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Elliptic Fibrations

. 2
> Weierstrass model: v%z = x° + fzz°® + g2°
> Projective Bundle: 7: Xo = Pp[0p ® ¥®* & ¥%’| —» B

An elliptic fibration ¢ : Y = B cut out by the zero locus of a section of the line
bundle 6(3) ® 7*Z®° in Xy, where £ is a line bundle over a quasi-projective variety B.

o Section: z=x2=0
> Projective coordinates of the P*-fiber : [z : z : y]

o Discriminant: A =42+ 27¢°

- : : 4f3
° jJ-invariant: j = 1728%
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G-model

Definition. Let GG be a simple, simply-connected compact complex Lie group
with Lie algebra g. A GG-model is an elliptic fibration ¢ : Y — B with a discrim-
inant locus containing an irreducible component S such that

1. the generic fiber over any other component of the discriminant is irre-
ducible (that is, of Kodaira type I or II),

2. the fiber over the generic point of S has a dual graph that becomes of
the same type as the Dynkin diagram of the Langlands dual of g after
removing the node corresponding to the component touching the section
of the elliptic fibration.



Invariance under crepant resolutions

» Need only a single crepant resolution to compute the Chern and
Pontryagin numbers of a given G-model for the fourfolds.

fy_ e (TY)Y, fy 1 (TY )2eo(TY), L e (TY )es(TY), /;/ A(TY), and fY s (TY).

Theorem. The Chern and Pontryagin numbers of an algebraic variety of com-
plex dimension four are K-equivalence invariants.

» Not generally true that Chern and Pontryagin numbers are
invariant under crepant birational maps.
» For fivefolds:

5 3 2 2
[[Cl, -/61025 fClcg, /6164, ‘/ng /.6162, /6263

Only these are invariant




Strategy

» Find a crepant resolution for each G-model.
» These crepant resolutions are obtained by sequence of blowups.

» Compute the Chern numbers and Pontryagin numbers using
Pushforward formulas.

» Compute the remaining characteristic numbers:

e all the holomorphic genera of the fourfolds,
e the curvature invariant Xg(Y),
e the Hirzebruch signature o(Y),

e the A-genus.



Characteristic numbers (in terms of Chern numbers)

» Chern and Pontryagin numbers:

1. The Chern numbers

/Y e (TY)?, [Y 1 (TY ) 265 (TY), /Y 1 (TY )es(TY), fy A(TY), and fy cs(TY).

2. The Pontryagin numbers of a fourfold [, p2(TY) and [, pi(TY'), where
the Pontryagin classes are given by

pi(TY) =i (TY) = 2¢5(TY),
p2(TY) = c3(TY) = 2¢1(TY )es(TY) + 2¢4(TY).



1. The holomorphic genera x,(Y) = X/_o(=1)?hP(Y):

xo(Y) = ] Td(TY) = o0 f (—c4 + cre3 + 3c2 +4ciey — ),

x1(Y) = f (=3lcy — 14cics + 3¢5 + 4cico — 1),

180
x2(Y) = 120 ]}/(7904 —19¢1c3 + 3¢2 + 4P ¢y — ).

2. The Hirzebruch signature of a fourfold,

o(Y) = o f Tp2(TY) pl(TY) f( ci+4c3ca+3ca—14cic3+14c4).  The signature is the degree
of the Hirzebruch L-genus.

3. The A—genus of a fourfold,

f Ao(TY) = b / (7pf(TY) _ 4p2(TY)) By the Atiyah—SiI-lger tlr.leorem,'
v 57160 Y if the fourfold Y is a spin manifold,
= 5760 fy (7(:‘1L — 28¢icy + 8¢y ey + 24¢5 — 8c4). the degree of Ay gives the

index of the Dirac operator on Y.

4. The curvature invarant 8-form,

Xs(V) = [ 2(TY) - 4ps(TY)).




G-models and
their crepant resolutions
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3

y2z + a3,282yz2 =r + 53a4,3:cz2 + 55a5,523,

y22 = .133 + 83£L4,3:EZ + 85(16,523,

y2Z = £B3 + 540,4,43322 + 85(16,523.
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Pushs

‘orward formt

la-1

» The fo

lowing theorem gives t

he total Chern class after a blowup

along a local complete intersection.

Theorem (Aluffi). Let Z c X be the complete intersection of d nonsingular

hypersurfaces Z1, .

.., Z4 meeting transversally in X. Let f: X — X be the

blowup of X centered at Z. We denote the exceptional divisor of f by E. The
total Chern class of X is then:

c(T)ﬁf):(1+E)(.

1

d 1-|-f*Z@'—E
=1

[z )f*c(TX).



Pushforward formula-2

» The following theorem provides a user-friendly method to compute
invariants of the blown-up space in terms of the original space.

Theorem (Esole-Jefferson-Kang). Let the nonsingular variety Z ¢ X be a com-
plete intersection of d nonsingular hypersurfaces Z1, ..., Z; meeting transver-
sally in X. Let E be the class of the exceptional divisor of the blowup f: X — X
centered at Z. Let Q(t) = Y, f*Qut® be a formal power series with Qu € A« (X).
We define the associated formal power series Q(t) =Y, Qat®, whose coefficients
pullback to the coefficients of Q(t). Then the pushforward f+Q(E) is

d d
fQ(E)=> Q(Zy)My, where My=[] :
¢=1 m=1Zm = 21

m+¢



Pushforward formula-3

» This theorem gives a simple method to pushforward analytic expressions
in the Chow ring of the projective bundle X, to the Chow ring of its base.

» It is a direct consequence of functorial properties of the Segre class.

Theorem (Esole—Jefferson—-Kang). Let £ be a line bundle over a variety B
and © : Xy = P[Op & X% ® ¥®] — B a projective bundle over B. Let
Q(t) = X, T Qut® be a formal power series in t such that Q, € A.(B). Define
the auxiliary power series Q(t) = >, Qqt*. Then

Q(H)
H?2

Q(H)
H?2

Q(0)

W*Q(H) = _2 6L2 ]

+3

H=-2L

_|_

H=-3L

where L = c1 (L) and H = ¢1(Ox,(1)) is the first Chern class of the dual of the
tautological line bundle of m: Xo = P(0p & %% & ¥®°) - B.



Chern and Pontryagin numbers of G-models

Theorem. For a G-model, defined by a crepant resolution of a singular Weier-
strass model, we have

LC%(TY)=24/BL(CQ—61L+6L2)+/,Lg,
[pz(TY):24[ L(2c¢y — ¢} +36L%) + Tug,
Y B

fpf(TY):zLS[ L(2cy — 2 +11L%) + 4y,
Y B

where pg = [5S(agL? + a1 LS + aS?) is the contribution from the singularities
induced by the Kodaira type over S.



Contributions from singularities

Algebra ne = [y (TY) - fYn c5(TYy)
A, -2 [, S(7L - S)*

Ay, Co, Go | -8 [5S(19L*-8LS +5?)
As, Bs —4 [ S (50L? - 28LS +557)
Dy, Fy -8 [, S (27L% - 16LS + 35?)

Ay -5 [ S (50L* - 35LS +85%)
Ds ~4 [, S (63L? - 44LS + 105?)
As — [5 5 (298L* - 251 LS +70)
Ag -2 [ S (174L? - 171LS + 565?)
Eg -3 [ S (86L% - 61LS +145?)
E; — [ (135L% — 100LS +245?)
Es — [5(8L* - 7TLS +257)




Holomorphic
genera of the
fourfolds
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e The divisor S is the one supporting the
reducible Kodaira fiber corresponding to the
type of the Lie algebra g.

o L =ci1(%) and ¢; denotes the ith Chern class
of the base of the fibration.

e The holomorphic Euler characteristic xo(Y') is
equal to xo(W, Oy ) where W is the
Weierstrass divisor defined by .Z in the base.
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More characteristic numbers of G-models

Theorem. For a G-model, we have the following characteristic numbers of the

fourfolds:
192 Xg(Y) = /Y (P3(TY) ~apa(TY) ) = 48 fB L(c2 = 2¢y - 61L2) - 24p¢.
45 o(Y) = /Y (7p2(TY) —p?(TY)) - 120[3 L(2cy - +46L2) + 456,

5760 [YAz(TY):fy(?ﬁ(TY)—szz(TY)):240/31,(2@—(:%@2).



Calabi-Yau fourfolds

» The only nonzero Chern numbers are

[ c%(TY):480+%X(Y), [ eamyy =)

» All Chern and Pontryagin numbers are topological invariants as
they are functions of the Euler characteristic of Calabi-Yau fourfolds.

» Then, all the characteristic numbers are functions of the Euler
characteristic of Calabi-Yau fourfolds:

1 1 1
fy c5(TY) =480 + (V) 0=32+ox(Y), x0=2 x1=8-x(Y),

2 1 1 i
S 124 29(Y), X =——(Y), —fA=2.
X2 3X( ) 8 24%( ) a0 )y A2



Thank you for listening! ©




