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State-Space Representation

e [og-linearized DSGE models can be written as state-space models:
measurement : y; = A(0) + B(0)s; (1)
state transition : s; = ®1(0)s;_1 + D (0)e. (2)
e Make distributional assumption: & ~ #dN (0, X.(0)).

e [t is only assumed that the y;’s are observable. The vector s; may have unobservable

elements such as conditional expectations or a latent productivity process.
e We obtained the state transition equation when we solved the LRE model.

e Note that s; evolves according to VAR(1) and 1, is a linear function of s;
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Autocovariances

e We begin by calculating the autocovariance function of s;.

e We assume that s; is covariance stationary, which requires that all eigenvalues of the

matrix ®; are less than one in absolute value.

e [f the eigenvalues of ®; are all less than one in absolute values and the VAR was

initialized in the infinite past, then the expected value is given by IF[s;] = 0.

e Moreover, the autocovariance matrix of order zero has to satisfy the equation

Luso = IE[sis)] = &1, 00, + O IEe;€)] P’ (3)
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Autocovariances

e Definition: Let A and B be 2 x 2 matrices with the elements

air ai2 bi1 b1o
A= ., B=

ao] 99 ba1 boo

The vec operator is defined as the operator that stacks the columns of a matrix, that

1S

)

vec(A) = [a11, a1, 12, a)|

and the Kronecker product is defined as

a1 B apB
AR B = []

ang a22B

e Lemma Let A, B, C' be matrices whose dimension are such that the product ABC

exists. Then

vec(ABC) = (C' @ A)vec(B) 0O
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Autocovariances

e A closed form solution for the elements of the covariance matrix of s; can be obtained

as follows
vec(Tssp) = (D1 @ Dy )vec(Tysp) + vec(PJE ey D)
= [I — (1 @ O1)] 'vec(P IE e PL) (4)
Since
Elssy_p] = ©1E[si-15_p] + PelEere; ] ()
we can deduce that
oo = P Tas0 (6)

e Notice that I'ys _j, = F;S’_h.
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Autocovariances
e Finally, using y; = A(6) + B(0)s;, we deduce
o Fy] = A(F) and

o '), =DB(0)s1B(0).
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Impulse Response Functions

e We can express s; as a M A(0o) of €

St = Z (I){ (9)675
j=0
e Hence,
(9875 ;
= ¢1(0)
ey, !
e Moreover, using the measurement equation
Oy '
= B(0)d (0
5 = Bl

which provides us the response of y; to a shock that occurred j periods ago.



