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A broad mathematical framework is considered that includes stochastic learning 

models with distance diminishing operators for experiments with finite numbers of 
responses and simple contingent reinforcement. Convergence theorems are presented 

that subsume most previous results about such models, and extend them in a variety 
of ways. These theorems permit, for example, the first treatment of the asymptotic 

behavior of the general linear model with experimenter-subject controlled events and 
no absorbing barriers. Some new results are also given for certain two-process discrimi- 

nation learning models and for models with finite state spaces. 

1. INTRODUCTION 

Suppose that a subject is repeatedly exposed to an experimental situation in which 
various responses are possible, and suppose that each such exposure or trial can alter 

the subject’s response tendencies in the situation. It is assumed that the subject’s 
response tendencies on trial 71 are determined by his state S, at that time. The set of 
possible states is denoted S and called the state space. The effect of the nth trial is 
represented by the occurrence of a certain event E, . The set of possible events is 
denoted E and referred to as the event space. The quantities S,, and E,, are to be 

considered random variables. The corresponding small letters s, and e, are used to 
indicate particular values of these variables, and, in general, s and e denote elements 
of the state and event spaces, respectively. 

To represent the fact that the occurrence of an event effects a change of state, with 
each event e is associated a mappingf,(.) of S into S such that, if E, = e and S, = s, 
then S,,, = fe(s). Thus 

Hl. S n+l = fE,(‘%) 

for n 3 1. The function fe( .) will be called the operator for the event e or simply an 
event operator. Throughout the paper it is assumed that 

H2. E is a finite set. 

i This research was supported in part by National Science Foundation grant NSF GU 1923-3. 
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It is further supposed that the learning situation is memory-less and temporally 
homogeneous, in the sense that the probabilities of the various possible events on 

trial rr depend only on the state on trial n, and not on earlier states or events, or on 
the trial number. That is, there is a real valued function y.(.) on E x S such that 

H3. 

and 

P&%+l = en+l 14 = ej , 1 GJ’ G 4 = v~~~+,(f~,...~,,(~)h 

for 71 >, 1, where 

Throughout the paper, state subscripts on probabilities and expectations are initial 
states, that is, values of S, . 

Two examples will be discussed in Sec. 3: a linear model for ordinary two-choice 
learning, and a two-stage linear discrimination learning model. In the first linear 
model, the state is the probability of one of the responses, so S = [0, 11. In the linear 
discrimination learning model the state is a pair of probabilities that determine, 
respectively, the “response” probabilities at the two stages. Thus, S = [0, l] x [0, 11. 

In these examples each event involves the subject’s overt response (suitably coded), 
the observable outcome of that response (i.e., the experimenter’s response), and, 
sometimes, a hypothetical occurrence that is not directly observable (e.g., the state 
of attention on a trial). The force of assumption H3 for the experimenter is to limit 
reinforcement schedules to those in which the outcome probabilities depend only 

on the immediately preceding response, that is, to simple contingent schedules. 
The research reported in this paper is directed toward understanding the asymptotic 

behavior of the stochastic processes {S,} and (En} for a class of models with distance 
diminishing event operators defined below by imposing additional restrictions on 
the functions f  and v. This class generalizes the familiar linear models, and the latter 
provide much of the motivation for the axioms for the former. 

To discuss “distance diminishing” event operators, it is necessary to assume that 
S is a metric space with respect to some metric d. A formulation in terms of Euclidean 
space and root-sum-square distance would yield sufficient generality to cover the linear 
models of Sec. 3. Such a formulation would, however, restrict generality without 
any redeeming simplification. Moreover, a treatment in terms of general metric 
spaces highlights those aspects that are crucial to the theory. For these reasons it is 
assumed only that 

H4. (S, d) is a metric space. 

The reader who prefers a Euclidean setting can easily specialize most of what follows 
to suit his preferences. 
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The next assumption is suggested by the linear examples of Sec. 3: 

H5. (S, d) is compact. 

The remaining hypotheses are most easily stated in terms of the following notations. 
If  4 and g are mappings of S into the real numbers and into S, respectively, their 

maximum “difference quotients” m(t)) and p(g) are defined by 

and 

m(#) = sup I 1cr(s) - Qw)l 
S#S’ d(s, s’) ’ 

p(g) = sup d($$;‘)) ) 
S#S’ , 

(1.2) 

(1.3) 

whether or not these are finite. If, for instance, S is a real interval (with 
d(s, s’) = j s - s’ I) and 4 is d’ff 1 erentiable throughout S, m(#) is the supremum of 
1 z/‘(s)l. The hypothesis 

H6. m(p),,) < MJ for all e E E 

is a mere regularity condition. The next two assumptions, however, are genuinely 
restrictive: 

H7. 

and 

p(fJ < IforalleEE, 

H8. fm any s E S there is a positive integer k and there are k events e, ,..., ek such that 

cL(fe,...e,) < 1 and ve,...&) > 0, 
where 

CP~, ..t-,(s) = Ps(Ej = ej t 1 G J’ < n). (1.4) 

In H8 it is understood that the integers and events associated with different states may 
be different. 

The inequality 

dM4 g(4) G Ad d(s, $7 (1.5) 

for mappings g of S into S suggests that such a function be called distance diminishing 

if p(g) < 1 and strictly distance diminishing if p(g) < 1. Hypothesis H7 then says that 
all event operators are distance diminishing, while H8 says that, whatever the present 
state, some finite sequence of events with strictly distance diminishing cumulative 
effect can occur on subsequent trials. Both H7 and H8 (with k = 1 for all states), 
are satisfied, for example, if all event operators are strictly distance diminishing. 

It is now possible to introduce the following precise and convenient terminology. 
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DEFINITION 1.1. A system ((S, d), E, f, y) of sets and functions is a distance 
diminishing model (or simply a model) iff.(*) maps B X S into S, p).(.) maps E X S 
into the nonnegative reaZ numbers, z,p6E~‘e(~) = 1, and H2, H4, H5, H6, H7, and H8 

are satisfied. 

DEFINITION 1.2. Stochastic processes {S,} and {E,) in the spaces S and E, respectively, 

aye associated with the model if they satisfy HI and H3. 

2. SURVEY OF RESULTS 

Most remarks on earlier work by other authors will be deferred until Sec. 4. 

A. THEOREMS CONCERNING STATES 

The process {S,] associated with any distance diminishing model is a Markov 
process with stationary transition probabilities given by 

qs, 4 = c R?(s) = Ps(S, E 4 e:f,ln)td (2.1) 

for Bore1 subsets A of S. The n step transition probabilities for the process are given 

bY 

fe(s, A) = c VP,. .Y&) = ~scL+, E 4 (2.2.) 
el...p,,: 

f .l..,?n(J)EA 

for n > 1. It is convenient to let K(O) (s, A) be 1 if s E A and 0 otherwise. Functions 
like K and K(@, probability measures in their second variable for each value of their 
first, and measurable in their first variable for each value of their second, will be 
called stochastic kernels. 

A basic problem is the asymptotic behavior of &P)(s, .) as n 4 co. Before considering 
this question, it is necessary to specify what is meant by “convergence” of a sequence 
{pn} of probability measures on S to a probability measure p on S. The appropriate 
notion is this: pn converges to p if for any Bore1 subset il of S 

~(4 < lim inf,,,y,(4 and lim s~L,,P~(A) < p(A) 

where A is the interior and A is the closure of A. If, for instance, S is a real interval, 
such convergence is equivalent to convergence of distribution functions at all points 
of continuity of the limit-the usual notion of convergence for distribution functions. 
The extension of this notion to stochastic kernels that will be used below is as follows. 
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DEFINITION 2.1. A sequence {K,} of stochastic kernels converges uniformly to a 
stochastic kernel K, if, for any Bore1 subset A of S and any E > 0, there is an integer N 
such that 

for all n > N and s in S. 

I f  a limiting stochastic kernel K,(s, A) is independent of s for all A, it is sometimes 
natural to write K,(A) instead of K&s, A). Aside from this change of notation Def. 2.1 

is unaffected. 
A closely related problem is the asymptotic behavior of functions E.[$(S,)] 

(moments, for instance) where 4 is a real-valued function on S. Two notions of 
convergence for sequences of real-valued functions on S are important in what 
follows. For any such function y, define j y  / and // y  11 by 

and 

IYI ==glr(s)i (2.3) 

II Y II = I Y I + m(r). (2.4) 

The class of continuous real-valued functions on S is denoted C(S) (note that [ y  1 < co 
if y  E C(S)), and the subclass on which m(y) < 00 (and thus 11 y  I] < co) is denoted CL. 
A sequence {m} of functions in C(S) converges uniformly to y  E C(S) if I yn - y  1 + 0 

as n --, 03. A stronger notion of convergence, applicable to functions in CL, is 
11 y% - y  II -+ 0 as n + co. If  S is a real interval then the collection D of functions 
with a bounded derivative is a closed subset of CL in the sense that, if yn E D, y E CL, 
and lim R+m II yn - y II = 0, then y E D. Since II 4 /I = j # / + 4' I for any 4 ED, 
it follows that 1 yG - y  j + 0 and j yk - y’ / + 0 as n + CCL If fe and ?B E D for all 
e E E and if #ED, then E.[#(S,)] E D f  or all n > 1. Thus these observations are 

applicable to m(-) = E.iN%)I and m(s) = (l/4 Cbl E.[#(&)I. 
Theorem 2.1 gives some information about the asymptotic behavior of {S,} for 

distance diminishing models with no further assumptions. 

THEOREM 2.1. For any distance diminishing model, the stochastic kernel 
(l/n) 1::: K(j) converges uniformly as n + co to a stochastic kernel Km. For any Bore1 
subset A of S, K”(*, A) E CL. There is a constant C < 00 such that 

for all n > 1 and # E CL, where 

E,[~&)I = s, VW) I(“@, ds’). 

480/5/r-s 
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The notation E,5[$(S,)] for the expectation of # with respect to the asymptotic 
distribution K%(s, .) is not meant to suggest that there is a random variable S, to 
which S, converges with probability 1. Though such convergence occurs, for example, 
under the hypotheses of Theorem 2.3, it does not occur in general. 

Two situations will now be discussed in which the conclusions of Theorem 2.1 can be 
substantially strengthened. The first is characterized by the loss, asymptotically, of all 
information about the initial state; the second, by the convergence of S, to absorbing 

states with probability 1. Both occur frequently in mathematical learning theory. 
To describe hypotheses that lead to these situations, it is convenient to have a notation 
for the set of values that S,,, takes on with positive probability when S, = s. This 
set is denoted T,(s): 

TJS) = (s’ : K@ys, {s’}) >O}. (2.7) 

An absorbing state is, of course, one that, once entered, cannot be left; that is, 
K(s, {s}) = 1 or T,(s) = {s}. Another convenient notation is d(A, B) for the (minimum) 
distance between two subsets A and B of S: 

d(A, B) = ,9E~$EB d(s, s’). (2.8) 

I f  B is the unit set {b}, then d(A, B) is written d(A, b). 
Theorem 2.2 shows that, to obtain asymptotic independence of the initial state, 

it suffices to assume that 

H9. /ii d(T,(s), Tn(s’)) = Ofor al2 s, s’ E s. 

Theorem 2.3 shows that, to obtain convergence to absorbing states, it suffices to 
assume that: 

HlO. There are a finite number of absorbing states a, ,..., aN, such that, for any 

s E S, there is some aj(,) for which 

It is easy to see that H9 and HlO are inconsistent except when there is exactly one 
absorbing state, in which case they are equivalent. 

THEOREM 2.2. If a distance diminishing model satisJes H9, then the asymptotic 
distribution K”(s, .) = K”(a) does not depend on the initial state s, and K(“) converges 
uniformly to Km. There are constants 01 < 1 and C < CO such that 

II ~.wwI - %wJIlI G ce II * II (2.9) 

for n 2 1 and I/J E CL, where E[$(S,)] = l,+(s) Km(ds). 
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THEOREM 2.3. If a distance diminishing model satisfies HlO, then the stochastic 

process {S,} converges with probability 1 to a random absorbing state S, . For any 
1 < i < N, the function yi(s) = P,(S, = ai) belongs to CL. If  b, ,..., bN are real 
numbers, the function y(s) = CT=, biyi(s) is the only continuous solution of the equation 
E,[y(S,)] = y(s) that has the boundary values r(aj) = b, . The stochastic kernels 
Kc”) converge uniformly to Km, and Km(s, .) assigns weight yi(s) to ai , so that 

E,[#(S,)] = Crzl y<(s) #(a$). There are 01 < 1 and C < io such that 

(2.10) 

fey all n 2 1 and 4 E CL. 

These theorems suggest the following terminology: 

DEFINITION 2.2. A distance diminishing model is ergodic if it satis$es H9, and 
absorbing if it satisfies HlO. 

Note that,whereas inTheorem2.1 only the convergence of Cesaro averagesisasserted, 

in Theorems 2.2 and 2.3 the sequences {KcnJ) and {E.[#(S,J]) themselves converge. 
It is also worth pointing out that, although it is of little importance that (2.9) and (2.10) 

imply II E.lN&)I - E.W&)lll - 0 instead of simply I ~.[#%)1 - EMWII - 0, 
it is of considerable importance that these formulas give a geometric rate of con- 
vergence, independent of # as long as 114 II is less than some fixed constant. 

Proofs of Theorems 2.1-2.3 are given in Sec. 5. The main tool used is the uniform 
ergodic theorem of Ionescu Tulcea and Marinescu (1950). The results given above 
do not exhaust the implications of this theorem, even for distance diminishing models, 
as will be seen in Sec. 5. 

B. THEOREMS CONCERNING EVENTS 

Consider some characteristic Ce that pertains to G consecutive events, 8 > 1; e.g., 
“response R occurs on trial n” (/ = I), “the responses on trials n and n + 1 differ” 
(8 = 2), or “outcome 0 occurs on trial n and response R on trial n + 1” (8 = 2). 
It is often of interest to know the asymptotic behavior of the probability that 

(En ,...> E n+(-l) has the property CL. Let E” be the set of Ctuples of events, and let 
Ae be the subset of Ee that corresponds to Ce; that is, AE = {(el ,..., et): (el ,..., eG) 
has the property C{}. Then it is the asymptotic behavior of 

Pbn)(A() = P,((E, ,..., E,+?pI) E AG) (2.11) 

that is in question. Theorem 2.4, which applies to both ergodic and absorbing models, 
gives much information. 
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THEOREM 2.4. For any ergodic or absorbing model there is an L 

for any C > 1 and AC C E’, 

i/ P!“(A”) - P”(A’)/l < L0r” 

for all n > 1, where 

PP”(A’) = j P:!‘(A’) Km@, ds’), 
S 

and oi is as in (2.9) and (2.10). 

< 00 such that, 

(2.12) 

(2.13) 

In the ergodic case the subscript s on P,“(AL) can, of course, be dropped. 
The following corollary for absorbing models is very useful. 

COROLLARY 2.5. If an absorbing model and an Ae C EP have the property that 
Pc’(At) = 0 for i = l,..., N, then the total number X of positive integers n for which 
(E,, , . . . , E,+s-I) E A’ is finite with probability 1, and 

II E.VlII G WU - 4 (2.14) 

The function X(S) = E,JX] is the unique continuous solution of the equation 

x(s) = PI”(Ae) + Es[x(W~ 

for which x(aJ = 0, i = l,..., N. 

The next theorem concerns ergodic models, and requires some additional notation 
for its statement. Let h be a real-valued function on E. Then the asymptotic 

expectations of h(E,) and h(E,,) h(E,,+j) are denoted E[h(E,)] and E[h(E,) h(E,+j)], 

respectively. Thus 

E[h(E,)I = c h(e) P”(k>h 
CEE 

(2.15) 

and 
E[h(E,) h(E,+j)l = c h(ed h(ej+d Pm({(el - ei+l)>). (2.16) 

el...e,+l 

In typical applications h will be the indicator function of some A C E, so that 
~~~~-‘h(Ej) is the number of occurrences of events in A during the block of n trials 
beginning on trial m. In this case, 

and 

W@m) VL+,)l = WA x 4, 

E[h(E,) h(E,+j)] = P(A x B-l x A) for j > 2. 
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THEOREM 2.6. (i) nor any ergodic model, and any real valued function h on E, 

the series 

E[h2(E,)] - E2[h(E,)] + 2 f  (E[h(E,) h(&+j)l - E2[h(E,)I) 
j=l 

(2.17) 

converges to a nonnegative constant un2. 

(ii) For some C, < co and all m, n 3 1 

) i E. [[F-l h(Ej) - nE[h(E,)])2] - oh2 1 < CTLn-1/2. 
j=m 

Consequently, the law of large numbers 

lim E, n-+m [(i mgil WE,) - E[~(E~II)‘] = 0, 

(2.18) 

(2.19) 

holds uniformly in s. 

(iii) I f  ah2 > 0, the central limit theorem 

lim p, ( ZZ? h(&) - nW4%)1 
- < ‘% 72-m (n)“%, 1 s x exp( -t2/2) dt (2.20) --m 

is valid for all s E S. 

A distance diminishing model can be regarded as an example of what Iosifescu 

(1963) calls a homogeneous random system with complete connections. Theorem 2.6 is 
a consequence of Theorem 2.4 and a theorem of Iosifescu on such systems. Results 
in this subsection will be proved in Sec. 6. 

3. EXAMPLES 

The examples to be discussed have been selected so as to illustrate a variety of 
ramifications of the theory developed in Sets. 1 and 2. 

A. LINEAR MODELS WITH EXPERIMENTER-SUBJECT CONTROLLED EWNTS 

Suppose that the subject in a learning experiment has response alternatives A, 
and A, on each trial, and that, following response Ai , one of two observable outcomes 
Oi, and Oi2 occurs. It is assumed that Ori and 02j positively reinforce Aj , in the weak 
sense that they do not decrease the probability of Aj . The outcome probabilities 
are supposed to depend at most on the most recent response. Let Ai,n and Oii,n 
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denote, respectively, the occurrence of Bi and Ojj on trial n, and denote the 

probability P(Oij,, / Ai,J by rjj . 
Linear models with experimenter-subject controlled events (Bush and Mosteller, 

1955) for this situation can be described within the framework of Sec. 1 by identifying 

P n Y the (conditional) probability of A,,, , with the state S, , by identifying the 
response-outcome pair that occurs on trial n with the event E, , and by making the 
following stipulations: 

s = K4 11, d(P, p’) = I p - p’ I, (3.1) 

(i,j) = (Ai, Oij) and E = {(i,j): 1 f  ;,i < 2}, (3.2) 

fij(P) = (l - @ij) P + @ij sjl I (3.3) 

F,ij(P) = (P sil + C1 - PI siZ) Tfj T (3.4) 

-iTi +riz = 1, and O<Gij,nij<l for l<i,i<2. (3.5) 

In (3.3) and (3.4), Sij is the Kronecker 6. For convenience, any system ((S, d), E, f,  q~) 
of sets and functions satisfying (3.1-3.5) will be referred to as a four-operator model. 
In this terminology, (3.1-3.5) d e fi ne a six-parameter family of four-operator models, 

one for each choice of O,, , O,, , O,, , O,, , nil , and ns2 consistent with (3.5). Since 
m(vij) = rrdj and p(fij) = (1 - Oij) < 1, it is clear that any four-operator model 
satisfies all of the conditions of Def. 1.1 except perhaps H8. 

The asymptotic behavior of the process {p,} associated with a four-operator model 
depends critically on the number of absorbing states. Lemma 3.1 catalogues the 
absorbing states for a four-operator model. 

LEMMA 3.1. The state 1 is absorbing if and only if rr12 = 0 or O,, = 0. The state 0 
is absorbing if and only if 7~~~ = 0 or O,, = 0. A state p E (0, 1) is absorbing if and only 
if for each (i, j) E E, Oij = 0 or 7~~~ = 0. In this case all states are absorbing, and the 
model is said to be trivial. 

Proof. A statep E (0, 1) is absorbing if and only if, for any (i,j) E E, eitherf&) = p 
(in which case Oij = 0 and fij(x) = X) or v&p) = 0 (in which case rij = 0 and 
r&j(X) = 0). 

The state 1 is absorbing if and only if 1 - O,, = fJ1) = 1 or vi2 = 9r.J 1) = 0. 
The assertion concerning the state 0 is proved similarly. Q.E.D. 

The next lemma tells which four-operator models satisfy H8. 

LEMMA 3.2. A four-operator model is distance diminishing if and only if, for each 
i E (1, 2}, there is some ji E (1, 2) such that Oi5< > 0 and rrij, > 0. 
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Proof. Suppose that the condition given by the lemma is met. I f  p > 0 then 

or&) = p~,~* > 0 and p( fij,) = 1 - Or?, < 1. Similarly, ifp < 1 then p?.&) > 0 
and ,~(f~~*) < 1. Thus H8 is satisfied with k = 1 for all states. 

Suppose that the condition fails. Then for some i E { 1, 2} and all j E { 1,2}, Oij = 0, 
or rij = 0. Since the cases i = 1 and i = 2 can be treated similarly, only i = 1 
will be considered. It follows from Lemma 3.1 on takingj = 2 that 1 is an absorbing 

state. Thus ~mlRI,,.,,mRnL(l) > 0 implies me = 1 and z-m > 0, 1 < e < K. But then 
Or, = 0 for 1 < C < R and p( fm1711,~~,,nlL11k) = 1. So H8 is not satisfied. Q.E.D. 

Clearly a distance diminishing four-operator model is nontrivial. 
With one inconsequential exception, distance diminishing four-operator models 

are either ergodic or absorbing. Theorems 3.1 and 3.2 show slightly more. 

THEOREM 3.1. Zf neither 0 nor 1 is absorbing for a four-operator model, then Oij > 0 

and vii > 0 for i # j, and the model is distance diminishing. Ether 1;) 0, = I and 
~~.=lififj; or (ii) the model is ergodic. 

THEOREM 3.2. Zf a distance diminishing four-operator model has an absorbing state, 
then it is an absorbing model. 

The behavior of the process (p,> when Oij = 1 and rij = 1 for i # j is completely 
transparent. Starting at p the process moves on its first step to 1 with probability 
1 -p and to 0 with probability p, and thereafter alternates between these two 
extreme states. This cyclic model is of no psychological interest and will be discussed 
no further. 

Proof of Theorem 3.1. By Lemma 3.1 if neither 0 nor 1 is absorbing then Oij > 0 

and rij > 0 for i # j, and the model is distance diminishing by Lemma 3.2. 
Suppose v2r < 1. Then by considering first the case p = 0, then p > 0 and 

O,, = 1, and finally p > 0 and @,a < 1, it is seen that (1 - O,,)n p E T,(p) for all 

n > 1. Thus d(T,(p), T,(q)) < (1 - O,,)“-1 1 p - q / + 0 as n -+ co, and the 
model is ergodic according to Def. 2.1. By symmetry the same conclusion obtains 
if rr2 < 1. Suppose that Or, < 1. Then (1 - O,,)n p E: T,(p) for all p > 0 and 

n 3 1, and (I - 0,s)~~’ @a, E T,(O) f  or all n 2 1. Since both sequences tend to 0, 
ergodicity follows. The same conclusion follows by symmetry when O,, < 1. Thus 
if (i) does not hold the model is ergodic. Q.E.D. 

Proof of Theorem 3.2. The condition given by Lemma 3.2 for a four-operator 
model to be distance diminishing allows four possibilities. These are distinguished 
by thevalues ofj,,i=1,2: A:j,=l,j,=l; B:j1=2,j,=2; C:j,=l, 

jz = 2; and D: ji = 2, jz = 1. L emma 3.1 shows that D is inconsistent with the 
existence of absorbing states. Thus it remains to show that a model is absorbing 
under A, B, or C if there are absorbing states. 
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Under -~,l-(l--O,,)“(l---p)~T,(p) for all n31 and O<p<l, so 
d(T,(p), 1) < (1 - O,,)” -+ 0 as n + a. This implies that 0 is not an absorbing 

state. By assumption, however, there is at least one absorbing state, so 1 is absorbing. 
But then lim,,,, d( T,(p), 1) = 0 for all 0 < p < 1 implies that the model is absorbing. 
By symmetry the model is also absorbing under B. 

If  0 is not absorbing nal > 0 and @a, > 0 by Lemma 3.1. Thus, if C holds, A does 

also, and the model is absorbing. If  C holds, and 1 is not absorbing, the same con- 
clusion follows by symmetry. Condition C implies that (1 - O&p E T,,(p) for 
p < 1, 1 - (1 - O,Jn (1 ~ p) E T,(p) for p > 0, and Or, , @a, > 0. Thus if both 
0 and 1 are absorbing, HlO is satisfied with j(1) = 1, j(0) = 0 and j(p) = 1 or 0 for 

O<p<l. Q.E.D. 

As a consequence of Theorems 3.1 and 3.2 all of the theorems of Sec. 2 for ergodic 
models are valid for noncyclic four-operator models without absorbing states, and 
all theorems of Sec. 2 for absorbing models are valid for distance diminishing four- 
operator models with absorbing states. A few illustrative specializations of the 

theorems of Sec. 2 to the case at hand will now be given. The first concerns convergence 
of the moments ED[pnv] of the process {pn}. 

THEOREM 3.3. For any noncyclic distance diminishing four-operator model there 
are constants C < co and OL < 1 such that 

II E.IPn?l - E.[P”,llI G w + lbn (3.6) 

for all real v  2 1 and positive integers n. The function E.[pl] has a bounded derivative. 

This is obtained from (2.9) and (2.10) by noting that the function #(p) = p 

belongs to D with 1 # / = 1 and nz(#) = 1 #’ / = v, so that (/ # 11 = v  -t 1. 
I f  0 is the only absorbing state of a distance diminishing four-operator model, 

Theorem 2.3 implies that lima+, p, = 0 with probability 1, whatever the value of p, . 
It is conceivable, however, that the convergence is sufficiently slow that the total 
number X of A, responses is infinite with positive probability. Furthermore, even 
if X is finite with probability 1, it might have an infinite mean. Similarly, even though 
p, converges to 0 or 1 in the case of two absorbing states, a priori considerations do 
not rule out the possibility that the total number Y of alternations between responses 
is infinite, or barring that, that its mean is infinite. Theorem 3.4 excludes these possi- 
bilities. 

THEOREM 3.4, If  0 is the only absorbing state of a distance diminishing four-operator 
model, then X, the total number of A, responses, is finite with probability 1, and 
(( E.[X]IJ < co. If  both 0 and 1 are absorbing states of a distance diminishing four-operator 
model, then Y, the total number of alternations between responses, is$nite with probability 

1 and /I E.[Y]]I < 00. 
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Naturally the first assertion is still true if 1 replaces 0 as the only absorbing state 

and X is the total number of A, responses. 

Proof. Let B and D be the subsets of E and E2, respectively, defined by 

and 
B = ((1, 11, (l,W, 

(3.7) 
D = {((i,j), (k l)): i # k). 

Then E, E B if and only if A, occurs on trial n, and (E, , E,+J E D if and only if 
there is a response alternation between trials n and n + 1. Since P:‘(B) = 0, and, 
if both 0 and 1 are absorbing, PC’(D) = P:l’(D) = 0, the conclusions of the theorem 
follow directly from Corollary 2.5. Q.E.D. 

If  h is the indicator function of the subset B of E given by (3.7), then A, = h(E,) 
is the indicator random variable of A,,, and CzE-’ Aj is the frequency of A, in the 
block of 71 trials beginning on trial m. Theorems 3.1 and 2.6 yield a law of large numbers 
and, perhaps, a central limit theorem for this quantity for any noncyclic four-operator 

model with no absorbing states. The full power of this result comes into play when 
the quantities E[A,] = lim,,, PJA,,,) and oh2 can be computed explicitly in terms 

of the parameters of the model. This is the case, for instance, when all Oij are equal. 

THEOREM 3.5. A four-operator model with Oij = 0 > 0 for 1 < i, j < 2, and 
nij > 0 for i # j, bat not 0 = xl2 = rTTzl = 1, is ergodic. The law of large numbers 

$ E,N(W Kz,, - 07 = 0, (3.8) 

and central limit theorem 

< ~) = ~~1~ jI, exp(--r2/2) dt, 

hold, where 

f = p21471.21 + 32>l (3.10) 

u2 0 - l) = I 7T11 + 7f22 + 2(1 - 0) 

=21 
+r12 (2 - 0) + 2(1 ’ (3.11) - 

7r11 
- 

x22)(l 
- 0) 1 

and &,, is the total number of A, responses in the n trial block beginning on trial m. 

Outline of proof. Ergodicity follows from Theorem 3.1, so Theorem 2.6 is 
applicable. Straightforward computation yields 
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E[p,] = q&J = 6 

and 

~[&LkI - JfwLl = (1 - @h, + 7I.dyq%c+AJ - E2[&]) 

(3.12) 

@)I, 
(3.13) 

(3.14) 

(3.15) 

for K > 1. These formulas permit computation of C? = uh2, the series in (2.17). 

The result, recorded in (3.1 l), is positive, since 0 < f  < 1, and either rrr + rTTz2 > 0 
or (1 - 0) > 0. Q.E.D. 

The equality 

where 

M(P) - P = (7712 + 772dV - P), 

M(P) = P(%,,, or 021,1L I P, = P), 

shows that the asymptote 1 of A, response probability for the linear mode1 with equal 
O’s is associated with the asymptotic equality of the probability of A, and the prob- 

ability of reinforcement of A, : 

lim P(O,,,, or 02,,,) = $$ WL). 1L’rn 

Such probability matching is a well known prediction of the linear model with equal 

0’s. Theorem 3.5 contains a much stronger prediction. The law of large numbers (3.8) 
asserts that the proportion (l/~) S,, n of A, responsesfor a single subject in a long block 
of trials is close to d with high probability. The terms “close” and “high” are further 
quantified by the central limit theorem (3.9). To illustrate, if reinforcement is non- 
contingent with nir = nTTzl = .75 and 0 is small (that is, learning is slow), then 
o2 f  2n(l - n) = .375 so that, in a block of 400 trials commencing on trial 100, the 
probability is approximately .Ol that (l/400) S,,,,,,, will depart from .75 by as much 
as (2.58)(.612)/20 = .079. 

There is one modification of the four-operator model, examples of which have 
occurred sufficiently frequently in the literature (see Estes and Suppes, 1959, Norman, 
1964, and Yellott, 1965) to warrant comment here. If, following any of the outcomes 
Oij , conditioning is assumed to be effective (i.e., P,+~ = fij(pn)) with probability cij 
and, otherwise, ineffective (i.e., p,,, = p,), a five-operator model is obtained. It is 
easy to amend (3.2-3.5) to obtain a formal description within the framework of 
Sec. 1. Such an addition of an identity operator does not affect the validity of any of 
the results preceding Theorem 3.5 (or their proofs) provided that rrij is everywhere 
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replaced by rijcij . The first sentence of the amended Theorem 3.5 should read: A jive- 

operator model with Oij = 0 > 0 and cij = c > 0 for 1 < i, j < 2, and rij > 0 for 
i+j,butnotO=~=n,,=n~~=l, is ergodic. Also (3.11) should be replaced by 

- 
a2 Ql 0 [ + + 2(1 CO) 

- 
= 

<,--- + 7712 7r11 ?T22 
--- 
c@ - 0) + 2( 1 - n11 - T2?)(1 - O), 

1 ’ (3.16) 

and 0 should be replaced by CO in (3.14) and (3.15). An interesting implication of 

(3.16) is that lime,, uz < co, whereas, if CO < 1, lim,,, u2 = co. Thus the variance 
of the total number of A, responses in a long block of trials may be useful in deciding 

whether a given instance of “slow learning” is due to small 0 or small c. 

B. LOVEJOY'S MODEL I 

Lovejoy’s (1966) Model I is a simple model for simultaneous discrimination learning. 
Let the relevant stimulus dimension be brightness, and let white (IV) be positive and 
black (B) be negative. On each trial the subject is supposed either to attend to 
brightness (A) or not (a), which events have probabilities P,(A) and 1 - P,(A). 
Given A the probability of the response appropriate to white is P,(W 1 A), while 

given A the probability of this response is l/2. The subject’s state on trial n is then 
described by the vector (P,(A), P,( W 1 A)), and the state space is 

s = {(P, P’): 0 < p, p’ < 1). 

This is a compact metric space with respect to the ordinary Euclidean metric d. 
The events are the elements of 

E = W> W)> (4 B), (A, W), (d WI, 

the corresponding transformations are 

fAW(P,P’) = (5P + (1 - 4, OLP’ + (1 - 4, 

LAP, P’) = (%P, DlqP’ + (1 - a,)), 

f.W(P~ P’) = (TPl P’), 
and 

fAB(PF P’) = (%P + (1 - 47 P’), 

where 0 < a1 , 0~~ , 01~ , 01~ < 1, and their probabilities are 

‘PAW(P, P’) = PP’, 

vas(P, P’) = P(1 -P’), 

VKw(P1 P’) = (1 - P)/& 
and 

9),&P. P’) = (I - P)/2. 
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Any system ((S, d), E,f, v) of sets and functions satisfying the above stipulations 

will be called a discrimination model of type I below. 

THEOREM 3.6. Any discrimination model of type 1 is distance diminishing and 
absorbing with single absorbing state (1, 1). 

Proof. Axiom H6 is satisfied because of the continuous differentiability of the (p’s, 
and H7 follows from 

P(.~Aw) = max(a, ,4 < 1, 

and 
14fA = max(a, ,Q) < 1, 

El(fkv) = /-4f.&3) = 1. 

Thus it remains only to verify H8 and HlO. 
Note that, as a consequence of (1.5), f  or any mappings f  and g of S into 5’ such 

that p(f) < 00 and p(g) < co, the inequality 

4f 0 g) G p(f) Y(g) 

obtains, where f  o g(s) = f(g(s)). Th’ is implies that p(fe,.,,e,) < 1 if ek = (A, IV). 
Now qAW(p,p’) > 0 throughout 

S’ = UP, p’): P > 0, P’ > 01, 

so to complete the verification of H8 it suffices to show that if (p, p’) E’ S’ 
there is a k >, 2 and there are events e, ,..., ekei such that fe ,.,. ek-l(p, p’) E S’ and 

~el...ek-l(p,p’) > 0. I f  0 < p’ < 1, p,&,p’) > 0 and fAB(@ p’) E S’, while if 
0 < p < 1, 9,&p, 0) > 0 and fAB(p, 0) E S’. Finally fks(O, 0) has positive first and 
null second coordinate, so fxB,AB (0,O) E S’ and q.& fxB(O, 0)) > 0. Since ~zs(O, 0) > 0 
the latter inequality implies ~)xr,JO,0) > 0. 

The above argument shows that for any (p, p’) E S there is a point 

P’ E T,.-,(p, p’) n S’. 

Since fAw maps S’ into S’ it follows that f  jz11$,(P') E T,+,-,(p, p') for n > 0, where 

f  F$, is the nth iterate of fAw , i.e., f;‘&(s) G: s and fz$ = faW o fT& ,j > 0. But 
for any (4, q’) E S and n >, 0, 

SO 

fygq, 4’) = (1 ~ (1 - 9) a;1, 1 - (1 - 4’) a,‘“), 

d(l'nsk&,P'), (1, 1)) < 4f$$PP'), (1, I)) 

< (a? + aF)li2 - 0 as n + so. 

Since (1, 1) is obviously an absorbing state, the verification of HlO is complete. 
Q.E.D. 
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Here is a sample of what can be concluded about Lovejoy’s Model I on the basis 

of Theorem 3.6, Theorem 2.3, and Corollary 2.5. 

THEOREM 3.7. For any discrimination model of type I, lim,,, P,(A) = 1 and 

limn-im P,( W 1 A) = 1 with probability I. There are constants C < 00 and 01 < 1 
such that 

II E.[P,“(A) Pnw(W I A)] - 1 II < C((vz + m2)liz t- 1) an, (3.17) 

for all real v, w 2 1 and positive integers n. The total number Z of B responses is jinite 

with probability 1 and 1) E,[Z]/J < 00. Zf aI = a2 = 1 - 0 and 0~~ = a4 = 1 - O’, 
then 

E,,,,[zj = (1 - p)/O + 2(1 - p’)/O’. (3.18) 

Proof. The first statement foilows directly from Theorem 2.3. The second follows 

from (2.10) on taking #(p,p’) = pUptw and noting that m(4) < (~2 + w2)l/2 as a 
consequence of the mean value theorem and the Schwartz inequality. The 
third statement follows from Corollary 2.5 on taking All) = ((A, B), (A, B)} 

,(A(l)) = p(1 - p’) + (1 - p)/2. Since the function x(p, p’) = 
;; -;;@p;;(l -p’)/o’ . is obviously continuous with x(1, 1) = 0, (3.18) is proved 
by verifying that this function satisfies the functional equation given in the statement 

of Corollary 2.5 when cyi = a2 = I -- 0 and iyj = (Ye = 1 - 0’. Q.E.D. 

Of the two learning rate parameters appearing in (3.18), 0’ is associated with the 
response learning process (Pn( W 1 A)}, while 0 is associated with the perceptual 
learning process (P,(A)). Suppose that the discrimination problem under consideration 
(with P,(A) = p and PI(W 1 A) = p’) has b een preceded by J’ trials of a previous 
(reversed) problem with black the positive stimulus. Then p will tend to increase 
and p’ to decrease as j increases. Thus overtraining tends to decrease (1 - p)/@ and 

to increase 2(1 -p/)/O’. Which effect predominates and determines the effect of 
overtraining on E,,,<[Z] will depend on the magnitudes of 0 and O’, large 0 and 
small 0’ leading to an increase in errors with overtraining, and small 0 and large 0’ 
leading to a decrease in errors with overtraining-the “overlearning reversal effect.” 
This oversimplified argument ignores the effect of the magnitudes of 0 and 0’ on p 
andp’, but it none the less suggests the power of (3.18). 

In concluding this subsection it is worth remarking that the theory of Sec. 2 is also 
applicable to Bush’s (1965, pp. 172-175) 1 inear operator version of Wyckoff’s (1952) 
discrimination model when P = l/2. In that case, (x, , yn , zl,) can be taken to be the 
state on trial n, and this triple determines the error probability on trial n. When there 
are only two learning rate parameters, 0’ ) 0 for (xn> and (m}, and 0 > 0 for (~~1, 
the expected total errors is given by 

E,,,,,[Z] = (1 - up + 2(1 - x)/O’ + 2y/O’. 



78 NORMAN 

4. SOME REMARKS ON PREVIOUS WORK 

Theorem 2.2 includes the main convergence theorem of Onicescu and Mihoc 
(1935, Sec. 5), and an ergodic theorem of Ionescu Tulcea (1959, Sec. 8). It includes 
many of Karlin’s (1953) results, and has points of contact with the work of Lamperti 

and Suppes (1959) and Iosifescu and Theodorescu (1965). None of this previous 
work covers the general noncyclic four-operator (linear) model without absorbing 
states. Karlin’s results are concerned, for the most part, with two-operator models, 
that is, four-operator models with O,, = @a, = 0, and @,a = @a, = 0, . The main 
ergodic theorem of Iosifescu and Theodorescu (1965, Theorem 2) is not applicable to 
any four-operator model, since one of its assumptions is that there is some positive 

integer k, positive real number 01, and response AfO : such that response AfO has 
probability at least 01 on trial k + 1, regardless of the mltial probability of Ai and the 
responses and outcomes on trials 1 through k. Such a hypothesis would be more 
appropriate if some of the operators in (3.3) had fixed points other than 0 or 1. 

The method of Lamperti and Suppes is somewhat different from that of the present 

paper, and has a certain shortcoming. Consider a two-operator model with 0, , 0, > 0 

and 0 < 7~ia , ~ai < 1. Such a model satisfies the hypotheses of Lamperti and Suppes’ 
Theor. 4.1 (with m* = 1, Iz* = 1 or 2, and m, = 0) if their event “E, = j” is 
identified with “0 or 0 13,n 23,n” in the notation of Subset. 3a. One of the conclusions 

of that theorem is that, for all positive integers v, & = EJp,“] converges, as ti --f co, 
to a quantity ollU = E[P~,~] which does not depend on the initial A, response probability 
p. The 01 notation is theirs. This conclusion follows, of course, from Theor. 2.2 of 
the present paper (along with an estimate of the rate of convergence that their method 
does not yield). But the author has found no arguments in their paper that bear 
directly on the lack of dependence of the limit on p. (Their notation, & , does not 
even refer to p.) The only kind of conclusion that can be drawn from the arguments 

given by Lamperti and Suppes is that (in the notation of the present paper), for any p, 

converges as n + co to a quantity that does not depend on k or i, , jr ,..., i, , jlc . 
This is not quite what is required. The recent corrections (Lamperti and Suppes, 
1965) of the Lamperti and Suppes paper do not affect this observation. The method 
of Lamperti and Suppes is an extension of the method used by Doeblin and Fortet 
(1937) to study what they call &&es (B). It appears that Doeblin and Fortet’s 
treatment of Onicescu and Mihoc’s chaines ci liaisons compldes (chabzes (0 - M)) 
by means of their theory of &&es (A) has the same shortcoming. 

A distance diminishing four-operator model with two absorbing states necessarily 
has nTTii , Oii > 0 for i = I, 2 and either nij = 0 or Oij = 0 for i f  j. Thus it has 
two effective operators and, perhaps, an identity operator. Such models were studied 
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by Karlin (1953), and the implications of Theorem 2.3 for these models do not add 

much to his results. The generality of Theorem 2.3 is roughly comparable to that of 
Kennedy’s (I 957) theorems, though Kennedy’s assumptions exclude Lovejoy’s 

Model I. 
The ergodic theorem of Ionescu Tulcea and Marinescu (1950) used in the proof 

of Theorems 2.1-2.3 extends earlier work by Doeblin and Fortet (1937, see section 
titled Note SW une e’pation fonctionnelle). The condition H9 was used by Jamison 

11964). 
Let Y be the total number of response alternations for a distance diminishing 

four-operator model with two absorbing barriers. That Y is finite with probability 1 

(see Theorem 3.4) follows, in the special case rii = 1, Oi, = 0 :, 0, 1 < i < 2, from 
a result of Rose (1964, Corollary 2 of Theor. 5). 

Theorems 3 and 4 of Iosifescu and Theodorescu (1965) give results like those of 
Theorem 2.6 of the present paper for a subclass of the class of models to which their 
Theorem 2 is applicable. This class of models is disjoint from the class of four-operator 

models, as was pointed out above. However, once Theorem 2.4 has been proved, a 
theorem of Iosifescu (1963) leads to Theorem 2.6. To the results in Theorem 3.5 
and its five-operator generalization could be added 

i var,(fL,,) = 02 + O(n-I’“), 

which also followsfromTheorem2.6. In the special case of noncontingent reinforcement 

and c = 1, the result is a consequence of Theorem 8.10 of Estes and Suppes (1959). 
A similar result for limlnilc var, (S,,,) when reinforcement is noncontingent and 
0 < c < 1 follows from formula (2.16) of Yellott (1965). 

5. PROOFS OF THEOREMS CONCERNING STATES 

A. THE BASIC ERGODIC THEOREM 

In this section only, C(S) is the set of complex valued continuous functions on S, 
and m(.), 1 . j, 11 . //, and CL are redefined accordingly [see (1.2), (2.3), (2.4) and the 
sentence following (2.4)]. The spaces C(S) and CL are Banach spaces with respect 

to the norms 1 . 1 and 11 . 11 respectively. The space CL is also a normed linear space 
with respect to I . I. The norm of a bounded linear operator on C(S) or CL is denoted 
in the same way as the norm of an element of these spaces. Thus if U is a bounded 
linear operator on C(S) its norm is 
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while if U is a bounded linear operator on CL its norm is 

Finally, if U is an operator on CL, bounded with respect to 1 * /, its norm is denoted 

I UICL, thus 

If U is a linear operator on a linear space W over the complex numbers, and if h is 
a complex number, D(X) denotes the set of all x E W such that Ux = Ax. Obviously 
D(X) is a linear subspace of W and always contains 0. If  D(X) contains an element 
x # 0, X is an eigenvabe of U. 

One of the mathematical cornerstones of this paper is the following lemma, which 
is a specialization of a uniform ergodic theorem of Ionescu Tulcea and Marinescu 
(1950, Sec. 9) along lines suggested by these authors (Ionescu Tulcea and Marinescu, 

1950, Sec. 10). 

LEMMA 5.1. Let U be a linear operator on CL such that (i) / U lcL < 1, 

(ii) U is bounded with respect to the norm /) . 11, and 

(iii) for some positive integer k and real numbers 0 < r < 1 and R < cc, 

m( u”4) G rm(+) + R I 4~ I, 

for all 4 E CL. Then 

(a) there are at most a $nite number of eigenvalues A, , AZ ,..., A, of U for which 

/hiI = 1, 

(b) for all positive integers n 

where V and the Ui are linear operators on CL, bounded with respect to jj . j], 

(c) Ui2 = Ui, lJiUj = Ofor i #j, UiV = VU, = 0, 

(d) D(h,) = U,(CL) is finite dimensional, i = l,... , p, and 

(e) for some M < co and h > 0, 

II WI f  M/U + h)“, 

for all positive integers n. 
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This lemma will be applied to the restriction to CL of the bounded linear operator 

~?w = -w?4w = c We(~)) %W (5.1) 
C3GE 

on C(S) associated with any distance diminishing model. This operator is of interest 
because its (z - I)st iterate, applied to a function J,!S E C(S), gives the expectation of 
#(A’,) as a function of the initial state; that is, 

ON&)1 = ~“-Wh (5.2) 

n > 1. This formula is easily proved by induction. It holds by definition for n = 1 
and n = 2, and, if it holds for an n > 1, then 

wf%%L+JI = ~s[JfwG&+,) I &II 
= E$[U~--1~(SJ] = U%j(s). 

THEOREM 5.1. The conclusions (a)-(e) of Lemma 5.1 hold for the operator 
U+(s) = E,[$(S,)] associated with any distance diminishing model. In addition, 1 is an 
eigenvalue of U and D(1) contains all constant functions on S. 

Throughout the rest of this paper it will be assumed, without loss of generality, that 
A, = 1 and hj # I ,j = 2,..., p, where the hi’s are the eigenvalues of U of modulus 1. 

Proof. The last statement of the theorem is obvious. It thus remains only to 
verify the hypotheses of Lemma 5.1. For any 4 E CL 

Gw - UW) = c (#(fe(s)) - $Yfc(s’))) R?(s) + c ~(fe(mT%?(s) - 940, 
e e 

so 

I W(s) - uw>l G c I YYfAs)) - !Nfe(s’))l 4s) + c I 1cr(fe(s’))l I R?(s) - v,(s’)l 
e e 

G m@) c d(fks),fAs’)) v,(s) + I # I (C mbJ) d(s, s’) 

G [m!d~) i ~4s) + I # I (F m(d)] 4~~0 

by H7. Thus U# E CL as a consequence of He, and 

Clearly 

mVJ*) G m64 + I 4 I 1 m(9),). 
e 

i UIL(s)l < C I #(fAs))i 4s) d 1 * 1, 

(5.3) 

so 

Iu4lGl~l. 
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Therefore (i) is satisfied, and 

Hypothesis (iii) of Lemma 5.1 will now be verified. Let k(s) be the integer and 

cl ,.-, edd the events in the statement of H8. For each s E S let 

Z(s) = {t E s: P)Yg,l...e&L(8) (t) > 01. 
Since 

%+,w = %,W %?,(feJtN .*. %,(fe,...e,J~)) 

is continuous for any events e, ,..., e, , Z(s) is open. Furthermore s E Z(s). Since S is 
compact the open covering (Z(s): s E S} has a finite subcovering Z(sl),..., Z(s,). Let 
kc = k(sJ and let K = maxrgiGNki . I f  t E Z(si), let e;,j = e,z,j , j = l,..., ki . 

Clearly it is possible to choose e;,,z+, ,..., e;,X in such a way that 

vti ;,1...rl,Kt4 > 0. 

Hypothesis H7 implies ~(f~,,& < 1 for any events e, ,..., ej , so the inequality 

P(.fe;,l...c;,J < 1 

is obtained from H8. Thus the integer K, which does not depend on t, and the system 

4, ,..., e ;,Kof events satisfy H8. Therefore it can be assumed without loss of generality 
that the integer k in H8 does not depend on the state. 

If  II, E CL and s, s’ E S then 

Therefore 

I UkW - U’VW)l G [mcd c cL(.fe,...e,) %+.f&) + 1 JJ I c 4%1...d] 4s, 4. 
fq. . el, Il...eb 

Now CL is closed under multiplication and under composition with mappings of S 
into S for which ,~(f) < co, Thus ve,..,ej E CL for any events e, ,..., ej and 

mj = c ePel...e,) < a- (5.4) 
el...ej 
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It follows that for s # s’ 

where 

G mW(hA + (1 - 4) + I $ I mk, 

and 

(5.6) 

The latter inequality is a consequence of H8, H5, and the continuity of the P)&~...~~. 
Therefore 

m(Uk#) G ymw + MA I * I (5.7) 

where Y = hA + (1 --- A) < 1, and (iii) of Lemma 5.1 is satisfied. Q.E.D. 

Though it constitutes a slight digression and will not be used in the sequel, an 
additional consequence of (5.3) and (5.7) . IS worth pointing out. From these inequalities 

~(~‘+/%4lCI)3-4~I~, (5.8) 
and 

m(U”W G 44) + I 1G I %/(l - d, 

n 3 0, are easily obtained by induction. These yield, on combination, 

(5.9) 

m(UW G m(ll,) + I 4 I(@ - 1) ml + %./(I - y)), (5.10) 

valid for all $ E CL and j > 0. It follows that { Uj#> ’ is e q uicontinuous. This, together 
with the fact that CL is dense in C(S) ( as a consequence of the Stone-Weierstrass 
Theorem) and 1 U 1 = 1, implies that, for any 4 E C(S), { Ui$) is equicontinuous. 
In the terminology of Jamison (1964, 1965) the operator U on C(S) associated with 
any distance diminishing model is unifo~dy stable. In the terminology of Feller (1966) 
the corresponding stochastic kernel K is regular. 
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B. PROOF OF THEOREM 2.1 

The following lemma includes most of the assertions of Theorem 2.1. 

LEMMA 5.2. For any distance diminishing model there is a stochastic kernel Km 
such that (2.5) holds, where E,J#(S,)] is given by (2.6). For any Bore1 subset A of S, 
K=‘(., A) E CL. 

Proof of Lemma 5.2. Theorem 5.1 implies that 

as n - 00. Therefore there is a constant W < 00 such that 

for all n >, 0. 
II w  < w  

Let 17n = (l/n) ~~~~ Ui. Then, by Theorem 5.1, 

Therefore 

cc-In - u, 

so that 

where 

Un = (l/n)(I - U%) + (l/n) 5 Uj 

= (1 /W - u”) + (1 in) it (g A?) ui + (l/n) Fl vj. 

(5.11) 

(l/n)(I - U’“) + (l/n) i A,[(1 - A,“)/(1 - A,)] Ui + (l/n) f  V, 
i=2 j=l 

II on - Ul II G c/n 

C = (1 + W) + 2 i !I Ui II/I 1 - Xi / + M/h. 
i=2 

Thus, for any # E CL, 

II fL$ - Ul# II < II 0% - Ul II II 4 II < c II !b II/% (5.12) 

and, a fortiori, 

lim I csi,# - lJ,# 1 = 0 (5.13) 
n-m 

for all # E CL. 
Since CL is dense in C(S) and ( um I = 1 for n 3 1, it follows that (5.13) holds 

for all 4 E C(S), where U, has been extended (uniquely) to a bounded linear operator 
on C(S). Since the operators nn on C(S) are all positive and preserve constants, 
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(5.13) implies that the same is true of U, . Thus, for any s E S, U,+(s) is a positive 

linear functional on C(S) with UT(s) = 1 w h ere r(s) = 1. Hence, by the Riesz 

representation theorem, there is a (unique) Bore1 probability measure Km(s, *) on S 
such that 

h/qs) = j, $(s’) Krn(S, ds’) (5.14) 

for all I/ E C(S). In view of (5.14), (5.12) reduces to (2.5). 
That Km is a stochastic kernel foliows from the fact, now to be proved, that 

Km(-, A) E CL for every Bore1 set A. This is obviously true if A = S. Suppose that 
A is an open set such that its complement A is not empty. Forj 3 1 define vj E CL by 

rli(4 = . I 1, if d(s, A) > l/j, 
J d(s, A), if d(s, A) < l/j. 

Then 

(5.15) 

where 1, is the indicator function of the set A, and the convergence is monotonic. 

Therefore 

7-i U&) = j I,(d) P(s, ds’) = K”(s, A) (5.17) 
S 

for all s E S. By Theorem 5.1, D(1) = U,(CL) is a finite dimensional subspace of CL. 
Hence there exists a constant 1 < cc such that Jj $11 < J 1 4 1 for all # E D(1). 
Therefore 

I ulTj(sl) - ull)j(s2)I G 4 ulrlj) d(sl T s2) G J I uI’7j I d(sI t s2) G J d(sI 5 s2), 

for all j > 1 and s i , s, E S. Equation 5.17 then yields, on letting j approach cc, 

I K”(s, , A) - Km& 9 4 < J+, , ~2). 

I f  A is an arbitrary Bore1 set, si , ss E S, and c > 0, the regularity of Km(si , a) 
insures the existence of an open set A,.< such that Ai,, 1 A and 

Km(si , Ai ,) - Km(si , A) < E, 

for i = 1,2. Thus A, = A,,, n A,,, is open and 

0 < Km(si , A,) - Km(si , A) < 6, 

i = 1,2. Combination of these inequalities with the result of the last paragraph 
yields 

I Km& , A) - K”(s, , A)1 < /d(s, , ~2) + 25 
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or, since E is arbitrary, 

I K% , A) - Km& , .4)1 < J d(s, , s.J. 

Thus Km:., A) E CL with nz(Km(*, A)) <, J for all Bore1 subsets A of S. Q.E.D. 

Actually, this proof gives (2.5) for the complex as well as real valued functions 4, 
though this is not important here. 

To complete the proof of Theorem 2.1 it remains only to prove 

LEMMA 5.3. The stochastic kernel (1 /n) Cy:i K(j) converges uniformly to Km. 

Proof. Denote (l/n) Cyst K(j) by xn . 
Since 

it suffices to show that if A is open, 

Km(s, A) - E < If,@, A) 

for all s if n is sufficiently large, while if B is closed, 

%(s, B) S IQ+, B) + E 

(5.18) 

(5.19) 

for all s if n is sufficiently large. The statement concerning closed sets follows from 

that concerning open sets by taking complements, so only open sets need be considered. 
There is no loss in generality in assuming A # S. By (5.15), IA(t) 2 Tj(t) for all 
tESS0 

%z(s, A) 3 07iyj(s) 

= KW(s, A) + [U&s) - Km@, A)] + [&yj(s) - Up&)] 

3 Km(s, A) - 1 U,Q(.) - K”(., A)1 - ( cn~j - UIqj 1. 

Since the convergence in (5.17) is monotonic and the limit is continuous, convergence 
is uniform by Dini’s theorem. Choose j so large that 

/ Ulqr(-) - Km(*, A)[ < c/2. 

Then (5.13) applied to I/J = vj implies (5.19) f  or all s E S if n is sufficiently large. 
Q.E.D. 

Theorem 5.1 asserts that D(l), th e mear space of 4 E CL such that &!I = $J, 1’ 

contains all constant functions. If, in addition, it is known that D( 1) is one dimensional; 
that is, the only $ E CL such that U~!J = 4 are constants, then it can be concluded 
that the probability measure Km(s, .) = Km(.) does not depend on s. For, by (d) of 
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Lemma 5.1, U,$ is a constant function for any z,G E CL, and thus for any # E C(S). 

Therefore, in view of (5.14), for any s, s’ E S, 

for all Z/J E C(S). This implies that Km(s, .) = Km(s’, .), as claimed. It is, incidentally, 

easy to show that Km(.) is the unique stationary probability distribution of {S,}, 
from which it follows (Breiman, 1960) that 

with probability 1, for any # E C(S) and any initial state. 

C. PROOF OF THEOREM 2.2 

Suppose that a distance diminishing model has the property that the associated 
operator U on CL has no eigenvalues of modulus 1 other than 1. Then Theorem 5.1 
implies that 

II U” - 4 II = II v < M/(1 + A)“. 
Therefore, for any z/ E CL 

II Un4 - &I II G M II 9 II/(1 + A)“> 
and, for any I,I% E C(S), 

(5.20) 

;_mm 1 uy - u,* I = 0. (5.21) 

From (5.21) it follows that Kfn) converges uniformly to Km, just as uniform convergence 
of & to Km followed from (5.13) in Subset. 5B. That is to say, when (5.21) holds 
the proof of Lemma 5.3 remains valid if Kti and on are everywhere replaced by 
Ken) and Un. If, in addition, the only # E CL for which lJ+ = $ are constants, then 
Km(s, *) = Km(*) does not depend on s, as was shown in the last paragraph of 

Subset. 5B. Therefore (5.20) reduces to (2.9) (with C = (1 + h) M and 
oc = I/( 1 + A)), and all of the conclusions of Theorem 2.2 hold. To complete the proof 
of Theorem 2.2 it thus suffices to prove the following two lemmas. 

LEMMA 5.4 [f a distance diminishing model satisfies H9, then 1 is the only eigenvalue 

of U of modulus 1. 

LEMMA 5.5 If a distance diminishing model satisfies H9, then the only continuous 
solutions of U* = * are constants. 
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The arguments given below follow similar arguments by Jamison (1964). 

Proof of Lemma 5.4. Suppose 1 X 1 = 1, X # 1, $ $ 0, and $ E D(h) so that 
C’# = A$. 1 $(.)I E C(S) so there is an s0 E S: 

Clearly $(s,,) # 0. Now U$’ = h#’ where 4’ = #/#(so), / 4’ / = 1 4 l/l $(s,,)l = 1 and 
#‘(so) = 1. Un#’ = hn$’ so 7/“1+Y(s,) = X”. For n = 1, 2,..., let R, = {s: qY(s) = Xn}. 
Clearly K(“)(s, , B,) = 1 for all n > 1. Since K(s, , B,) = 1, B, is not empty. Let 
sr E B, . Then #‘(si) = h, Vt,Y(s,) = h’l+l, and Pn)(s, , B,,.,) = 1. But 1 hnfl - An ( = 
1 h - 1 1 > 0. Since #’ is uniformly continuous there exists 6 :- 0 such that 
d(s’, s”) < 6 implies / #(s’) - #‘(s”)l < / X - 1 1. If  s’ E B, and S” E &+.i then 

/ $‘(s’) - $‘(?)I = / X - 1 1 so d(s’, s”) 3 6. Therefore d(B, , B,,,) 3 6, n = 1, 2,.... 
But B, 3 T,(s,,) and Bnfl I) T,(sr) so d(T,(s,), T,(s,)) > 6, n = 1, 2,.... Thus H9 
is violated. Q.E.D. 

Proof qf Lemma 5.5. Suppose that there exists a real-valued nonconstant function 

4 E C(S) such that U+ = #. Let M = max $ = $(s,,) and m = min 4 = $(si). Then 
M > m. Let C,, = (s: 4(s) = m} and C, = {s: #(s) = M). i?# = 4, so U~#(s,,) = M 
and U%$(s,) = m. Therefore K(@(s,, , CM) = 1 and Kcn)(s, , C,,) = 1, so CM 3 T,(s,) 
and C,, 3 T,(si) for all n > 1. By the uniform continuity of $ there exists a 6 > 0 
such that d(s, s’) T: 6 implies j #(s) - #(s’)i < M - m. If  s E C, and s’ E C, then 

I 4(s) - W’)l = M - m, so d(s, s’) 3 6. Therefore d(T,(s,), T,(s,)) >, S for all 

n 2 1. Thus H9 is violated. So under the hypotheses of Lemma 5.5 there is no 
real-valued nonconstant 4 E C(S) for which U# = #. 

Suppose 4’ E C(S), U#’ = 4’. Then 

URe$’ +iUIm#’ = Re+’ $-iIm#‘. 

Thus U Re #’ = Re #’ and U Im #’ = Im 4’. But Re #’ and Im #’ are continuous 
and real valued, so Re $’ and Im #’ are constants. Thus I,G’ is a (complex valued) 
constant function. Therefore all continuous solutions of U# = $ are constants. 

Q.E.D. 

D. PROOF OF THEOREM 2.3 

The first paragraph of Subset. 5C shows that, to obtain the uniform convergence 
of K(“) to the limiting kernel K” of Theorem 2.1, and to obtain (2.10) with E,[#(S,)] 
defined as in (2.6) it suffices to prove Lemma 5.6 below. All lemmas in this subsection 
refer to a distance diminishing model satisfying HlO. 

LEMMA 5.6. U has no eigenvalues of modulus 1 otht7 than 1. 
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Proof. Suppose U\L = AZ/ where 1 h / = 1, h # 1, and # E C(S). Let s,, be a state 

for which 1 I,!J(s,)~ = / # /, and let C, = {s: G(s) = Xn#(s,,)}, 71 = 1, 2.... Now 
U”@,) = A”&,), thus P’(s, , C,) = 1, and C, 3 T,(s,). By HI0 there exists a 

sequence {tn} such that t, E T,(s,,) and limn,m d(t, , aj(sO)) = 0. Hence limn+m #(tn) = 
/~(a~(,~)). But t, E C, , so #(t,) = Xn#(s,,), which converges only if #(so) = 0. Hence 
/ $ 1 = 0 and $J(s) r= 0. Thus h is not an eigenvalue of U. Q.E.D. 

The proof that S,,, converges with probability 1 must be deferred until more 
information has been obtained about Km. The next two lemmas provide such infor- 
mation. In the work that follows, A = {ai : 1 < i < Nj is the set of absorbing states. 

LEMMA 5.7. Zf b, ,..., bN are any N scalars, there is one and only one # E C(S) such 
that lJ# = # and #(ai) = bi , i = l,..., N. This function belongs to CL. 

Proof. (1) Uniqueness. First, the following maximum modulus principle will 
be proved: If  #E C(S) and U$ = I/, then all maxima of / I/(.)\ occur on ,4 
(and possibly elsewhere). Let s0 be a state such that j +(s,)l = / Z,/J I, and let 
C = {s: 4(s) = $(s,,)}. Since U?/(sJ = #(s,J, K’“)(s, , C) = 1, so C 3 T,(s,). By HI0 
there exists a sequence tn such that t, E T,(sO) and limnAm d(t, , ajcs,)) = 0. Hence 

lim- +(&J = $(w,,,)). But tn E C, so 4(&J = VW. Thus #!s,J = #(ajcs,)), and 

I 4(ah,))l = I 4~ I. 
Suppose now that #, 4’ E C(S), U+ = 4, lJ#’ = t,V, and #(s) = I/(S) for all s E A. 

Let #” = # - 4’. Then $” E C(S), lJ$” = $“, and #“(s) = 0 for all s E A. Thus 
j #” 1 = 0, so #(s) = #t(s). 

(2) Existence. Since F+(s) = E,[#(S,: r)], Un$(s) = 4(s) for all s E A and 4 E C(S). 
Thus U,+(s) = lim,,, U”+(s) = Z/J(S) for all s E A. 

Let WI ,..., wN E CL with Wi(aj) = Sij , e.g., 

q(s) = (1 - c-l d(s, a,))+, 

where E = miniij d(ai , ) aj an xf is x or 0 depending on whether x $ 0 or ,< 0. d 
It will now be shown that 

N 

~(4 = 1 U44s) 
i=l 

is the function sought. Clearly y  E CL, and 

Finally, 

r(aj) = t biU,w,(aj) = t b,w,(ai) = bj . 
i=l i=l 

Uy = 2 b,UU,w, = 2 bJJlwi = Y. 
i=l i=l 

Q.E.D. 
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LEMMA 5.8. For i = l,..., N, let yi be the continuous function such that yi(aj) = & 
and Uy, = yi , Then 

qs, *) = 5 Yi(S) S,J% 
i=l 

where S,, is the Bore1 probability measure on S concentrated at s’, and, for any # E C(S) 

and all s E S, 

aK%Jl = 2 Yi(S) +JkG). 
i=l 

Proof. For I+!J E C(S) let q(s) = CL1 yi(s) #(ai) and #’ = U&I. Clearly 4, #’ E C(S), 

and #~‘(a~) = #(ai) = $(u$),j = l,..., N. Also 

and 

ulj = 2 #(aJ uy< = f  $b(Ui) yi = lj, 
i=l i=l 

i&b’ = UU,~ = u,y!I = *I. 

Thus, by Lemma 5.7, $ = #‘, which is the second assertion of Lemma 5.8. 

Now 

.I s #(s’) Km@, ds’) = &[#(&)I = 5 Y&) ?+W 
i==l 

for all # E C(S). This yields the first assertion of the lemma. Q.E.D. 

Now that it is known that Km(s, .) is concentrated on A and the functions yi are 
available, probability 1 convergence of S, can be proved. 

LEMMA 5.9. For any initial state s, {S,} converges with probability 1 to a random 
point S, of A. For any Bore1 subset B of S, Km(s, B) = Ps(S, E B). In particular, 

i = I,..., N. 
Y,(S) = P,(& = 4, 

Proof. It is a simple consequence of the triangle inequality that the function 
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d(., A) on S belongs to CL, and clearly d(ai , A) = 0, i = l,..., N. Thus 

E,[d(S, , A)] = 0, so that 

II E.[d(Sn , 4111 < C@ I! 4-, 41 
for all n > 1. The initial state is regarded as fixed throughout the following discussion. 
Since 

it follows that 

By the monotone convergence theorem the order of summation and expectation on 
the left can be interchanged to obtain 

Therefore x.,“=1 d(S, , A) < co, and, consequently, lirnn+% d(S, , A) = 0 with 
probability 1. 

For any i = l,..., N, 

-wd&+,)l &I ,*..> &I = EsMSn+,)I &I = ri(&h 
so {ri(Sn)} is a martingale. Since it is bounded (by I yi I), it converges with probability 
1. 

Let G be the event “lim,,, d(S, , A) = 0 and limn+a, ri(S,J exists, i = l,..., IV” 
in the underlying sample space. The above arguments show that P,(G) = 1. Let 
w E G. Since S is compact, every subsequence of {S,(w)} has a convergent subsequence, 

and, since d(&(w), A) + 0 as 1~ + co, all subsequential limit points of (S,(W)) are 
in A. Suppose that ai and CZ~, , i # i’, are two distinct subsequential limit points-say 
Snj(w) + ai and S,;(w) -j ai’ , as j + co. Then 

and 

which contradicts the convergence of {yi(S,(~))}. Th us all convergent subsequences 
of (SVa(~)) converge to the same point of A. Denote this point S,(W). It follows that 

lim,,, S,(W) = S,(w). Therefore limn+m S, = S, with probability 1. This implies 
that the asymptotic distribution of S, is the same as the distribution of S, , i.e., 
Ka(s, B) = P,(S, E B) for all Bore1 subsets B of S. Finally y,(s) = P,(S, = ui) 
follows by taking B = {q}. Q.E.D. 

This completes the proof of Theorem 2.3. 
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6. PROOFS OF THEOREMS CONCERNING EVENTS 

A. PROOF OF THEOREM 2.4 

The equality 

can be rewritten in the form 

f’b”‘(4’) = &[~(%A (6.1) 
where 

t/,(s) = P;‘(A’). (6.2) 

Thus (2.12), withL = C(D + I), follows from (2.9), (2.10), and the following lemma. 

LEMMA 6.1. For any distance diminishing model there is a constant D such that 

m(P(l)(A’)) < D (6.3) 

for all t f  > 1 and Ad C EG. 

Proof For any i, j > 1, s, s’ E S, and Ai+’ E Ei+’ 

P:)(k+‘) - Pb!)(Ai+i) = 2 me,...&) P:l,),,.,i(s)(Ab~~..ri) 
el...e, 

Thus 
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where 

nj = max m(P”‘(Ai)), 
AJcEj ’ 

and mi is given by (5.4). (Note that n, < m, .) 
Two cases are now distinguished. 

CASE 1. i = 1. Then 

1 PF)(Al+j) - P~f)(Al+j)) < (nj + m,) d(s, s’), 

so nj+r < nj + m, or, by induction, 

nj <jm,. (6.4) 

CASE 2. i = k, where k is an integer that satisfies H8 for all s. It was shown in 
the proof of Theorem 5.1 that such an integer exists, and that there is a constant 
0 < r < 1 such that 

for all s E S. Thus 

1 P>'(A k+j) - Pj?)(A"+j)( < (njr + mk) d(s, s'), 

so 
%+k < njr + mk . 

This formula and a simple induction on v  imply 

(6.5) 

for Y 2 0. Thus 

n. ?+vk < vu + mk/(l - ‘1 

< jmlry + mk/(l - T) 

by (6.4). But any positive integer 4 can be represented as 1” = vk + j for some v  > 0 
and 0 <j < k. Thus 

for all /> 1. 

nt < (k - I)m, + m,/(l -Y) = D 

Q.E.D. 
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B. PROOF OF COROLLARY 2.5 

Under the hypotheses of the corollary, 

P,JA’) = 2 P(y(Af) y&) = 0. 
i=l 

Thus (2.12) implies 

// P!“‘(At)li < Lc?, 

for n > 1. Thus the series zE=a P’,“‘(k) converges in the norm /I . /I to an element 
of CL, and 

Let 

Then 

X = i X, and E,[X,] = P?‘(k), 
n-1 

SO 

EJX] = =f .j,)(,e), 
n=L 

for all s E S. This, in combination with (6.6), gives (2.14). 

Clearly 

= ft’(A’) + -%[x(W, 

(6.7) 

and x(q) = 0, i = l,..., N. If  X’ is another continuous function satisfying these 

conditions then A = x - x’ E C(S) with UA = A and A(ai) = 0, i = I ,..., N. 
Thus A(s) z 0 by Theorem 2.3. Q.E.D. 
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C. PROOF OF THEOREM 2.6 

As was remarked in Sec. 2, a distance diminishing model can be regarded as an 
example of a homogeneous random system with complete connections. In the notational 
style of this paper (Iosifescu’s is somewhat different), a homogeneous random system 
with complete connections is a system ((S, g), (E, F), f, $) such that (S, @) and 

(E, 9) are measurable spaces, f.(s) is a measurable mapping of E x S into S, $.(s) 
is a probability measure on 9 for each s E S, and qa(*) is a measurable real valued 

function on S for each A E 9. An associated stochastic process {E,} for such a system 
satisfies 

H3’ 

and 

P,(En+l E A I Ej = ej , 1 <i -G 4 = Rdfe,...e,@>)~ 

for n > 1, s E S, and A E 9. Under H4, g can be taken to be the Bore1 subsets of S. 
Under H2, 9 can be taken to be all subsets of E, and q.(s) is a probability measure 
on 9 if and only if there is a nonnegative real-valued function q.(s) on E such that 

and CeEEve(~) = 1. Then H3’ is equivalent to H3. Also, the measurability requirements 
on f and ea are weaker than continuity of fe(.) and ~,(a), which are, in turn, weaker 

than H6 and H7. 
The following lemma was proved (but not stated formally) by Iosifescu (1963, 

Chap. 3, Sec. 3). 

LEMMA 6.2. If a homogeneous random system with complete connections has the 
property that there is a sequence {E%} of positive numbers with CE1 nc, < co and, for 
every G > 1, a probability measure P”(Ae) on F’ such that 

1 Ps(n)(A’) - P”(A’)I < cVl 

for all s E S, n, & > 1, and Ae E F’, then all of the conclusions of Theor. 2.6 apply to the 
associated stochastic process {E,}. The quantity Pjn’(A’) is defined in (2.11). 

For an ergodic model the probability measure P,qm(A’) = Pa(A’) defined in (2.13) 
does not depend on s. Therefore (2.12) ’ pl im ies the hypotheses of Lemma 6.2 with 
E, = Lol”, and the conclusions of Theorem 2.6 follow. 
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APPENDIX. MODELS WITH FINITE STATE SPACES 

A. THEORY 

The following definition is analogous to Def. 1.1. 

DEFINITION. ,4 system (S, E, f,  y) is a finite state model if S and E are jnite sets, 
f.(.) is a mapping of E x S into S, and v.(.) is a mapping of E x S into the nonnegative 
real numbers such that CesE~Js) G 1. 

Definition 1.2 defines associated stochastic processes {S,} and {E,} for any such 
model. It is possible to develop, by the methods of Sects. 5 and 6, a theory of finite 
state models that completely parallels the theory of distance diminishing models 
surveyed in Sec. 2. This will not be done here, since the results concerning states 
obtained by these relatively complicated methods are, if anything, slightly inferior 
to those that can be obtained by applying the well known theory of finite Markov 

chains (see Feller, 1957; and Kemeny and Snell, 1960) to the process {S,}. However, 
the results concerning events in the ergodic case are new and important. Therefore, 
a development will be presented that leads to the latter results as directly as possible. 
Applications to stimulus-sampling theory will be given in Subset. B. 

The natural analogue of H9 for finite state models is 
H9’ For any s, s’ E S, T,(s) n T,(s’) is not empty if n is suficiently large. 

This is equivalent to 

H9’ The$nite Markov chain {S,) has a single ergodic set, and this set is regular. 
The terminology for finite Markov chains used in this appendix follows Kemeny 
and Snell (1960). By analogy with Def. 2.2, a finite state model that satisfies H9’ 
will be called ergodic. The reader should note, however, that the associated process 
{S,) need not be an ergodic Markov chain, since it may have transient states. If  there 
happen not to be any transient states, the chain is ergodic and regular. 

Lemma 1 is analogous to Theor. 2.3. 

LEMMA 1. For any ergodic$nite state model there are constants C < 30 and cy. < 1 
and a probability distribution km on S such that 

I WN%Jl - EMW G Can I 1cI I (1) 
,for all real valued functions $ on S and n > 1, where 

EMUI = c !&) ~%D sts 
Proof. Let N be the number of states. To facilitate the use of matrix notation the 

states are denoted si , sa ,..., s& . The transition matrix P and the column vector #* 
corresponding to # are then defined by 

Pij = K(si , Isi}) and @ = #(si). (3) 



CONVERGENCE THEOREMS FOR LEARNING MODELS 97 

Then 

for n 2 1. 
There is a stochastic matrix A, all of whose rows are the same, say (al ,..., uN), 

and there are constants b < co and cy < 1 such that 

l(P”-‘)ij - Aij / < b&-l (5) 

for all n > 1 and 1 < ;, j < N. When {S,} is regular, this assertion is Corollary 4.1.5 

of Kemeny and Snell (1960). When (S,} has transient states, that corollary can be 
supplemented by Kemeny and Snell’s Corollary 3.1.2 and a straightforward additional 
argument to obtain (5). Let Km be the probability measure on S with Km({sj}) = aj , 
and let I?[$(,!?,)] be any coordinate of A#*. Then (2) holds and 

I Es,[$(sn)l - E[#(sz)Jl = !P’lb*)z - (izJl*)i I 

= 1 : [(fyij ~ Aij] t/5* 1 
i=l 

This gives (1) with C = iVb/ar. 

The next lemma parallels Theorem 2.4. 

Q.E.D. 

LEMMA 2. For any ergodic Jinite state model 

1 +‘(A”) - P”(Ae)l < CZ 

,for all n, 8 3 1 and Ae C E’, where 

(6) 

P”(Ae) = c P,(I’(A’) K-((s)), 
SES 

(7) 

and C and a: are as in Lenma 1. 

Proof. Just as in the proof of Theorem 2.4, (6.1) and (6.2) hold. Thus (6) follows 

from Lemma 1. Q.E.D. 

Theorem 1 is the main result of this subsection. 
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THEOREM I. All of the conclusions of Theorem 2.6 hold for any ergodic Jinite state 
model. 

Proof. A finite state model can be regarded as a homogeneous random system 
with complete connections, in the same sense that a distance diminishing model 
can be so regarded (see the first paragraph of Subset. 6C-if G? and % are taken to 
be the collections of all subsets of S and E, respectively, the measurability conditions 

in the definition of such a system evaporate). Thus Lemma 6.2 is applicable, and 
Theorem 1 follows from Lemma 2. Q.E.D. 

B. APPLICATION TO STIMULUS-SAMPLING THEORY 

Consider the general two-choice situation described in the first paragraph of 
Subset. 3A. The state S, at the beginning of trial n for the N element component 
model with fixed sample size v  (Estes, 1959) can be taken to be the number of stimulus 
elements conditioned to response A, at the beginning of the trial. Thus 

s = (0, l)...) N}, (8) 

a finite set. The event space E can be taken to be 

E = {(i,j,k,e):O < i < v, 1 <j, k < 2,0 < c’ < 1} (9) 

where i is the number of stimulus elements in the trial sample conditioned to A, , ilj 
is the response and Oj, the trial outcome, and L = 1 or 0 depending on whether or not 

conditioning is effective. The corresponding event operators can be written 

fijII = s + min(i, N - s), (10) 

fijzl(s) = s - min(v - i, s), (11) 
and 

fijJJs) = s. (14 

Of course, i elements conditioned to A, cannot be drawn if i > N - s, so the 
definition of fijII is irrelevant in this case. The definition given in (10) makes 

fijll(.) monotonic throughout S. The same holds for (11). The operators given by 
(10) and (11) are, incidentally, analogous in form to the linear operators 

f(p) = P + @(I - P) and g(p) = P - @P, 

if taking the minimum of two numbers is regarded as analogous to multiplying them. 
Finally, the corresponding operator application probabilities are 

(13) 
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where (P)~ = Si,p + ?$a(1 - p), [p], = 6& + a[,,(1 - p), cjk is to be interpreted 
as the probability that conditioning is effective if outcome Oj, occurs, and (1) is 0 
unless 0 < m < j. 

For any choice of N > Y > 1 and 0 < rij , cij < 1, (8-13) define a finite state 

model that will be referred to below as a$xed sample size model. 

THEOREM 2. A $xed sample size model with nij and cij positive for all 1 < i, j < 2 
is ergodic. 

Proof. It is clear that if S, < N then the sample on trial n will contain elements 

conditioned to A, with positive probability. Given such a sample, A,,, will occur 
and be followed by O21,12 with positive probability, and conditioning will be effective 
with positive probability. Thus S,,, > S, with positive probability, and it follows 
that the state N can be reached from any state. Thus there is only one ergodic set, 
and it contains N. Furthermore, if S,, = N then A,,, occurs with probability 1, 

and Oll,n follows with positive probability. So S,,, = N with positive probability, 

and the ergodic set is regular. Q.E.D. 
It follows from Theorems 1 and 2 that the conclusions of Theorem 2.6 are available 

for any fixed sample size model with 0 < rij , cij for all i and j. Letting D be the 
subset 

D ={(i,j,h,k’):j = l} 

of E, and A, = h(E,), where h is the indicator function of D, the conclusions of 

Theorem 2.6 include a law of large numbers and, possibly, a central limit theorem for 
the number S,,, = x72$-’ A, of A, responses in the n trial block starting on trial m. 
A simple expression for u2 = oh2 can be readily calculated for the pattern model 
(V = 1) with equal cij under noncontingent reinforcement. 

THEOREM 3. A Jixed sample size model with v  = 1,O < rTT1i = m2i = v1 < 1, 
and cij = c > 0 is ergodic. The law of large numbers 

and central limit theorem 

lim P 
t 

S 
n+m mii)G2y < X) = & j”, exp(--t2/2) dt 

hold, where 

Proof. That 

02 = ?T,(l - n,)(l + 2(1 - c)/c). 
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follows from (37) in Atkinson and Estes (1963). The value of u2 can be obtained from 
(2.17) and Atkinson and Estes’ formula (41). Q.E.D. 

The methods of this subsection are equally applicable to the component model 
with fixed sampling probabilities (Estes, 1959). 
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