
� �Th�* 2���� �?i 5�_i_ w@U! Lu �L44�|4i?| EWW� EUL?|�?�i_�Odvw fodvv zh vkrzhg wkdw wkh surplvh nhhslqj frqvwudlqw lv dozd|v elqglqj exwwkdw wkh sduwlflsdwlrq frqvwudlqw pd| ru pd| qrw eh elqglqj1 Iru vkrfnv wkdwduh deryh d fhuwdlq ydoxh/ wkh sduwlflsdwlrq frqvwudlqw zloo eh elqglqj dqg iruvkrfnv wkdw duh ohvv/ lw zloo qrw eh elqglqj1
Krphzrun1 Vkrz wkdw wkh iroorzlqj krogv=Sduwlflsdwlrq frqvwudlqw lv qrw elqglqj iru h|v , Sduwlflsdwlrq frqvwudlqw lvqrw elqglqj ;|v vxfk wkdw |v � h|vSduwlflsdwlrq frqvwudlqw lv elqglqj iru h|v , Sduwlflsdwlrq frqvwudlqw lv elqg0lqj ;|v vxfk wkdw |v � h|v�hLtt tiU|�L?@* @?@*)t�t ��|� *L|t Lu }h@?__@�}|�ihtG
Iluvw Shulrg=

Iljxuh 4=
Wkh judqgprwkhu vwduwv rxw e| jxdudqwhhlqj doo ri wkhp wkh dxwdun| ydoxh/YD= Exw wkhq rqfh wkh vkrfnv duh uhdol}hg/ wklqjv zloo fkdqjh1 Wkh iroorzlqj lvzkdw kdsshqv wr wkh judqggdxjkwhuv dffruglqj wr wkh vkrfnv wkh| jhw=� Wkh judqggdxjwkhuv zkr jhw edg vkrfnv +wkrvh zkr jhw vkrfnv ohvv wkdqwkh fulwlfdo ydoxh |�+Y D,,=
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Wkh judqgprwkhu zloo jlyh wkhp zkdw wkh| zhuh surplvhg/ vr wkdw wkhxqoxfn| rqhv zloo uhpdlq zlwk surplvhg xwlolw| YD= Iru wkh xqoxfn| judqg0gdxjwkhuv/ wkh judqgprwkhu grhv qrw qhhg wr lqfuhdvh wkhlu surplvhg xwlo0lw| ehfdxvh wkhlu rxwvlgh rssruwxqlw| lv qrw ehwwhu wkdq wkh ghdo vkh*vdouhdg| r�hulqj wkhp1� Wkh judqggdxjkwhuv zkr jhw jrrg vkrfnv +wkrvh zkrh jhw vkrfnv deryhwkh fulwlfdo ydoxh |�+Y D,, =Wkh judqgprwkhu zloo kdyh wr lqfuhdvh wkhlu surplvhg xwlolw|1 Rwkhuzlvh/wkh judqggdxjkwhuv zloo qrw eh zloolqj wr vwd| vlqfh wkhlu rxwvlgh rssruwx0qlw| +x+|v,.�Y D, lv ehwwhu wkdq wkh ghdo vkh*v r�hulqj wkhp1 Wkhuhiruh/wkh judqgprwkhu zloo kdyh wr jlyh wkhp mxvw hqrxjk surplvhg xwlolw| $vdqg frqvxpswlrq fv vxfk wkdw lw jlyhv wkh judqggdxjkwhuv zkdw wkh| zrxogjhw li wkh| ohiw1 Wklv surplvhg xwlolw| vkrxog wkhuhiruh vdwlvi|=x+|v, . �Y D @ x+fv, . �$v
Qrwh wkdw |�+Y D, lv wkh orzhvw hqgrzphqw ydoxh vxfk wkdw wkh judqggdxjk0whuv duh zloolqj wr vwd| zlwk fv dqg YD= Dq| vkrfnv wr hqgrzphqw wkdw duhkljkhu wkdq wklv fulwlfdo ydoxh zloo pdnh wkh judqggdxjkwkhuv zloolqj wr jr vrwkdw wkhlu surplvhg xwlolw| qhhgv wr eh lqfuhdvhg wr nhhs wkhp durxqg1
Vhfrqg shulrg=

Iljxuh 5=
� Wkh judqggdxjkwhuv zkr zhuh oxfn| lq wkh suhylrxv shulrg=
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Wkh| zloo doo vwduw dw d kljkhu surplvhg xwlolw|1 D iudfwlrq ri wkhp zkrduh oxfn| djdlq lq wkh vhfrqg shulrg zloo jhw kljkhu surplvhg xwlolwlhv dqgwkh uhpdlqlqj xqoxfn| rqhv zloo kdyh wkh vdph surplvhg xwlolw| dv lq wkhsuhylrxv shulrg1� Wkh judqggdxjwkhuv zkr zhuh xqoxfn| lq wkh suhylrxv shulrg=Wkh| zloo doo vwduw dw YD djdlq1 D iudfwlrq ri wkhp zkr duh xqoxfn| djdlqwklv shulrg zloo jhw YD djdlq dqg wkh uhpdlqlqj zkr duh oxfn| wklv shulrgzloo jhw d kljkhu surplvhg xwlolw|1\rx fdq vhh wkh sdwwhuq khuh= Wkh dyhudjh frqvxpswlrq ryhu wkhvh wzrshulrgv zloo jr xs ehfdxvh wkh judqgprwkhu jlyhv pruh zkhq wkh judqggdxjkwhuvjhw oxfn|1 Vr dv wlph sdvvhv/ wklqjv duh jhwwlqj zruvh iru wkh judqgprwkhuehfdxvh vkh nhhsv kdylqj wr surplvh pruh1 Rq wkh rwkhu kdqg/ ryhu wlph/ wkhjudqggdxjkwhuv duh grlqj ehwwhu +Dv orqj dv wkh| kdg rqh jrrg vkrfn lq wkhsdvw/ wkhlu surplvhg xwlolw| lv kljkhu,Wkh judqgprwkhu lv zloolqj wr vljq dq|wklqj zlwk S+Y,� 3= Zkhq vkh r�huvrqo| wkh dxwdun| ydoxh/ zlwk S+YD, vkh jhwv doo wkh jdlqv iurp wudgh1

Iljxuh 6=
Lq wkh deryh judsk/ |rx fdq vhh wkdw wkh frqvxpswlrq vwd|v wkh vdph xqwlowkh fulwlfdo ydoxh/ |�v+Y D,= Krzhyhu/ rqfh wkh judqggdxjkwhu jhwv d vkrfn kljkhuwkdq wkdw wkh judqgprwkhu kdv wr lqfuhdvh wkh judqggdxjkwhu*v frqvxpswlrq1Exw dq lpsruwdqw wklqj wr qrwlfh khuh lv wkdw wkh frqvxpswlrq lv jurzlqj dw dvorzhu udwh wkdq hqgrzphqw1 Wr vhh zk| wklv lv wuxh/ uhfdoo wkdw x lv frqfdyh vrwkdw wkh pdujlqdo xwlolw| ri wkh frqvxphu lv ghfuhdvlqj1 Wkhuhiruh/ iru d fhuwdlqlqfuhdvh lq |v / fv zloo lqfuhdvh e| ohvv ehfdxvh wkh surplvhg xwlolw| $v lv dovr
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lqfuhdvlqj +uhfdoo wkh htxdwlrq x+|v,.�Y D @ x+fv,.�$v,1 D %vwxslg% wklqj wrgr iru wkh judqgprwkhu zrxog eh wr vhw fv @ |v= Lw zrxog eh %vwxslg%/ ehfdxvhvkh fdq jlyh ohvv qrz dqg pruh lq wkh ixwxuh> vr vkh fdq pdqdjh wr nhhs wkhjudqggdxjkwhu durxqg e| r�hulqj vrph frqvxpswlrq ohvv wkdq |v=

Iljxuh 7=
Lq wkh ehjlqqlqj wkh judqgprwkhu jhwv d orw e| jxdudqwhhlqj wkh judqggdxjk0whu d vwhdg| �rz ri xwlolw|/ exw wkhq odwhu vkh vwduwv jlylqj1 Wklv lv ehfdxvh dvwlph sdvvhv e|/ zkdw vkh qhhgv wr surplvh lqfuhdvhv ehfdxvh wkh judqggdxjkwhukdv jrrg vkrfnv +hdfk vkrfn lqfuhdvhv wkh ohyho ri surplvhg xwlolw| iru jrrg,1 Lqrwkhu zrugv/ wkh judqgprwkhu lv dw �uvw d qhw uhfhlyhu dqg wkhq d qhw jlyhu1

��2 ,UL?L4) ��|� A�L 5�_i_ w@U! Lu �L44�|4i?|41514 Wkh Prgho� Wzr eurwkhuv/ D dqg E/ dqg qhlwkhu ri wkhp kdv dffhvv wr d frpplwphqwwhfkqrorj|1 Lq rwkhu zrugv/ wkh wzr fdq vljq d frqwudfw/ exw hlwkhu ri wkhpfdq zdon dzd| li kh grhv qrw ihho olnh revhuylqj lw1� Wklv lv dq hqgrzphqw hfrqrp| +qr surgxfwlrq, dqg wkhuh lv qr vwrudjhwhfkqrorj|1 Hqgrzphqw lv uhsuhvhqwhg e| +|Dv > |Ev , 5 \ � \ / zkhuh |lv lvwkh hqgrzphqw ri eurwkhu l1 v@+|Dv > |Ev , iroorzv d Pdunry surfhvv zlwkwudqvlwlrq pdwul{ �vv3 =
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41515 Iluvw Ehvw DoorfdwlrqZh zloo ghulyh wkh �uvw ehvw doorfdwlrq e| vroylqj wkh vrfldo sodqqhu*v sureohp=
pd{ifl+kw,j;kw>;l �D 4[

w@3 �w[
kw

�+kw,x+fD+kw,, . �E 4[
w@3 �w[

kw
�+kw,x+fE+kw,,

vxemhfw wr wkh uhvrxufh frqvwudlqw=[
l fl+kw,� |l+kw, @ 3 ;kw z2 pxowlsolhu �+kw,

Wkh Iluvw Rughu Frqglwlrqv duh=IRF+fD+kw,, = �D�w�+kw,x3+fD+kw,,� �+kw, @ 3IRF+fE+kw,, = �E�w�+kw,x3+fE+kw,,� �+kw, @ 3Frpelqlqj wkhvh wzr |lhogv= �D�E @ x3+fD+kw,,x3+fE+kw,,Krphzrun1 Vkrz dq lpsolfdwlrq ri wkh deryh Iluvw Rughu Frqglwlrqv xqghuFUUD1
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Wkh �uvw ehvw doorfdwlrq zloo qrw eh dfklhyhg li wkhuh lv qr dffhvv wr d frpplw0phqw whfkqrorj|1 Wkhuhiruh/ wkh qh{w wklqj zh vkrxog gr lv orrn dw wkh sureohpwkh sodqqhu lv idfhg zlwk lq wkh fdvh ri odfn ri frpplwphqw1 Gxh wr odfn rifrpplwphqw/ wkh sodqqhu qhhgv wr pdnh vxuh wkdw dw hdfk srlqw lq wlph dqg lqhyhu| vwdwh ri wkh zruog/ kw> erwk eurwkhuv suhihu zkdw wkh| uhfhlyh wr dxwdun|1Qrz zh zloo frqvwuxfw wkh sureohp ri wkh sodqqhu dgglqj wkhvh sduwlflsdwlrqfrqvwudlqwv wr klv sureohp1
41516 Frqvwudlqhg Rswlpdo DoorfdwlrqWkh sodqqhu*v sureohp lv=

pd{fD+kw,>fE+kw, �D 4[
w@3 �w[

kw
�+kw,x+fD+kw,, . �E 4[

w@3 �w[
kw

�+kw,x+fE+kw,,
[
l fl+kw,� |l+kw, @ 3 ;kw z2 pxowlsolhu �+kw,

4[
u@w �u�w[

ku
�+kumkw,x+fl+ku,, � l+kw, ;kw>;l z2 pxowlsolhu �l+kw,

zkhuh l+kw, @ S4u@3 �u�wSku �+kumkw,x+|l+kw,, +wkh dxwdun| ydoxh,
� Krz pdq| wlphv grhv fD+k4:, dsshdu lq wklv sureohpB Rqfh lq wkh re0mhfwlyh ixqfwlrq/ rqfh lq wkh ihdvlelolw| frqvwudlqw/ dqg lw dsshduv lq wkhsduwlflsdwlrq frqvwudlqw iurp shulrg 3 wr shulrg 491� Zh nqrz wkdw wkh ihdvlelolw| frqvwudlqw lv dozd|v elqglqj vr wkdw �+kw, A3 ;kw= Rq wkh rwkhu kdqg wkh vdph lv qrw wuxh iru wkh sduwlflsdwlrqfrqvwudlqw1� Erwk sduwlflsdwlrqv fdqqrw eh elqglqj exw erwk fdq eh qrqelqglqj1� Gh�qh Pl+k�4, @ �ldqg Pl+kw, @ �l+kw, .Pl+kw�4,+Zh zloo xvh wkhvh gh�qlwlrqv iru wkh uhfxuvlyh uhsuhvhqwdwlrq ri wkh sure0ohp lq wkh qh{w fodvv,
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2 �Th�* 222�� +iU�ht��i +iThiti?|@|�L? Lu |�i �L?t|h@�?i_ 5��Zh zdqw wr wudqvirup wklv sureohp lqwr wkh uhfxuvlyh/ ehfdxvh lw zrxog ehhdvlhu wr vroyh wkh rswlpdo doorfdwlrq zlwk d frpsxwhu1 Qrz zh zloo vkrz krzwr wudqvirup wkh vhtxhqwldo sureohp zlwk wkh sduwlflsdwlrq frqvwudlqwv lqwr lwvuhfxuvlyh uhsuhvhqwdwlrq1Ehiruh zh gr wklv wudqvirupdwlrq/ �uvw uhfdoo wkh Odjudqjldq dvvrfldwhg zlwkwkh vhtxhqwldo uhsuhvhqwdwlrq ri wkh vrfldo sodqqhu*v sureohp=
�D 4[

w@3 �w[
kw

�+kw,x+fD+kw,, . �E 4[
w@3 �w[

kw
�+kw,x+fE+kw,,

. 4[
w@3 �w [

kw5Kw
�+kw, 5[

l@4 �l+kw,% 4[
u@w �u�w[

ku
�+kumkw,x+fl+ku,,�l+kw,&

. 4[
w@3

[
kw5Kw

�+kw,% 5[
l@4 fl+kw,� 5[

l@4 |l+kw,&
Qrwh wkdw khuh wkh Odjudqjldq pxowlsolhu dvvrfldwhg zlwlk wkh sduwlflsdwlrqfrqvwudlqw iru eurwkhu l diwhu klvwru| kw lv �w�+kw,�l+kw,=Qrz zh zloo xvh wkh gh�qlwlrqv iurp wkh suhylrxv fodvv +iru Pl+kw,, wr uhzulwhwkh deryh Odjudqjldq lq d pruh vlpsoh irup/Froohfw whupv dqg uhzulwh/

4[
w@3 �w[

kw
�+kw,[l

+�lx+fl+kw, . �l+kw,% 4[
u@w �u�w[

ku
�+kumkw,x+fl+ku,,� l+kw,&,

. 4[
w@3

[
kw5Kw

�+kw,% 5[
l@4 fl+kw,� 5[

l@4 |l+kw,&
Qrwh wkdw/S4u@w �u�wSku �+kumkw,x+fl+ku,,�l+kw, @ x+fl+kw,,.S4u@w.4 �u�wSku �+kumkw,x+fl+ku,,�l+kw,/dqg wkdw �+kumkw,�+kw, @ �+ku, vr xvlqj wkhvh/ uhzulwh dv/

4[
w@3 �w[

kw
�+kw,[l

��lx+fl+kw, . �l+kw,x+fl+kw,�
. 4[

w@3
[
ku

[
l �l+kw,% 4[

u@w.4�u [
ku

�+ku,x+fl+ku,,�l+kw,&
. 4[

w@3
[

kw5Kw
�+kw,% 5[

l@4 fl+kw,� 5[
l@4 |l+kw,&

:



Froohfw wkh whupv ri x+fl+ku,>4[
w@3 �w[

kw
�+kw,[l

+%�l . w�4[
u@3 �l+ku,&x+fl+kw, . �l+kw, �x+fl+kw,�l+kw,�,

. 4[
w@3

[
kw5Kw

�+kw,% 5[
l@4 fl+kw,� 5[

l@4 |l+kw,&
Lqwurgxfh wkh yduldeoh Pl+kw, dqg gh�qh lw uhfxuvlyho| dv/Pl+kw, @ Pl+kw�4, . �l+kw,Pl+k�4, @ �lzkhuh Pl+kw, ghqrwhv wkh Sduhwr zhljkw soxv wkh fxpxodwlyh vxp ri wkhOdjudqjh pxowlsolhuv rq wkh sduwlflsdwlrq frqvwudlqwv dw doo shulrgv iurp 4 wr w1Vr uhzulwh wkh Odjudqjldq rqfh djdlq dv/4[

w@3 �w[
kw

�+kw,[l
�Pl+kw�4,x+fl+kw, . �l+kw, �x+fl+kw,�l+kw,��

. 4[
w@3

[
kw5Kw

�+kw,% 5[
l@4 fl+kw,� 5[

l@4 |l+kw,
&

Qrz zh duh uhdg| wr wdnh wkh Iluvw Rughu Frqglwlrqv=x3+fD+kw,,x3+fE+kw,, @ PD+kw�4, . �D+kw,PE+kw�4, . �E+kw,% 4[
u@w �u�w[

ku
�+ku,�+kw,x+fl+ku,,�l+kw,&�l+kw, @ 3
5[

l@4 fl+kw,� 5[
l@4 |l+kw, @ 3

Qrz ohw*v fkdudfwhul}h wkh vroxwlrq xvlqj orj xwlolw|=Khuh {@PEPD vr wkdw { ghqrwhv wkh zhljkw rq shuvrq E1 Wkh deryh judskvxppdul}hv zkdw kdsshqv wr wkh sduwlflsdwlrq frqvwudlqwv ri hdfk eurwkhu df0fruglqj wr krz oxfn| wkh| jhw1 \rx fdq vhh wkdw/ zkdw kdsshqv wr rqh eurwkhud�hfwv wkh rwkhu/ wklv lv ehfdxvh li rqh eurwkhu jhwv oxfn| wkh sodqqhu qhhgv wrjlyh klp pruh dqg wkxv lqfuhdvlqj klv uhodwlyh zhljkw zlwk uhvshfw wr wkh rwkhueurwkhu zklfk wudqvodwhv lqwr d zruvh ghdo iru wkh rwkhu eurwkhu1Wkhuh duh wzr nlqgv ri shulrgv khuh= Shulrgv zkhuh qrwklqj kdsshqv vr wkdwwkh udwlr ri wkh frqvxpswlrq ri wkh eurwkhuv vwd| wkh vdph/ dqg shulrgv zkhuhrqh ri wkhp jhwv d jrrg vkrfn dqg klv ghdo jhwv ehwwwhu zkhuhdv iru wkh rwkhulw zruvhqv1Qrz ohw*v orrn dw wkh Sduhwr iurqwlhu dqg dqdo|}h zkhuh wkh vroxwlrq ri wklvsureohp olhv=
;



Iljxuh 8=
2�2 +iU�ht��i 6Lh4�*@|�L?Rxu jrdo lv pdnh wkh sureohp uhfxuvlyh/ zklfk lv yhu| qlfh zkhq zh zrun zlwkfrpsxwhu1 Wr gr wklv/ zh qhhg wr �qg d vhw ri vwdwh yduldeohv zklfk lv vx�flhqwwr ghvfuleh wkh vwdwh ri wkh zruog1 Zh duh jrlqj wr xvh { dv d vwdwh yduldeoh1Vrwkh vwdwh yduldeohv duh wkh hqgrzphqw= | @ +|D> |E, dqg zhljkw wr eurwkhu 5={1 Gh�qh wkh ydoxh ixqfwlrq dv iroorzv=Y @ i+Y3> YD> YE, vxfk wkdw Yl = [ � \ $ U/ l @ 4> 5> Y3+{> |, @ YD+{> |, . {YE+{> |,j
Zkdw zh duh jrlqj �qg lv wkh �{hg srlqw ri wkh iroorzlqj rshudwru +rshudwlrqlv gh�qhg odwhu,= W +Y , @ iW3+Y ,> W4+Y ,> W5+Y ,jIluvwo|/ zh zloo ljqruh wkh sduwlflsdwlrq frqvwudlqwv dqg vroyh wkh sureohp=pd{fD>fE x+fD+|> {,, . {x+fE+|> {,, . �[

|3 �||3Y3+|3> {,
<



Iljxuh 9=
vxemhfw wr fD . fE @ |D . |EIluvw Rughu Frqglwlrqv |lhog= x3+fD,x3+fE, @ {

Vhfrqg/ zh zloo fkhfn wkh sduwlflsdwlrq frqvwudlqwv1 Wkhuh duh wzr srvvlelo0lwlhv khuh=41 Sduwlflsdwlrq frqvwudlqw lv qrw elqglqj iru hlwkhu 4 ru 51 Wkhq vhw {+kw, @{+kw�4,= Lq dgglwlrq/Y Q3 +|> {, @ Y3+|> {,Y Ql +|> {, @ x+fl+|> {,, . �[
|3 �||3Yl+|3> {,
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51 Sduwlflsdwlrq frqvwudlqw lv qrw vdwlv�hg iru rqh ri wkh eurwkhuv +vd| D,1Wklv phdqv wkdw djhqw D lv jhwwlqj wrr olwwoh1 Wkhuhiruh/ lq rughu iru wkhsodqqhu wr pdwfk wkh rxwvlgh rssruwxqlw| wkdw D kdv/ kh qhhgv wr fkdqjh { vrwkdw kh jxdudqwhhv shuvrq D wkh xwlolw| iurp jrlqj dzd|1 Zh qhhg wr vroyh wkhiroorzlqj v|vwhp ri htxdwlrqv lq wklv fdvh=fD . fE @ |D . |Ex+fD, . �[
|3 �||3YD+|3> {, @ x+|D, . �[

|3 �||3D+|3,
{3 @ x3+fD,x3+fE,Wklv lv d v|vwhp ri wkuhh htxdwlrqv dqg wkuhh xqnqrzqv1 Ghqrwh wkh vroxwlrqwr wklv sureohp e|/ fD+|> {,fE+|> {,{3+|> {,Vr wkdw/ Y Q3 +|> {, @ Y QD +|> {, . {Y QE +|> {,Y Ql +|> {, @ x+fl+|> {,, . �[

|3 �||3Yl+|3> {3+|> {,,
Wkxv zh kdyh rewdlqhg W+Y,@YQ = Dqg wkh qh{w wklqj zh qhhg wr gr lv �qg Y�vxfk wkdw W+Y�, @ Y �=Ilqdo txhvwlrq zlwk wklv prgho lv %krz wr lpsohphqw wklv doorfdwlrqB% ru %Lvwkhuh dq| htxloleulxp wkdw vxssruwv wklv doorfdwlrqB%1 Wkh dqvzhu lv |hv1 KrzBWklqn ri wklv prgho dv d uhshdwhg jdph1 Dqg gh�qh wkh vwudwhj| dv iroorzv=nhhs dffhswlqj wkh frqwudfw fkdudfwhul}hg khuh xqwlo wkh rwkhu jx| zdonv dzd|1Li wkh rwkhu jx| zdonv dzd|/ jr wr dxwdun| iruhyhu1 Zh fdq frqvwuxfw d Qdvkhtxloleulxp e| dvvljqlqj wklv vwudwhj| wr erwk ri wkh eurwkhuv1
2�� 5L4i �Lh_t L? ,UL?L4�UtZh xvh d prgho iru dqvzhulqj wzr w|shv ri txhvwlrqv=41 Zkdw dffrxqwv iru11111111 +Iru h{dpsoh/ zk| gr zh kdyh JGS �xfwxdwlrqv/zkdw dffrxqwv iru wkhvh �xfwxdwlrqvB Srvvleoh h{sodqdwlrqv duh wkdw shr0soh duh prrg| zklfk lv prghoohg zlwk lqfoxglqj vkrfnv wr suhihuhqfhv/ ruwkdw qdwxuh lv prrg|/ ru wkdw wkh jryhuqphqw lv prrg|/ hwf1,51 Zkdw li111111111
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Zkdw hfrqrplvwv gr lv frpsxwh wkh prgho dqg frpsduh wkdw zlwk gdwd1Exw wkh lpsruwdqw wklqj lv wr qrwlfh wkdw zkhwkhu wkh gdwd jhqhudwhg iurp wkhprgho pdwfkhv shuihfwo| zlwk wkh uhdo gdwd lv qrw uhohydqw1 Zh duh lqwhuhvwhglq zklfk glphqvlrqv wkh gdwd dqg wkh prgho jhqhudwhg gdwd pdwfk dqg grq*wpdwfk zlwk hdfk rwkhu1Zkdw lv hfrqrphwulfvB41 Ghvfulswlyh Vwdwlvwlfv51 Hvwlpdwlrq/ e�Zkdw hfrqrphwulfldqv gr lv orrn iru sdudphwhuv wkdw zloo jhqhudwh gdwdwkdw lv forvh wr uhdo1 Exw wkh| dvvxph wkdw vxfk sdudphwhuv dfwxdoo| h{lvw$61 WuxwkK|srwkhvlv Whvwlqj1 Wkh grzqvlgh ri wkh frqfhsw ri k|srwkhvlv whvwlqj lvwkdw/ lw whvwv zkhwkhu wkh prgho vkrxog eh uhmhfwhg ru qrw1 Exw doo prghovduh idovh1 Zkhwkhu wkh| duh wkh shuihfw pdwfk wr wkh uhdo ru qrw lv qrwuhohydqw1 Zkdw lv uhohydqw lv zkhwkhu wkh| duh xvhixo ru qrw dqg zkhwkhuzh duh deoh wr dqvzhu txhvwlrqv vxfk dv zkdw lv wkh lpsdfw ri lqfuhdvlqjvrfldo vhfxulw| ehqh�wv lv jrrg ru qrw/ hwf1
� �Th�* 2���� A�4i W?UL?t�t|i?U)Wkh sureohp ri wlph lqfrqvlvwhqf| ri dq rswlpdo srolf| lv wkh iroorzlqj= Wkh ehvwwklqj wr gr dw shulrg w.4 zkhq ghflghg dw shulrg w lv qrw wkh vdph dv wkh ehvwwklqj wr gr lq shulrg w.4 zkhq ghflghg dw w.41 Uhfdoo wkh vprnlqj h{dpsoh1\rx ghflgh wkdw |rxu qh{w fljduhwwh zloo eh |rxu odvw rqh dqg wkdw |rx zloo qhyhuvprnh djdlq1 \rx duh pdnlqj wklv ghflvlrq qrw dqwlflsdwlqj wkh idfw wkdw diwhuwkdw vxssrvhgo| odvw qh{w fljduhwwh/ |rx*oo zdqw dqrwkhu rqh1 Txlwwlqj diwhu wkhqh{w fljduhwwh pljkw eh wkh rswlpdo ghflvlrq iru |rx/ exw rqfh wkdw qh{w fljduhwwhlv �qlvkhg dqg jrqh dqg lw*v wlph wr irujhw derxw vprnlqj rqfh dqg iru doo/ |rxqr orqjhu zdqw wr jr dkhdg zlwk zkdw |rx lqlwldoo| sodqqhg1 Dq h{dpsoh wkdw lvpruh uhohydqw zk| zh hfrqrplvwv fduh derxw wlph lqfrqvlvwhqf| lv wkh iroorzlqj=Wklqn ri d jryhuqphqw wkdw kdv dffhvv wr d frpplwphqw whfkqrorj|1 Gxh wr wkhFkdpoh| ) Mxgg uhvxow/ zh nqrz wkdw wkh rswlpdo wd{ srolf| lv wr wd{ fdslwdoyhu| kljk lq wkh ehjlqqlqj dqg wkhq qhyhu wr wd{ lw djdlq1 Wklv lv lq rughu wrplqlpl}h wkh glvwruwlrqdu| h�hfwv wkdw fsdlwdo wd{dwlrq kdv1 Qrz wklqn derxwzkdw zrxog kdsshq li wklv jryhuqphqw qr orqjhu kdg dffhvv wr d frpplwphqwwhfkqrorj|1 Wkh rswlpdo sodq zklfk lv wr wd{ fdslwdo kljk lq wkh ehjlqqlqj dqgqhyhu djdlq diwhu wkdw lv qrw wlph frqvlvwhqw lq wklv fdvh1 Wklv lv ehfdxvh dwwkh �uvw shulrg/ wkh jryhuqphqw zloo lqghhg wd{ fdslwdo kljk dv suhvfulehg e|wkh rswlpdo sodq exw wkhq rqfh zh duh lq wkh odwhu shulrgv/ wkh jryhuqphqw zloo
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zdqw wr wd{ fdslwdo lqvwhdg ri iroorzlqj zkdw lwv sodq zdv1 Lq rwkhu zrugv/ liwkh jryhuqphqw lv doorzhg wr fkdqjh lwv rswlpdo ehkdylrxu dqg rswlpl}h dw dq|klvwru|/ lw zrq*w iroorz wkh lqlwldo sodq1 Wklv lv d sureohp ehfdxvh zkhq zhduh orrnlqj iru rswlpdo �vfdo srolflhv/ zh qhhg wr pdnh vxuh wkdw wkh| duh wlphfrqvlvwhqw/ lq rwkhu zrugv wkdw wkh rswlpdo �vfdo sodq frqvwlwxwhv d vxejdphshuihfw htxloleulxp/ vr wkdw lw*v wkh rswlpdo wklqj wr gr diwhu dq| klvwru|1Prvw pd{lpl}dwlrq sureohpv duh wlph frqvlvwhqw1 Iru h{dpsoh/ lq wkh Vrorzjurzwk prgho zh kdyh wlph frqvlvwhqf|1Wkhuh duh wzr gl�huhqw w|shv ri wlph lqfrqvlvwhqf|=41 Wlph lqfrqvlvwhqw gxh wr lqfrqvlvwhqw shuihuhqfhv=Wkh djhqw*v glvfrxqw idfwru pljkw fkdqjh ryhu wlph1Wkh vprnlqj h{dpsohlv d sureohp ri wlph lqfrqvlvwhqf| g|h wr lqfrqvlvwhqw suhihuhqfhv151 Wlph lqfrqvlvwhqw gxh wr fkdqjlqj frqvwudlqwv +frqvlvwhqw suhihuhqfhv,Khuh wkhuh lv qr sureohp zlwk suhihuhqfhv/ wkh| duh frqvlvwhqw1 Rq wkhrwkhu kdqg/ ryhu wlph wkh frqvwudlqw wkdw wkh djhqw lv vxemhfw wr fkdqjhv1Iru h{dpsoh/ wklqn ri wkh wzr eurwkhuv *hfrqrp|1 Lqfuhdvlqj wkh frq0vxpswlrq ri wkh eurwkhuv dw shulrg 4: lv jrrg iru wkh sodqqhu uljkw qrz+dw shulrg 3,/ ehfdxvh qrw rqo| grhv lw lqfuhdvh wkh xwlolw| ri wkh eurwkhuvdw shulrg 4: exw dovr lw uhod{hv wkh sduwlflsdwlrq frqvwudlqwv ehwzhhq shul0rgv 3 wr 491 Exw rqfh shulrg 49 dfwxdoo| frphv/ wkh sodqqhu grhv qrw fduhderxw doo wkrvh ehqh�wv dq|pruh/ ehfdxvh lw grhv qrw lpsxwh dq| ydoxhrq uhod{lqj whk sduwlflsdwlrq frqvwudlqwv iurp wkh suhylrxv shulrgv/ wkh|duh douhdg| jrqh/ uhod{lqj wkhp grhv klp qr jrrg dw wkdw srlqw lq wlph1Wkxv/ jlylqj pruh frqvxpswlrq dw shulrg 4: lv qrw jrrg dq|pruh iru wkhsodqqhu/ dowkrxjk lw zdv jrrg dw shulrg 31Wkh wlph lqfrqvlvwhqf| sureohp dvvrfldwhg zlwk wkh rswlpdo �vfdo srolf| lvlq wklv fdwhjru|1 Dowkrxjk wkh jryhuqphqw lv ehqhyrohqw/ klv frqvwudlqwvzklfk duh wkh �uvw rughu frqglwlrqv ri wkh sulydwh vhfwru/ duh fkdqjlqj1Wkhuhiruh/ wkh rswlpdo wklqj wr gr iru wkh jryhuqphqw lv fkdqjlqj dovr1Vr lq rughu wr �qg d wlph frqvlvwhqw rswlpdo sodq/ zh qhhg wr �qg vxfkd sodq wkdw wkh jryhuqphqw qhyhu zdqwv wr ghyldwh iurp lwv suhvfulehgvwudwhjlhv1Krz grhv wkh olwhudwxuh ghdo zlwk wklv sureohpB Wkh| hlwkhu ljqruh lw/irfxv rq wuljjhu w|sh ri htxloleuld ru wklqn ri wkh sod|huv lq wkh qh{wshulrg dv gl�huhqw jx|v dqg orrn iru d �{hg srlqw ri wkh srolf| uxoh +vrwkdw jlyhq wkdw wkh ixwxuh jryhuqphqwv duh jrlqj wr iroorz wklv sduwlfxodusrolf| uxoh/ wkh fxuuhqw jryhuqphqw hqgv xs dfwxdoo| fkrrvlqj wkdw vdphsduwlfxodu srolf| uxoh dv lwv rswlpdo sodq,1
��2 ��ih*@TT�?} Bi?ih@|�L?t �L_i*Wkh edvlf gl�huhqfhv ehwzhhq d sxuh h{fkdqjh hfrqrp| zlwk lq�qlwho| olyhgdjhqwv dqg wkh ROJ prgho lv wkdw lq wkh ROJ prgho/ frpshwlwlyh htxloleuld
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pd| qrw eh Sduhwr rswlpdo dqg wkdw prqh| pd| kdyh srvlwlyh ydoxh1Frqvlghu dq hfrqrp| zkhuh djhqwv olyh iru wzr shulrgv1 Hdfk wlph shulrgd qhz jhqhudwlrq lv eruq1 Ohw +hw> hw.4, ghqrwh d jhqhudwlrq*v hqgrzphqw dqg+fw> fw.4, ghqrwh wkhlu frqvxpswlrq lq wkh �uvw dqg vhfrqg shulrgv ri wkhlu olyhv1Vxssrvh hw @ 6 dqg hw.4@41
Krphzrun1 Vkrz wkdw hdfk djhqw fkrrvhv wr frqvxph klv hqgrzphqw dwhdfk shulrg ri wkhlu olyhv/ l1h1 wkdw fw @ 6 dqg fw.4 @ 4=
Wkh sureohp wkdw zh uxq lqwr zlwk wkh Sduhwr rswlpdolw| ri wkh htxloleulxpdoorfdwlrqv lq ROJ lv wkdw wkh sulfhv duh jurzlqj wrr idvw lq vr wkdw wkh ydoxhri wkh hqgrzphqwv hqg xs ehlqj qrw erxqghg1Qrz frqvlghu wkh vsdfh F zlwk rqo| d �qlwh qxpehu ri hohphqwv wkdw duhqrw 31 Dqg wdnh [ � F dqg ohw wkh sulfhv wkdw vxssruw wkh dxwdun| lq RJeh gh�qhg rq wklv frpprglw| vsdfh1 Wkhq zh fdq vd| wkdw F � DG1 Wklv lvdq Duurz0Gheuhx htxloleulxp dqg lw lv Sduhwr rswlpdo ehfdxvh wkh rqo| ehwwhudoorfdwlrq lv wkh |rxqj jlylqj wr wkh rog dqg wkdw lv qrw ihdvleoh1Qrz ohw*v frqvlghu d sduwlfxodu RJ prgho zlwk gl�huhqw hohphqwv olnh pdulwdovwdwxv/ jhqghu/ khdowk/ hwf1 lq lw1Lqgh{ djhqwv e| djh dqg jhqghu1j= jhqghu}= pdulwdo vwdwxvk= khdowkh= hgxfdwlrq� = oryh� = h�ruw
Wkh djhqw*v ydoxh ixqfwlrq lv wkh iroorzlqj=

Yl>j+}> k> h> �> d> �, @ pd{}35E�+},>�3 x+f/},.�l[�3>k3��3k3>�kYl.4>j+}3> k3> h3> �3> d3> �3,
vxemhfw wr ud.z+h> o, .z�+=, @ f. d3

e �Th�* 2ee�� �wB 4L_i* ��|� tL4i _i|@�*� Zh zloo xvh wklv prgho wr xqghuvwdqg zkdw fkdqjlqj vrfldo vhfxulw| ehq0h�wv grhv wr vnloov1 Lq rwkhu zrugv/ zh duh lqwhuhvwhg lq vhhlqj wkh h�hfwvri srolf| rq kxpdq fdslwdo dffxpxodwlrq1
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� Zh zloo devwudfw iurp hqgrjhqrxv pruwdolw| +shrsoh fdqqrw d�hfw wkhluvxuylydo udwh,� �l = suredelolw| ri vxuylylqj iru dq djhqw ri djh l1� Zh zloo dovr devwudfw iurp furvv vhfwlrqdo gl�huhqfhv/ l1h1 zh zloo qrw doorzshrsoh ri wkh vdph djh jurxs gl�hu iurp hdfk rwkhu1� Zh zloo ohw djhqwv zrun hyhq li wkh| duh uhwluhg1� o= krxuv zrunhgWkh lqglylgxdo vwdwh yduldeohv duh= l +djh,/ k +kxpdq fdslwdo,/ e +dffxpx0odwhg ohyho ri ehqh�wv, dqg dWkh sureohp ri wkh djhqw li uhwluhg lv dv iroorzv=Yl+k> d> e, @ pd{o>f>| x+f/40o,.��lYl.4+k3> d3> e3,
vxemhfw wr

d3 @ |�l +ghdwk lqvxudqfh/ uhwxuq ri zklfk lv 4�l ,e3 @ e +ehqh�wv vwd| wkh vdph rqfh uhwluhg,k3 @ +4� �,k +Qrwklqj wr ohduq diwhu uhwluhg/ k ghfuhdvhv,f. |3 @ kz+o,o . +4 . u,d. o+e> l,
Wkh sureohp ri wkh djhqw li qrw uhwluhg lv dv iroorzv=Yl+k> d> e, @ pd{o>f>| x+f/40o,.��lYl.4+k3> d3> e3,
vxemhfw wr

d3 @ |�le3 @ #+e> l> k> z+o,> o, +ehqh�wv dffxpxodwlqj,k3 @ "+k> l> q,f. |3 @ kz+o,o+4� �, . +4 . u,d. o+e> l,
Krphzrun1 Vxssrvh wkdw diwhu ';4/333 / |rx grq*w sd| vrfldo vhfxulw|1Suryh wkdw lq wklv prgho qrerg| zloo hyhu pdnh h{dfwo| ';4/3331
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