradient descent method II

• One way to set the step size is to solve a line search:

αk = argmin
α

E(θ(k) + αd(k))

for example with the Brent-Dekker method.

• Under this step size choice, it can be shown d(k+1) and d(k) are orthogonal.

• In practice, line search can be costly and we settle for a fix α, a αk that geometrically decays, or an

approximated line search.

• Trade off between speed of convergence and robustness.

Heard in Minnesota Econ grad student lab

If you do not know where you are going, at least go slowly.
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Stochastic gradient descent

• Even with back propagation, evaluating the gradient for the whole training set can be costly:

thousands of points to evaluate!

• Stochastic gradient descent (SGD): We use only one data point to evaluate (an approximation to)

the gradient.

• We trade off slower convergence rate for faster computation and early insights in the network

behavior.

• Also, noisy update process can allow the model to avoid local minima (implicit regularization).

• In practice, we do not need a global min ( ̸= likelihood). Optimization is not an end in and of itself

(also, subtle issue of non-uniqueness when models are over-parametrized).
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Figure 2-6. Batch gradient descent is sensitive to saddle points, which can lead to prema‐
ture convergence

We only have a single weight, and we use random initialization and batch gradient
descent to find its optimal setting. The error surface, however, has a flat region (also
known as saddle point in high-dimensional spaces), and if we get unlucky, we might
find ourselves getting stuck while performing gradient descent.

Another potential approach is stochastic gradient descent (SGD), where at each itera‐
tion, our error surface is estimated only with respect to a single example. This
approach is illustrated by Figure 2-7, where instead of a single static error surface, our
error surface is dynamic. As a result, descending on this stochastic surface signifi‐
cantly improves our ability to navigate flat regions.

Figure 2-7. The stochastic error surface fluctuates with respect to the batch error surface,
enabling saddle point avoidance

26 | Chapter 2: Training Feed-Forward Neural Networks
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Figure 2-6. Batch gradient descent is sensitive to saddle points, which can lead to prema‐
ture convergence

We only have a single weight, and we use random initialization and batch gradient
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find ourselves getting stuck while performing gradient descent.

Another potential approach is stochastic gradient descent (SGD), where at each itera‐
tion, our error surface is estimated only with respect to a single example. This
approach is illustrated by Figure 2-7, where instead of a single static error surface, our
error surface is dynamic. As a result, descending on this stochastic surface signifi‐
cantly improves our ability to navigate flat regions.

Figure 2-7. The stochastic error surface fluctuates with respect to the batch error surface,
enabling saddle point avoidance

26 | Chapter 2: Training Feed-Forward Neural Networks
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Minibatch

• A compromise between using the whole training set and pure stochastic gradient descent: minibatch

gradient descent.

• This is the most popular algorithm to train neural networks.

• Intuition: the standard error of the mean converges slowly (
√
n).

• Also, usually more resilient to scaling of the update.

• Drawback: one more hyperparameter to determine.
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Improving gradient descent

• Gradient descent can perform poorly in narrow valleys (it may require many steps to make progress).

• Famous example: Rosenbrock function → (a− x)2 + b(y − x2)2.

• Unfortunately, these are not exotica.

• If the function to minimize has flat areas, one can introduce a momentum update equation:

v (k+1) = βv (k) − αg (k)

θ(k+1) = θ(k) + v (k+1)

• Application to neural network training: Adam (Adaptive Moment Estimation), Kingma and Ba

(2014).
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Solving models in macrofinance



Functional equations

• A large class of problems in economics search for a function d that solves a functional equation:

H (d) = 0

• Points to remember:

1. Regular equations are particular examples of functional equations.

2. 0 is the space zero, different in general that the zero in the reals.

3. This formalism deals both with market equilibrium and social planner problems.
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Example I: decision rules

• Take the basic stochastic neoclassical growth model:

maxE0

∞∑
t=0

βtu (ct)

ct + kt+1 = eztkα
t + (1− δ) kt , ∀ t > 0

zt = ρzt−1 + σεt , εt ∼ N (0, 1)

• The first-order condition:

u′ (ct) = βEt

{
u′ (ct+1)

(
1 + αezt+1kα−1

t+1 − δ
)}
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Example I: decision rules

• There is a decision rule (a.k.a. policy function) that gives the optimal choice of consumption and

capital tomorrow given the states today:

d =

{
d1 (kt , zt) = ct
d2 (kt , zt) = kt+1

• Then:

H = u′
(
d1 (kt , zt)

)
−βEt

{
u′
(
d1
(
d2 (kt , zt) , zt+1

)) (
1 + αezt+1

(
d2 (kt , zt)

)α−1 − δ
)}

= 0

• If we find d , and a transversality condition is satisfied, we are done!
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Example II: conditional expectations

• Let us go back to our Euler equation:

u′ (ct)− βEt

{
u′ (ct+1)

(
1 + αezt+1kα−1

t+1 − δ
)}

= 0

• Define now:

d =

{
d1 (kt , zt) = ct

d2 (kt , zt) = Et

{
u′ (ct+1)

(
1 + αezt+1kα−1

t+1 − δ
)}

• Why? Example: ZLB.

• Then:

H (d) = u′
(
d1 (kt , zt)

)
− βd2 (kt , zt) = 0
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Example III: value functions

• There is a recursive problem associated with the previous sequential problem:

V (kt , zt) = max
kt+1

{u (ct) + βEtV (kt+1, zt+1)}

ct = eztkα
t + (1− δ) kt − kt+1, ∀ t > 0

zt = ρzt−1 + σεt , εt ∼ N (0, 1)

• Then:

d (kt , zt) = V (kt , zt)

and

H (d) = d (kt , zt)−max
kt+1

{u (ct) + βEtd (kt+1, zt+1)} = 0
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Deep learning to solve functional equations

• General idea: substitute d (x) by dn (x, θ) where θ is an n − dim vector of coefficients to be

determined.

• We can “learn” this function with deep learning (notice: notation with just one layer):

d ∼= dn (x; θ) = θ0 +
M∑

m=1

θmϕ (zm)

where ϕ(·) is an arbitrary activation function and:

zm =
N∑

n=0

θn,mxn

• We need to sample the desired function and minimize a loss function.
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Outline

• Natural sampling: simulated paths of the economy.

• Natural loss function: the implied error in the equilibrium/optimality conditions, as loss function.

• Natural minimization algorithm: Stochastic gradient descent.

• However, you want to think about this more as a framework than a concrete set of instructions.

• Let us go over different applications. Enumeration, no exhaustive list.
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Examples of code

1. An LQ optimal control problem:

https://github.com/Mekahou/Fun-Stuff/blob/main/codes/linear%20quadratic%20DP%20DNN/3.

%20LQ_DP_DNN_Training_Main.ipynb

2. A Neoclassical growth model (discrete time):

https://colab.research.google.com/drive/1jbSti3LkxASZg04Bkod0EBJFXdf6xu9_?usp=sharing

3. A Neoclassical growth model (continuous time):

https://colab.research.google.com/drive/1rFfqbJYn26_nm-CS21Fbw_QV7ccM8XlT?usp=sharing

4. An OLG model:

https://github.com/sischei/DeepEquilibriumNets

5. A Krusell-Smith and a financial frictions HA code:

https://github.com/jesusfv/financial-frictions
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Dynamic programming



Solving high-dimensional dynamic programming problems (discrete time)

• Our goal is to solve the Bellman equation globally:

V (x) = max
α

r(x,α) + β ∗ EV (x′)

s.t. x′ = f (x,α)

G (x,α) ≤ 0

H(x,α) = 0

• Notice that framework is very general. Usually we will not have all these constraints.

• Think about the cases where we have many state variables. Trade-offs in terms of speed vs.

scalability.
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Solving high-dimensional dynamic programming problems (continuous time)

• We can also write the equivalent continuous-time Hamilton-Jacobi-Bellman (HJB) equation globally:

ρV (x) = max
α

r(x,α) +∇xV (x)f (x,α) +
1

2
tr(σ(x))T∆xV (x)σ(x))

s.t. G (x,α) ≤ 0

H(x,α) = 0

• Solution algorithm is absolutely the same.

• When discrete vs. continuous?
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Neural networks

• We define four neural networks:

1. Ṽ (x;ΘV ) : RN → R to approximate the value function V (x).

2. α̃(x;Θα) : RN → RP to approximate the policy function α.

3. µ̃(x;Θµ) : RN → RL1 , and λ̃(x;Θλ) : RN → RL2 to approximate the Karush-Kuhn-Tucker (KKT)

multipliers µ and λ.

• To simplify notation, we accumulate all weights in the matrix Θ = (ΘV ,Θα,Θµ,Θλ).

• We could think about the approach as just one large neural network with multiple outputs.
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Error criterion I (discrete time)

• The Bellman error:

errB(x;Θ) ≡ r(x, α̃(s;Θα)) + β ∗ EṼ (x′;ΘV )− Ṽ (x;ΘV )

• The policy function error:

errα(x;Θ) ≡ ∂r(x, α̃(x;Θα)

∂α
+ β ∗ Dαf (x, α̃(x;Θ

α))TE∇x Ṽ (x′;ΘV )

− DαG (x, α̃(x;Θα))T µ̃(x;Θµ)− DαH(x, α̃(x;Θα))λ̃(x;Θλ),

where DαG ∈ RL1×M , DαH ∈ RL2×M , and Dαf ∈ RN×M are the submatrices of the Jacobian

matrices of G , H, and f respectively containing the derivatives with respect to α.
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Error criterion I (continuous time)

• The HJB error:

errHJB(x;Θ) ≡ r(x, α̃(s;Θα)) +∇x Ṽ (x;ΘV )f (x, α̃(x;Θα))+

+
1

2
tr [σ(x)T∆x Ṽ (x;ΘV )σ(x)]− ρṼ (x;ΘV )

• The policy function error:

errα(x;Θ) ≡∂r(x, α̃(x;Θα)

∂α
+ Dαf (x, α̃(x;Θ

α))T∇x Ṽ (x;ΘV )

− DαG (x, α̃(x;Θα))T µ̃(x;Θµ)− DαH(x, α̃(x;Θα))λ̃(x;Θλ),

where DαG ∈ RL1×M , DαH ∈ RL2×M , and Dαf ∈ RN×M are the submatrices of the Jacobian

matrices of G , H, and f respectively containing the derivatives with respect to α.
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Error criterion II (discrete and continuous time)

• The constraint error is itself composed of the primal feasibility errors:

errPF1(x;Θ) ≡ max{0,G (x, α̃(x;Θα))}
errPF2(x;Θ) ≡ H(x, α̃(x;Θα))

the dual feasibility error:

errDF (x;Θ) = max{0,−µ̃(x;Θµ}

and the complementary slackness error:

errCS(x;Θ) = µ̃(x;Θ)TG (x, α̃(x;Θα))

• We combine these four errors by using the squared error as our loss criterion:

E(x;Θ) ≡
∣∣∣∣errB/HJB(x;Θ)

∣∣∣∣2
2
+
∣∣∣∣errα(x;Θ)

∣∣∣∣2
2
+
∣∣∣∣errPF1(x;Θ)

∣∣∣∣2
2
+

+
∣∣∣∣errPF2(x;Θ)

∣∣∣∣2
2
+
∣∣∣∣errDF (x;Θ)

∣∣∣∣2
2
+
∣∣∣∣errCS(x;Θ)

∣∣∣∣2
2
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Training

• We train our neural networks by minimizing the above error criterion through minibatch gradient

descent over points drawn from the ergodic distribution of the state vector.

• We initialize our network weights and perform K learning steps called epochs, where K can be

chosen in a variety of ways.

• For each epoch, we draw I points from the state space by simulating from the ergodic distribution.

• Then, we randomly split this sample into B minibatches of size S . For each minibatch, we define the

minibatch error,by averaging the loss function over the batch.

• Finally, we perform minibatch gradient descent for all network weights, with ηk being the learning

rate in the k-th epoch.

68



The continuous-time neoclassical growth model

• Standard problem in economics.

• A single agent deciding to either save in capital or consume with a HJB equation :

ρV (k) = max
c

U(c) + V ′(k)[F (k)− δ ∗ k − c]

• Notice that c = (U ′)−1(V ′(k)). With CRRA utility, this simplifies further to c = (V ′(k))−
1
γ .

• We set γ = 2, ρ = 0.04, F (k) = 0.5 ∗ k0.36, δ = 0.05.
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Approximating the value function

• First, we approximate the value function V (k) with a neural network, Ṽ (k; Θ) and “HJB error”:

errHJB =ρṼ (k ; Θ)− U

(
(U ′)−1

(
∂Ṽ (k ; Θ)

∂k

))

− ∂Ṽ (k ; Θ)

∂k

[
F (k)− δ ∗ k − (U ′)−1

(
∂Ṽ (k; Θ)

∂k

)]
using the known functional form of the policy function.

• Details:

1. 3 layers with 8 neurons per layer.

2. tanh(x) activation.

3. Gaussian initialization N
(
0, 4

√
2

ninput+noutput

)
with input normalization.
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(a) Value with closed-form policy
71



(c) Consumption with closed-form policy
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(e) HJB error with closed-form policy
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Approximating the policy function

• Let us now approximate the policy function as well with a policy neural network C̃ (k ; ΘC ).

• The new HJB error:

errHJB = ρṼ (k; ΘV )− U
(
C̃ (k ; ΘC )

)
− ∂Ṽ (k; ΘV )

∂k

[
F (k)− δ ∗ k − C̃ (k; ΘC )

]

• Now we also have a policy function error:

errC = (U ′)−1

(
∂Ṽ (k ; ΘV )

∂k

)
− C̃ (k; ΘC )
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(b) Value with policy approximation
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(d) Consumption with policy approximation
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(f) HJB error with policy approximation
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(g) Policy error with policy approximation
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Models with heterogeneous

agents



The challenge

• To compute and take to the data models with heterogeneous agents, we need to deal with:

1. The distribution of agents Gt .

2. The operator H(·) that characterizes how Gt evolves:

Gt+1 = H(Gt , St)

or
∂Gt

∂t
= H(Gt , St)

given the other aggregate states of the economy St .

• How do we track Gt and compute H(Gt ,St)?
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A common approach

• If we are dealing with N discrete types, we keep track of N − 1 weights.

• If we are dealing with continuous types, we extract a finite number of features from Gt :

1. Moments.

2. Q-quantiles.

3. Weights in a mixture of normals...

• We stack either the weights or features of the distribution in a vector µt .

• We assume µt follows the operator h(µt ,St) instead of H(Gt ,St).

• We parametrize h(µt ,St) as h
j(µt ,St ; θ).

• We determine the unknown coefficients θ such that an economy where µt follows h
j(µt ,St ; θ)

replicates as well as possible the behavior an economy where Gt follows H(·).
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Example: Basic Krusell-Smith model

• Two aggregate variables: aggregate productivity shock and household distribution Gt(a, z) where:∫
Gt(a, z)da = Kt

• We summarize Gt(a, ·) with the log of its mean: µt = logKt (extending to higher moments is simple,

but tedious).

• We parametrize logKt+1︸ ︷︷ ︸
µt+1

= θ0(st) + θ1(st) logKt︸ ︷︷ ︸
hj (µt ,st ;θ)

.

• We determine {θ0(st), θ1(st)} by OLS run on a simulation.
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Problems

• No much guidance regarding feature and parameterization selection in general cases.

• Yes, keeping track of the log of the mean and a linear functional form work well for the basic model.

But, what about an arbitrary model?

• Method suffers from “curse of dimensionality”: difficult to implement with many state variables or high

N/higher moments.

• Lack of theoretical foundations (Does it converge? Under which metric?).
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How can deep learning help?

• Deep learning addresses challenges:

1. How to extract features from an infinite-dimensional object efficiently.

2. How to parametrize the non-linear operator mapping how distributions evolve.

3. How to tackle the “curse of dimensionality.”

• Given time limitations, today I will discuss the last two points.

• In our notation of y = f (x):

1. y = µt+1.

2. x = (µt , St).

83



Example: Financial frictions and

the wealth distribution



Motivation

• Recently, many papers have documented the nonlinear relations between financial variables and

aggregate fluctuations.

• For example, Jordà et al. (2016) have gathered data from 17 advanced economies over 150 years to

show how output growth, volatility, skewness, and tail events all seem to depend on the levels of

leverage in an economy.

• Similarly, Adrian et al. (2019a) have found how, in the U.S., sharply negative output growth follows

worsening financial conditions associated with leverage.

• Can a fully nonlinear DSGE model account for these observations?

• To answer this question, we postulate, compute, and estimate a continuous-time DSGE model with a

financial sector, modeled as a representative financial expert, and households, subject to uninsurable

idiosyncratic labor productivity shocks.

84



The main takeaway

• The interaction between the supply of bonds by the financial sector and the precautionary demand for

bonds by households produces significant endogenous aggregate risk.

• This risk induces an endogenous regime-switching process for output, the risk-free rate, excess

returns, debt, and leverage.

• Mechanism: endogenous aggregate risk begets multiple stochastic steady states or SSS(s), each with

its own stable basin of attraction.

• Intuition: different persistence of wages and risk-free rates in each basin.

• The regime-switching generates:

1. Multimodal distributions of aggregate variables.

2. Time-varying levels of volatility and skewness for aggregate variables.

3. Supercycles of borrowing and deleveraging.
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HA vs. RA

• Our findings are in contrast with the properties of the representative household version of the model.

• While the consumption decision rule of the households is close to linear with respect to the household

state variables, it is sharply nonlinear with respect to the aggregate state variables.

• This point is more general: agent heterogeneity might matter even if the decision rules of the agents

are linear with respect to individual state variables.

• Thus, changes in the forces behind precautionary savings affect aggregate variables.
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The firm

• Representative firm with technology:

Yt = Kα
t L

1−α
t

• Competitive input markets:

wt = (1− α)Kα
t L

−α
t

rct = αKα−1
t L1−α

t

• Aggregate capital evolves:
dKt

Kt
= (ιt − δ) dt + σdZt

• Instantaneous return rate on capital drkt :

drkt = (rct − δ) dt + σdZt
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The expert

• Representative expert (financial intermediary) with preferences:

E0

[∫ ∞

0

e−ρ̂t log(Ĉt)dt

]

• Expert rents capital Kt to firms and issues risk-free debt Bt at rate rt to households.

• Financial friction: expert cannot issue state-contingent claims and must absorb all risk from capital.

• Expert’s net wealth Nt = Kt − Bt evolves:

dNt = Ktdr
k
t − rtBtdt − Ĉtdt

=
[
(rt + ωt (rct − δ − rt))Nt − Ĉt

]
dt + σωtNtdZt

where ωt ≡ Kt

Nt
is the leverage ratio.

• Kt follows:

dKt = dNt + dBt
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Households I

• Continuum of infinitely-lived households with unit mass with preferences:

E0

[∫ ∞

0

e−ρt c
1−γ
t − 1

1− γ
dt

]

• Heterogeneous in wealth am and labor productivity zm for m ∈ [0, 1].

• zt units of labor valued at wage wt evolves stochastically following a Markov chain:

1. zt ∈ {z1, z2} , with z1 < z2 and ergodic mean 1.

2. Jump intensity from state 1 to state 2: λ1 (reverse intensity is λ2).

• Distribution of households Gt (a, z).
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Households II

• Households save at ≥ 0 in the riskless debt issued by experts with an interest rate rt :

dat = (wtzt + rtat − ct) dt = s (at , zt ,Kt ,Gt) dt

• Optimal choice: ct = c (at , zt ,Kt ,Gt).

• Total consumption by households:

Ct ≡
∫

c (at , zt ,Kt ,Gt) dGt (a, z)

• Gt (a, z) has a Radon-Nikodym derivative gt(a, z) that follows the KF equation:

∂git
∂t

= − ∂

∂a
(s (at , zt ,Kt ,Gt) git(a))− λigit(a) + λjgjt(a), i ̸= j = 1, 2

where git(a) ≡ gt(a, zi ), i = 1, 2.
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Market clearing

1. Total amount of labor rented by the firm is equal to labor supplied:

Lt =

∫
zdGt = 1

Then, total payments to labor are given by wt .

2. Total amount of debt of the expert equals the total households’ savings:

Bt ≡
∫

adGt (da, dz)

with dBt = (wt + rtBt − Ct) dt.

3. By the resource constraint, dKt =
(
Yt − δKt − Ct − Ĉt

)
dt + σKtdZt , we get:

ιt =
Yt − Ct − Ĉt

Kt
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Characterizing the equilibrium I

• First, we proceed with the expert’s problem. Because of log-utility:

Ĉt = ρ̂Nt

ωt =
rct − δ − rt

σ2

• We can use the equilibrium values of rct , Lt , and ωt to get the wage:

wt = (1− α)Kα
t

the rental rate of capital:

rct = αKα−1
t

and the risk-free interest rate:

rt = αKα−1
t − δ − σ2Kt

Nt
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Characterizing the equilibrium II

• Expert’s net wealth evolves as:

dNt =

(
αKα−1

t − δ − ρ̂− σ2

(
1− Kt

Nt

)
Kt

Nt

)
Nt︸ ︷︷ ︸

µN
t (Bt ,Nt)

dt + σKt︸︷︷︸
σN
t (Bt ,Nt)

dZt

• And debt as:

dBt =

(
(1− α)Kα

t +

(
αKα−1

t − δ − σ2Kt

Nt

)
Bt − Ct

)
dt = h(gt(a, z),Nt)dt

• h(gt(a, z),Nt)dt depends on:

Ct ≡
∫

c (at , zt ,Kt ,Gt) gt (a, z) dadz

∂git
∂t

= − ∂

∂a
(s (at , zt ,Kt ,Gt) git(a))− λigit(a) + λjgjt(a), i ̸= j = 1, 2
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How do we find h(·)? Four steps

1. We substitute h(gt(a, z),Nt)dt for h(Bt ,Nt)dt à la Krusell and Smith (1998). The solution can be

trivially extended to higher moments or q-quantiles.

2. With h(Bt ,Nt)dt, we solve the HJB of the households.

3. We approximate h(Bt ,Nt)dt using a neural network:

• Neural networks are i) universal nonlinear approximators and ii) break the curse of dimensionality.

4. With h(Bt ,Nt)dt, we find the likelihood function of the model and perform structural estimation:

• The operator in the KF equation that defines the likelihood function of the model is the adjoint of the

infinitesimal generator of the HJB given by h(Bt ,Nt)dt.
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Solving the HJB equation

• Given h(Bt ,Nt)dt, the household’s Hamilton-Jacobi-Bellman (HJB) equation becomes:

ρVi (a,B,N) = max
c

c1−γ − 1

1− γ
+ s

∂Vi

∂a
+ λi [Vj(a,B,N)− Vi (a,B,N)]

+h (B,N)
∂Vi

∂B
+ µN (B,N)

∂Vi

∂N
+

[
σN (B,N)

]2
2

∂2Vi

∂N2

i ̸= j = 1, 2, and where

s = s (a, z ,N + B,G )

• We solve the HJB with a first-order, implicit upwind scheme in a finite difference stencil.

• Deep learning alternative: Fernández-Villaverde et al. (2022).
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The algorithm

1) Start with h0, an initial guess for h.

2) Using current guess hn, solve for the household consumption, cm, in the HJB equation.

3) Construct a time series for Bt by simulating by J periods the cross-sectional distribution of

households with a constant time step ∆t (starting at DSS and with a burn-in).

4) Given Bt , find Nt , Kt , and:

ĥ =

{
ĥ1, ĥ2..., ĥj ≡

Btj+∆t − Btj

∆t
, ..., ĥJ

}

5 ) Define X = {x1, x2, ..., xJ}, where xj =
{
x1j , x

2
j

}
=
{
Btj ,Ntj

}
.

6) Use
(
ĥ,X

)
and a universal nonlinear approximator to obtain hn+1, a new guess for h.

7) Iterate steps 2)-6) until hn+1 is sufficiently close to hn. 98



A universal nonlinear approximator

• We approximate h(·) with a neural network (NN):

h (x; θ) = θ10 +
Q∑

q=1

θ1qϕ

(
θ20,q +

D∑
i=1

θ2i,qx
i

)
where Q = 16, D = 2, and ϕ(x) = log(1 + ex).

• We find:

θ∗ = argmin
θ

1

2

J∑
j=1

∥∥∥h (xj ; θ)− ĥj

∥∥∥2

• With this solution, evaluating the likelihood function of the model is straightforward (the operator in

the KF equation is the adjoint of the infinitesimal generator of the HJB).

99



1 1.5 2 2.5 3 3.5
-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.5 1 1.5 2 2.5 3
-0.15

-0.1

-0.05

0

0.05

0.1

-0.15

-0.1

-0.05

0

1

0.05

0.1

1.5
3

2 2.5
2

2.5 1.5

100



1 1.5 2 2.5 3 3.5
-0.15

-0.1

-0.05

0

0.05

0.1

0.5 1 1.5 2 2.5 3
-0.1

-0.05

0

0.05

0.1

-0.15

-0.1

-0.05

0

1

0.05

0.1

1.5
3

2 2.5
2

2.5 1.5
101



-5 -4 -3 -2 -1 0 1 2 3 4 5

10-3

0

500

1000

1500

102



0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

3.2

103



0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

3.2

104



0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

3

3.2

105



100 101 102 103 104 105
0

200

400

600

100 101 102 103 104 105
0

200

400

600

106



0 50 100
-1

-0.8

-0.6

-0.4

-0.2

0

0 50 100

-1

-0.8

-0.6

-0.4

-0.2

0

0 50 100
-8

-6

-4

-2

0

0 50 100
-3

-2.5

-2

-1.5

-1

-0.5

0

0 50 100
0

0.5

1

1.5

2

2.5

3

0 50 100
-8

-6

-4

-2

0

0 50 100
-1

-0.8

-0.6

-0.4

-0.2

0

0 50 100
0

0.001

0.002

0.003

0 50 100
0

0.001

0.002

0.003

107



0 2 4 6 8 10
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

108



0 2 4 6 8 10
0.6

0.8

1

1.2

1.4

1.6

0 2 4 6 8 10
0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

0 2 4 6 8 10
-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0 2 4 6 8 10
-0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

109


	A formal approach
	More details
	Training
	Architecture design
	Optimization
	Solving models in macrofinance
	Dynamic programming
	Models with heterogeneous agents
	Example: Financial frictions and the wealth distribution

