
� �@hU� �H��� +i��i�� Odvw fodvv/ zh lqwurgxfhg wkh Oxfdv +4<:;, prgho1 Wkhuh lv d wuhh dqgwkh wuhh |lhogv d udqgrp qxpehu ri iuxlwv dw hdfk shulrg1 Wkhuh lv duhsuhvhqwdwlyh djhqw1 Lq wkh suhylrxv fodvv/ zh vdlg wkdw wkh htxloleulxpkdv wr eh vxfk wkdw fw @ gw vlqfh pdunhwv fohdu rqo| li wkh frqvxpswlrqri wkh djhqw htxdov wr khu hqgrzphqw gxh wr wkh idfw wkdw zh kdyh duhsuhvhqwdwlyh djhqw1 Wkhq/ zh zhuh deoh wr frpsxwh wkh sulfhv wkdwzloo vxssruw wklv doorfdwlrq dv wkh vroxwlrq wr wkh djhqw*v pd{lpl}dwlrqsureohp1 Wkxv zh jrw wkh sulfhv wkdw zloo lqgxfh wkh djhqw wr frqvxph dookh kdv dw hdfk shulrg1 Wkhq zh vhw xs d sureohp zkhuh wkh djhqw lv deoh wrwudgh dw hdfk shulrg dqg ohw klp pd{lpl}h e| fkrrvlqj klv frqvxpswlrq/fw> dqg wkh dprxqw ri vkduh ri wkh wuhh wr ex|/ vw.4= Iurp wkh vroxwlrqwr wkh djhqw*v sureohp lq wkh vhtxhqfh ri pdunhwv vwuxfwxuh/ zh zhuh deohwr fkdudfwhul}h wkh sulfh ri d vkduh ri wkh wuhh dw hdfk qrgh/ t+kw,= Zhghulyhg wkhvh sulfhv e| ghulylqj wkh IRF iurp frqvxphu*v sureohp dqglpsrvlqj wkh htxloleulxp frqglwlrqv rq wkhp1 Wrgd| zh vhh pruh rq wkhfkdudfwhul}dwlrq ri wkhvh sulfhv dqg zh jr rq wr dvvhw sulflqj xvlqj wkhvhwrrov1
��2 �tti| �h�U�?}� Zkdw lv wkh vwdwh ri wkh hfrqrp|BLw*v wkh qxpehu ri iuxlwv iurp wkh wuhh +g,1 Wkh glylghqg lv wkh djjuhjdwhvwdwh yduldeoh lq wklv hfrqrp|1� v/ wkh vkduh wkdw wkh frqvxphu kdv wrgd|/ lv wkh lqglylgxdo vwdwh yduldeoh1� Frqvxphu*v Sureohp=

Y +g> v, @ pd{v3>f x+f, . �[g3 �gg3Y +g3> v3,
v=w= f. v3t+g, @ v^t+g, . g`Lq htxloleulxp/ wkh vroxwlrq kdv wr eh vxfk wkdw f@g dqg v3 @ 41 Lpsrvh wkhvhrq wkh IRF dqg jhw wkh sulfhv wkdw lqgxfh wkh djhqw wr fkrrvh wkdw sduwlfxodudoorfdwlrq1Krphzrun1 Vkrz wkdw wkh sulfhv/ itljLl@4 duh fkdudfwhul}hg e| wkh iroorzlqjv|vwhp ri htxdwlrqv=

x3+gl, @ �[m �lmx3+gm, ^tm . gm `tl ;l
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Qrz ohw*v zulwh wkh deryh v|vwhp ri htxdwlrqv lq wkh pdwul{ irup vr zh fdqzulwh d forvhg irup iru t1
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6::::8
dqg ohw e@Dgzh kdyh/

t @ Dt . evr wkdw/
t @ +L �D,�4e

� Qrz frqvlghu wkh vdph sureohp exw qrz wkh djhqw fdq dovr ex| erqgviru wkh sulfh ri s+g, zklfk hqwlwohv klp wr jhw 4 xqlw ri wkh jrrg wkh qh{wshulrg1 Wkh djhqw*v qhz exgjhw frqvwudlqw lv=
e3s+g, . f. v3t+g, @ v^t+g, . g` . eWkh htxloleulxp txdqwlw| ri erqgv lv 3 ehfdxvh wkhuh lv qrrqh wr ex| wkrvherqgv iurp ru vhoo wkhp wr1 Qrz xvlqj wklv idfw/ zh zloo �qg wkh s+g, wkdwlqgxfhv wkh djhqw wr fkrrvh wr ex| 3 erqgv1

slx3+gl, @ �[m �lmx3+gm, ;l
Wkh sulfh ri d erqg/ s+g,/ lv fkdudfwhul}hg e| wkh deryh vhw ri htxdwlrqv1\rx fdq vhh wkh sdwwhuq khuh= Zh fdq fkrrvh dq| nlqg ri dvvhw dqg wkhqsulfh lw lq wkh vdph zd|1
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41514 RswlrqvGh�qlwlrq 4 Dq rswlrq lv dq dvvhw wkdw jlyhv |rx wkh uljkw wr ex| d vkduh dw dsuhvshfl�hg sulfh li |rx fkrrvh1Lq jhqhudo/ wr sulfh dq| nlqg ri dvvhwv dqg rswlrqv/ zh rqo| qhhg wr nqrzsulfhv ri frqvxpswlrq dw hdfk qrgh1Wkh sulfh ri dq rswlrq lv d vxp ri jdlq xqghu wkh rswlrq dw hdfk qrgh+frqvlghulqj wkh ghflvlrq ri zkhwkhu wr h{huflvh wkh rswlrq ru qrw,/ pxowlsolhge| wkh sulfh ri frqvxpswlrq dw hdfk qrgh1 Lq rughu wr zulwh dq h{suhvvlrq iru wkhsulfh ri dq rswlrq dw d fhuwdlq qrgh +t+kw,,/ zh qhhg wr �uvw frpsxwh wkh sulfhri d xqlw ri frqvxpswlrq jrrg dw qrgh kw.4 lq whupv ri xqlwv ri frqvxpswlrqjrrgv dw qrgh kw= Rqh zd| wr gr wklv lv lqwurgxfh vwdwh frqwlqjhqw fodlpv wr wkhsureohp ri wkh djhqw +|*+g*,, dqg frpsxwh lwv sulfh sgg3 =Ohw*v vd| zh zdqw wr sulfh rswlrqv dw qrgh kw= Dvvxph wkdw wkh vhw ri wkhsrvvleoh djjuhjdwh vkrfn frqwdlqv wkuhh hohphqwv1 Vwduw iurp kw/ srvvleoh qrghvlq wkh qh{w shulrg duh k4w.4 dqg k5w.4 dqg k6w.41 Qrz ghqrwh wkh sulfh ri frq0vxpswlrq dw qrgh k4w.4 lq whupv ri xqlwv ri frqvxpswlrq dw qrgh kw e| s|l4= Zhzdqw wr vhh zkdw s|l4 lv/ dv zhoo dv s|l5> s|l6= Lq rughu wr gr wklv zh xvh vwdwhfrqwlqjhqw fodlpv ehfdxvh wkh sulfh ri d vwdwh frqwlqjhqw fodlp dw qrgh kw wkdwhqwlwohv wkh djhqw wr jhw 4 xqlw ri frqvxpswlrq jrrg dw qrgh k4w.4 lv s|l4= Vr lizh zulwh grzq wkh sureohp ri wkh djhqw zlwk wkhvh vwdwh frqwlqjhqw fodlpv dqgfrpsxwh wkh sulfhv ri wkhvh vwdwh frqwlqjhqw fodlpv/ zh*oo jhw h{dfwo| zkdw zhqhhg= Wkh sulfh ri frqvxpswlrq dw qrgh k4w.4 +ru k5w.4 ru k6w.4, lq whupv ri xqlwvri frqvxpswlrq jrrg dw w=Rqfh zh dgg wkh vwdwh frqwlqjhqw fodlpv/ wkh djhqw*v sureohp ehfrphv wkhiroorzlqj=
Y +g> v> e> |, @ pd{f>v3>e3>|3+g3, x+f, .�[g3 �gg3Y +g3> v3> e3> |3+g3,,

v=w=[g3 |3+g3,s|gg3 . e3s+g, . f. v3t+g, @ v^t+g, . g` . e. |+g,
Krphzrun Vkrz wkdw wkh h{suhvvlrq iru wkh sulfh ri wkh vwdwh frqwlqjhqwfodlpv/ s|lm lv dv iroorzv=

s|lm@ ��lm x3+gm,x3+gl,Dq rswlrq wkdw |rx ex| dw shulrg w/ hqwlwohv |rx wr pd{i3/t+k4w.4,� tj dw qrghk4w.4>pd{i3/t+k5w.4, � tj dw qrgh k5w.4/ dqg pd{i3/t+k6w.4, � tj dw qrgh k6w.4=Dqg wkhuhiruh/ doo zh qhhg wr gr wr frpsxwh lwv sulfh lv pxowlso| zkdw lw hqwlwohvwkh djhqw dw hdfk qrgh e| wkh sulfh ri frqvxpswlrq dw wkdw qrgh lq whupv rifrqvxpswlrq dw w +zklfk zh qrz nqrz ehfdxvh zh douhdg| kdyh dq h{suhvvlrqiru s|lm , dqg vxp ryhu doo wkh qrghv=
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t3l +t, @ [
m pd{i3> tm � tjs|lm

Krphzrun +l, Sulfh d wzr shulrg rswlrq wkdw fdq eh h{huflvhg dq| wlphehiruh lwv pdwxulw| +l1h1 li |rx ex| wkh rswlrq wrgd|/ lw fdq eh h{huflvhg hlwkhuwrpruurz ru wkh gd| diwhu,+ll, Sulfh d wzr shulrg rswlrq wkdw fdq eh h{huflvhg rqo| dw lwv pdwxulw|1Krphzrun Frph xs zlwk dq dvvhw dqg sulfh lw1Krphzrun Ilqg wkh irupxod wkdw uhodwhv wkh sulfh ri wkh erqg wr wkh sulfhri wkh vwdwh frqwlqjhqw fodlpv lq wkh deryh sureohp +l1h1 s+g, wr s|gg3,=Krphzrun Jlyh d irupxod iru t+g, lq whupv ri s|gg3 =
��� +�, ��|� BL�ih?4i?|Zkhq zh duh frqvlghulqj UFH zlwk jryhuqphqw/ wkhuh duh vhyhudo lvvxhv wkdwzh qhhg wr frqvlghu ehiruh zh ehjlq zulwlqj grzq wkh sureohp ri wkh djhqw dqgwkh jryhuqphqw*v exgjhw frqvwudlqw1 Zh qhhg wr pdnh vrph fkrlfhv derxw wkhhfrqrp| wkdw zh duh prghoolqj=Fdq wkh jryhuqphqw lvvxh ghewB Li qr= Wkh jryhuqphqw lv uhvwulfwhg e| klvshulrg e| shulrg exgjhw frqvwudlqw1 Kh fdqqrw uxq d exgjhw gh�flw ru d vxusoxv1Zkdwhyhu kh jhwv dv uhyhqxhv iurp wd{hv/ kh vshqgv wkdw dqg qr pruh ru qrohvv1 Klv exgjhw frqvwudlqw qhhgv wr krog dw hdfk shulrg/ wkh jryhuqphqw fdqqrweruurz iurp wkh sxeolf1 Khuh wkh jryhuqphqw h{shqglwxuhv duh h{dfwo| htxdo wrwkh wd{ uhyhqxhv1 Li |hv= Wkh jryhuqphqw fdq lvvxh erqgv dw hdfk shulrg Zkhqlw wxuqv rxw wkdw wkh jryhuqphqw*v h{shqglwxuhv duh kljkhu wkdq lwv uhyhqxhv+wkh wd{ uhyhqxhv, kh fdq lvvxh ghew ru zkhq lw wxuqv rxw wkdw wkh h{shqglwxuhvduh ohvv wkdq klv uhyhqxhv/ kh fdq uhwluh ghew wkdw zdv lvvxhg ehiruh1 Li zh prghowkh hfrqrp| vr wkdw wkh jryhuqphqw lv doorzhg wr lvvxh ghew/ wkhq zh qhhg wrghdo zlwk wkh lvvxh ri uhvwulfwlqj lw wr dffxpxodwh sxeolf ghew lqgh�qlwho|1 Wklvlv zkhuh wkh Qr0Srq}l Vfkhph frphv lqwr sod|1 Exw zh*oo kdyh pruh rq wkdwodwhu1Zh zloo gr wkh vhfrqg fdvh wrgd|1 Vr wkh hfrqrp| lv dv iroorzv=� Jryhuqphqw lvvxhv ghew dqg udlvhv wd{ uhyhqxhv wr sd| iru d frqvwdqwvwuhdp ri h{shqglwxuhv1� Jryhuqphqw ghew lv lvvxhg dw idfh ydoxh zlwk d vwuhp ri lqwhuhvw udwh iue>wj� Qr vkrfnv1� Qr oderu2ohlvxuh fkrlfh1Ohw*v zulwh grzq wkh sureohp ri wkh frqvxphu1 Qrwlfh wkdw wkh frqvxphufdq wudqvihu uhvrxufhv dfurvv wlph lq wzr zd|v khuh= Kh fdq hlwkhu vdyh lq wkhirup ri fdslwdo ru kh fdq ex| erqgv1 Lq htxloleulxp/ wkh udwhv ri uhwxuq rq erwk
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zd|v ri vdylqj vkrxog eh wkh vdph e| qr duelwudjh vr wkdw ue @ un1 Vlqfh wkhudwhv ri uhwxuq rq erwk lv wkh vdph/ wkh djhqw vkrxogq*w fduh lq zkdw irup khvdyhv/ l1h1 wkh frpsrvlwlrq ri wkh dvvhw sruwirolr grhvq*w pdwwhu1 Vr ohw d ghqrwhwkh djhqw*v dvvhw zklfk frqvlvwv ri sk|vlfdo fdslwdo kroglqj n dqg �qdqfldo dvvhwe1 Zh grq*w qhhg wr pdnh wkh glvwlqfwlrq ehwzhhq wkh wzr1 Dqg ohw u ghqrwhwkh udwh ri uhwxuq rq d +zklfk lv lq wxuq wkh udwh ri uhwxuq rq fdslwdo dqg udwhri uhwxuq rq erqgv,1Djjuhjdwh vwdwh yduldeohv duh N dqg E zkhuh E lv wkh jryhuqphqw ghew1Qrwlfh wkdw J/ wkh jryhuqphqw h{shqglwxuhv/ lv qrw d vwdwh yduldeoh khuh vlqfhlw*v frqvwdqw dfurvv wlph1 Wkh lqglylgxdo vwdwh yduldeoh lv d/ wkh frqvxphu*v dvvhwkroglqjv1Wkh frqvxphu*v sureohp=
Y +N>E> d, @ pd{f>d3 x+f, . �Y +N3> E3> d3,

vxemhfw wr f. d3 @ d. ^ud.z`+4� �,u @ u+N, @ in+N> 4,� �z @ z+N, @ iq+N> 4,N3 @ K+N>E,E3 @ �+N>E,� @ �+N>E,Vroxwlrq lv= d*@#+N>E> d,Gh�qlwlrq 5 Jlyhq �+N>E,> d UFH lv d vhw ri ixqfwlrqv iY +=,> #+=,>K+=,>�+=,jvxfk wkdw41 +Krxvhkrog*v rswlpl}dwlrq, Jlyhq iK+=,>�+=,j> iY +=,> #+=,j vroyh wkh krxvh0krog*v sureohp151 +Frqvlvwhqf|, K+N>E, . �+N>E, @ #+N>E>N .E,61 +Qr Duelwudjh Frqglwlrq,ue+N>E, @ 4 . IN+K+N>E,> 4,� �+Wkh udwh ri uhwxuq rq erqg lv htxdo wr wkh udwh ri uhwxuq rq fdslwdo> qrwlfhzh douhdg| xvhg wklv idfw zkhq zh zhuh zulwlqj grzq wkh sureohp ri wkhfrqvxphu e| ohwwlqj u ghqrwh wkh udwh ri uhwxuq rq erwk dqg qrw glvwlq0jxlvklqj ehwzhhq wkhp,71 +Jryhuqphqw Exgjhw Frqvwudlqw,�+N>E, . ^i+N> 4,� �N . +in+N> 4,� �,E`+4� �+N>E,, @ �J.E^4 . in+N> 4,� �`
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+Vr wkdw wkh jryhuqphqw*v uhvrxufhv hdfk shulrg duh wkh erqgv wkdw lw lvvxhv+�+N>E,,> soxv lwv uhyhqxhv iurp wd{ rq uhqwdo lqfrph/ zdjh lqfrph/ dqglqfrph rq wkh lqwhuhvw rq erqgv1 Lwv xvhv duh wkh jryhuqphqw h{shqglwxuhv+J,/ dqg wkh ghew wkdw lw sd|v edfn1,81 +Qr Srq}l Vfkhph Frqglwlrq, <E/ E>N/ N vxfk wkdw ;N>E 5 ^N>N`{^E>E`�+N>E, 5 ^E> �E`Krphzrun Frqvlghu dq hfrqrp| zlwk wzr frxqwulhv lqgh{hg e| l5 iD>Ej=Hdfk frxqwu| lv srsxodwhg e| d frqwlqxxp ri lq�qwho| olyhg lghqwlfdo djhqwvwkdw lv wdnhq wr eh ri phdvxuh rqh1 Hdfk frxqwu| kdv d surgxfwlrq ixqfwlrqi l+N l> Q l, +gl�huhqw whfkqrorjlhv dfurvv frxqwulhv,1 Dvvxph wkdw rxwsxw dqgfdslwdo fdq eh wudqvihuuhg ehwzhhq frxqwulhv dw qr frvw1 Exw oderu fdqqrw pryhdfurvv frxqwulhv1Gh�qh uhfxuvlyh htxloleuld iru wklv hfrqrp|1
2 �@hU� 2fG �i@t�hi A�iLh)� Zh zloo xvh phdvxuh wkhru| dv d wrro wr ghvfuleh d vrflhw| zlwk khwhurjh0qrxv djhqwv1 Prvw ri wkh suhylrxv prghov wkdw zh ghdow zlwk/ wkhuh zdvd frqwlqxxp ri lghqwlfdo djhqwv/ vr zh vdz wkh hfrqrp| dv frqvlvwlqj rirqo| rqh w|sh ri djhqw1Exw iurp qrz rq lq wkh prghov wkdw zh ghdo zlwkwkhuh zloo eh khwhurjhqrxv djhqwv lq wkh hfrqrp|1 Wkh djhqwv zloo gl�hu lqydulrxv zd|v= lq wkhlu suhihuhqfhv/ lq wkh vkrfnv wkh| jhw/ hwf1 Wkhuhiruh/wkh ghflvlrqv wkh| pdnh zloo gl�hu dovr1 Lq rughu wr ghvfuleh vxfk d vrflhw|/zh qhhg wr eh deoh wr nhhs wudfn ri hdfk w|sh ri djhqw1 Zh xvh phdvxuhwkhru| wr gr wkdw1� Zkdw lv phdvxuhBPhdvxuh lv d zd| wr ghvfuleh vrflhw| zlwkrxw kdylqj wr nhhs wudfn riqdphv1 Exw ehiruh zh gh�qh phdvxuh/ wkhuh duh vhyhudo gh�qlwlrqv zhqhhg wr ohduq1Gh�qlwlrq 6 Iru d vhw D/ D lv d vhw ri vxevhwv ri D1Gh�qlwlrq 7 � � d oj heud D lv d vhw ri vxevhwv ri D/ vxfk wkdw/41 D> > 5 D51 E 5 D , Ef@D 5 D +forvhg lq frpsohphqwdulw|,zkhuh Ef@D @ id 5 D = d @5 Ej61 iru iEljl@4>5===/ El 5 D , ^_lEl` 5 D +forvhg lq frxqwdeoh lqwhuvhfwlrqv,� Dq h{dpsoh iru wkh wklug surshuw|= Wklqn ri d �0dojheud gh�qhg rq wkhvhw ri shrsoh lq d fodvvurrp1 Wkh surshuw| ri ehlqj forvhg lq frxqwdeohlqwhuvhfwlrqv vd|v wkdw li wkh vhw ri wdoo shrsoh lv lq wkh �0dojheud/ dqg wkhvhw ri zrphq lv lq wkh �0dojheud/ wkhq wkh vhw ri wdoo zrphq vkrxog eh lqwkh �0dojheud dovr1
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� Frqvlghu wkh vhw D@i4/5/6/7jKhuh duh vrph h{dpsohv ri �0dojheudv gh�qhgrq wkh vhw D=D4@ i>> DjD5 @ i>>D> i4j> i5> 6> 7jjD6 @ i>>D> i4j> i5j>i5> 6> 7j> i4> 6> 7j> i6> 7j> i4> 5jjD7 @ Wkh vhw ri doo vxevhwv ri D1Uhpdun 8 D wrsrorj| lv d vhw ri vxevhwv ri d vhw dovr/ mxvw olnh d �0dojheud1 Exwwkh hohphqwv ri d wrsrorj| duh rshq lqwhuydov dqg lw grhv qrw vdwlvi| wkh surshuw|ri forvhgqhvv lq frpsohphqwdolw| +vlqfh d frpsohphqw ri dq hohphqw lv qrw dqhohphqw ri wkh wrsrorj|,1 Wkhuhiruh wrsrorj| lv qrw d �0dojheud1Uhpdun 9 Wrsrorjlhv dqg Eruho vhwv duh dovr idplo| ri vhwv exw zh xvh wkhpwr ghdo zlwk frqwlqxlw|/ dqg �0dojheud zh xvh wr ghdo zlwk zhljkw1� Wklqn ri wkh �0dojheudv gh�qhg rq wkh vhw D deryh1 Zklfk rqh surylghvxv zlwk wkh ohdvw dprxqw ri lqirupdwlrqB Lw lv D4= Zk|B Ehfdxvh iurpD4> zh rqo| nqrz zkhwkhu dq hohphqw lv lq wkh vhw D ru qrw1 Wklqn riwkh h{dpsoh ri wkh fodvvurrp1 Iurp D4>doo zh jhw wr lv zkhwkhu d shuvrqlv lq wkdw fodvvurrp ru qrw/ zh ohduq qrwklqj derxw wkh wdoo shrsoh/ vkruwshrsoh/ pdohv/ ihpdohv/ hwf1 Wkh pruh vhwv wkhuh duh lq d �0dojheud/ wkhpruh lqirupdwlrq zh kdyh1Wklv lv zkhuh wkh Eruho vhwv duh xvhixo1 D Eruhovhw lv d �0dojheud zklfk lv jhqhudwhg e| d idplo| ri rshq vhwv1 Vlqfh Eruho�0dojheud frqwdlqv doo wkh vxevhwv jhqhudwhg e| lqwhuydov/ |rx fdq uhfrjql}hdq| vxevhw ri vhw/ xvlqj Eruho �0dojheud1 Lq rwkhu zrugv/ Eruho �0dojheudfruuhvsrqgv wr frpsohwh lqirupdwlrq1� Qrz zh duh uhdg| wr gh�qh phdvxuh=Gh�qlwlrq : D phdvxuh lv d ixqfwlrq { = D $ U. vxfk wkdw41 {+>, @ 351 li E4> E5 5 D dqg E4 _ E5 @ > , {+E4 ^ E5, @ {+E4, . {+E5, +�qlwhdgglwlylw|,61 li iElj4l@4 5 D dqg El _ Em @ > iru doo l 9@ m , {+^lEl, @ Sl {+El,+frxqwdeoh dgglwlylw|,Gh�qlwlrq ; Suredelolw| +phdvxuh, lv d phdvxuh vxfk wkdw {+D, @ 4Krphzrun Vkrz wkdw wkh vsdfh ri phdvxuhv ryhu wkh lqwhuydo ^3/4` lv qrwd wrsrorjlfdo yhfwru vsdfh1Krphzrun Vkrz wkdw wkh vsdfh ri vljq phdvxuhv lv d wrsrorjlfdo yhfwruvsdfh1Krphzrun Vkrz wkdw wkh frxqwdeoh xqlrq ri hohphqwv ri d � � d oj heudlv dovr hohphqw ri wkh � � d oj heud=
:



� Frqvlghu wkh vhw D@^3/4` zkhuh d 5 D ghqrwhv zhdowk1 Vr D lv wkh vhw rizhdowk ohyhov qrupdol}hg wr 41� Zh zloo gh�qh {= D $ U. dv d suredelolw| phdvxuh vr wkdw wkh wrwdosrsxodwlrq lv qrupdol}hg wr rqh1 Xvlqj phdvxuh/ zh fdq uhsuhvhqw ydulrxvvwdwlvwlfv lq d vlpsoh irup=41 Wkh wrwdo srsxodwlrq= ]
D g{ @ {+D, @ 4

51 Dyhudjh zhdowk=
]
D dg{

Zh jr wkurxjk hdfk ohyhov ri zhdowk lq wkh hfrqrp| dqg pxowlso| wkhzhdowk ohyho e| wkh sursruwlrq ri shrsoh wkdw kdyh wkdw zhdowk ohyho/ dqgehfdxvh wkh vl}h ri wkh vrflhw| lv qrupdol}hg wr 4/ wklv jlyhv xv dyhudjhzhdowk161 Yduldqfh ri zhdowk=
]
D^d�

]
D dg{`5g{

71 Frh�flhqw ri yduldwlrq=
iUD^d� UD dg{`5g{j4@5UD dg{81 Zhdowk ohyho wkdw vhshudwhv wkh 4( ulfkhvw dqg wkh srruhvw <<( lv hd wkdwvroyhv wkh iroorzlqj htxdwlrq=

3=<< @ ]
D 4^d�hd`g{

Krphzrun Zulwh wkh h{suhvvlrq iru wkh Jlql lqgh{1
Uhpdun < Qrwdwlrq=]

D 4^d�hd`g{ @ {+^3>hd`, @ ]
D 4^d�hd`{+gd,

;



2�� W?|hL_�U|�L? |L |�i ,UL?L4) ��|� Oi|ihL}i?L�t �}i?|tLpdjlqh d Dufklshodjr wkdw kdv d frqwlqxxp ri lvodqgv1 Wkhuh lv d �vkhupdq rqhdfk lvodqg1 Wkh �vkhuphq jhw dq hqgrzphqw v hdfk shulrg1 v iroorzv d Pdunrysurfhvv zlwk wudqvlwlrq �vv3 dqg/v5 iv4> =====> vqvjWkh �vkhuphq fdqqrw vzlp1 Wkhuh lv d vwrudjh whfkqrorj| vxfk wkdw/ li wkh�vkhuphq vwruh t xqlwv ri �vk wrgd|/ wkh| jhw 4 xqlw ri �vk wrpruurz1 Wkhsureohp ri wkh �vkhupdq lv=
Y +v> d, @ pd{f>d3 x+f, . �[v3 �vv3Y +v3> d3,

v=w =f. td3 @ v. d
f> d3 � 3Krphzrun Fdq zh dsso| wkh Frqwudfwlrq Pdsslqj Wkhruhp wr wklv sure0ohpB

� �@hU� 2DG ,UL?L4) ��|� Oi|ihL}i?L�t �}i?|t��� �i@t�hi A�iLh) EUL?|�?�i_�� Frqvlghu wkh vhw D@i4/5/6/7jdqg wkh iroorzlqj � � d oj heudv gh�qhg rqlw=D4@ i>> DjD5 @ i>>D> i4> 5j>i6> 7jj� Uhphpehu iurp odvw fodvv wkdw wkh pruh vhwv wkhuh duh lq wkh ��d oj heud>wkh pruh zh nqrz1Gh�qlwlrq 43 i=D $ U lv phdvxudeoh zlwk uhvshfw wr D li/Ef @ ie 5 D = i+e, � fj 5 D ;f 5 DH{dpsoh 4 = Frqvlghu wkh iroorzlqj vhw D/ wkh hohphqwv ri zklfk ghqrwhwkh srvvleoh sdluv ri wrgd|*v dqg wrpruurz*v whpshudwxuhv1D @ i^�5:6> 43333`� ^�5:6> 43333`jDqg ohw D eh d � � d oj heud gh�qhg rq wklv vhw D vxfk wkdw/D @ i^�5:6>�5:6=8`w> ^�5:6=8>�5:7`w> ^�5:7>�5:7=8`w> ========================> ^�5:6> 43333`w.4j+wkh vxevfulswv mxvw ghqrwh zklfk gd| wkh whpshudwxuhv duh iru/ wrgd| +w, ruwrpruurz +w.4,,
<



Nqrzlqj zklfk vhw lq D d fhuwdlq hohphqw olhv surylghv xv zlwk qr lqiru0pdwlrq derxw wrpruurz*v whpshudwxuh1 Wkh 318 lqwhuydov duh doo iru wrgd|*vwhpshudwxuhv1 Qrz lpdjlqh zh vd| zh zloo kdyh d sduw| rqo| li wrpruurz*vwhpshudwxuh lv deryh d fhuwdlq ohyho1 Fdq zh kdyh d ixqfwlrq gh�qhg rq wkhD deryh dqg nqrz zkhwkhu wkhuh zloo eh d sduw| wrpruurz dv wkh rxwfrph riwklv ixqfwlrqB Wkh dqvzhu lv qr1 Wkh sduwlfxodu ��dojheud wkdw zh gh�qhgderyh lv qrw dssursuldwh iru d ixqfwlrq wkh dujxphqwv ri zklfk duh wrpruurz*vwhpshudwxuh1 Dq| ixqfwlrq zkrvh dujxphqw lv whpshudwxuhv wrpruurz lv qrwphdvxudeoh zlwk uhvshfw wr wkh ��dojheud deryh1Iru d ixqfwlrq wr eh phdvxudeoh zlwk uhvshfw wr d ��dojheud/ wkh vhw risrlqwv ryhu zklfk wkh ixqfwlrq fkdqjhv ydoxh vkrxog eh lq wkdw ��dojheud/ dqgwklv lv zkdw wkh deryh gh�qlwlrq ri phdvxudelolw| wudqvodwhv lqwr1 Lq rwkhu zrugv/|rx vkrxog eh deoh wr whoo dsduw wkh dujxphqwv ryhu zklfk wkh ixqfwlrq fkdqjhvydoxh1H{dpsoh 5 = Frqvlghu wkh iroorzlqj ��dojheudD gh�qhg rq vhw D@i4/5/6/7j=D3@ i>> D> i4> 5j> i6> 7jjQrz wklqn ri wkh ixqfwlrq wkdw jlyhv '4 iru rgg qxpehuv dqg '3 iru hyhq1 Lvwklv ixqfwlrq phdvxudeoh zlwk uhvshfw wr D3B Qr/ ehfdxvh wkh dujxphqwv zkhuhwkh ixqfwlrqv fkdqjhv ydoxhv duh qrw hohphqwv ri D3= Wklv ixqfwlrq zrxog ehphdvxudeoh zlwk uhvshfw wr wkh iroorzlqj � � d oj heud=D33 @ i>> D> i4> 6j> i5> 7jjRqh ri wkh zd|v zh qhhg wkh qrwlrq ri phdvxudelolw| lq wkh frqwh{w ri wkhhfrqrplhv zh ghdo zlwk lv wkh iroorzlqj= Hyhu| ixqfwlrq wkdw d�hfwv zkdw shrsohgr dw wlph w kdv wr eh %w0phdvxudeoh%/ lq rwkhu zrugv/ fdqqrw ghshqg rq wkhixwxuh/ w.41
��2 Ah@?t�|�L? 6�?U|�L?Gh�qlwlrq 44 D wudqvlwlrq ixqfwlrq T = D�D $ U vxfk wkdw=41 ; �E 5 D/ T+=> �E, = D $ U lv phdvxudeoh/51 ;�d 5 D/ T+�d> =, = D $ U lv d suredelolw| phdvxuh1T ixqfwlrq lv d suredelolw| wkdw d w|sh d djhqw hqgv xs lq wkh w|sh zklfkehorqjv wr E1 Zkdw wkh �uvw frqglwlrq deryh vd|v lv wkh iroorzlqj= Zkdwhyhuzh qhhg wr nqrz iru wrgd| kdv wr eh vx�flhqw wr vshfli| zkdw wkh suredelolw|wrpruurz lv1Frqvlghu wkh vhw D wkh hohphqwv ri zklfk duh wkh srvvleoho vwdwhv ri wkh zruog/vd| jrrg dqg edg1D@ijrrg/ edgjDqg ohw � eh wkh wudqvlwlrq pdwul{ dvvrfldwhg zlwk D1

43



�ll3 @ � �jj �je�ej �ee
�

Wkh ��dojheud zh zrxog zdqw wr xvh lv D @ i>> D> ijrrgj> iedgjjQrwlfh wkdw zkdw zh qhhg wr nqrz wr frpsxwh wkh suredelolw| ri d fhuwdlqvwdwh wrpruurz lv wrgd|*v vwdwh dqg wkh ��dojheud ohwv xv nqrz wkdw1
Krphzrun Yhuli| wkdw wkh D @ i>> D> ijrrgj> iedgjj lv d ��dojheud1Krphzrun Wdnh D@^3/4` dqg D @ iEruho vhwv rq Dj Iru d5 D>E 5 D>

T+d>E, @ ]
D Eg{

Yhuli| wkdw T lv d wudqvlwlrq ixqfwlrq1� Wkh phdvxuh { gh�qhg rq d vljpd dojheud ryhu wkh vhw ri lqwhuydov rizhdowk lv frpsohwh ghvfulswlrq ri wkh vrflhw| wrgd|1� {*+E,= Phdvxuh ri shrsoh zkr kdyh fkdudfwhulvwlfv lq E5 D wrpruurz1� Wkh sdlu {/T zloo whoo xv derxw wrpruurz1Slfn rqh phdvxuh wkdw*v gh�qhg ryhu wkh ��dojheud/ D> rq wkh vhw rizhdowk ohyhov D@^3/4`
{3+E, @ ]

D T++v> d,> E,g{
Vr zlwk { dqg T> zh jhw {31l1h1 zlwk wkh phdvxuh ri shrsoh wrgd| dqg wkhwudqvlwlrq ixqfwlrq T/ zh jhw wkh phdvxuh ri shrsoh zlwk zhdowk ohyho lq dfhuwdlq lqwhuydo E@^d/e` wrpruurz1Zkdw shrsoh duh qrz +{, . Zkdw shrsoh gr +T, $ {3

H{dpsoh Frqvlghu d vrflhw| zkhuh shrsoh duh fkdudfwhul}hg dv %jrrg jx|v%ru %edg jx|v%1 Gh�qh wkh vljpd dojheud D dvD @ i>> D> ijrrgj> iedgjjDqg vxssrvh wkdw wrgd| hyhu|erg| lq wkh vrflhw| lv d %jrrg jx|% vr wkdw/
{+ijrrgj, @ 4{+iedgj, @ 3Ohw �jj ghqrwh wkh suredelolw| wkdw vrphrqh zloo eh d jrrg jx| wrpruurzjlyhq kh lv d jrrg jx| wrgd|1 Vr wkh phdvxuh ri shrsoh wkdw duh jrrg jx|vwrpruurz lv/ {3+ijrrgj, @ �jj
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dqg wkh phdvxuh ri shrsoh zkr duh edg jx|v wrpruurz/
{3+iedgj, @ �jedqg wkh phdvxuh ri shrsoh zkr duh jrrg jx|v wzr shulrgv iurp qrz/{33+ijrrgj, @ �jj{3+ijrrgj, . �ej{3+iedgj,Qrwlfh wkdw zkhq zh duh zulwlqj wkh h{suhvvlrqv deryh iru wkh sursruwlrq rishrsoh ri jrrg jx|v ru edg jx|v dw d fhuwdlq shulrg/ zh duh lpsolflwo| xvlqj wkhOdz ri Odujh Qxpehuv1 OOQ vd|v wkdw wkh sursruwlrq ri d fhuwdlq fkdudfwhulvwlflq wkdw srsxodwlrq zloo frqyhujh wr wkh suredelolw| ri wkdw fkdudfwhulvwlf zlwk dvx�flhqwo| odujh vdpsoh vl}h1 Lq rwkhu zrugv/ zh duh qrw lqwhuhvwhg lq vdpsolqjxqfhuwdlqw|1 Iru h{dpsoh/ wkh sursruwlrq ri wkh jrrg jx|v lq wkh vrflhw| wr0pruurz lv mxvw wkh suredelolw| ri d jrrg jx| vwd|lqj d jrrg jx| pxowlsolhg e|wkh sursruwlrq ri jrrg jx|v wrgd| +zklfk lv 4 lq wkh h{dpsoh deryh, SOXV wkhsuredelolw| wkdw d edg jx| zloo ehfrph d jrrg jx| pxowlsolhg e| wkh sursruwlrqri edg jx|v wrgd| +zklfk lv }hur lq wkh h{dpsoh deryh,1Wklv lv wkh vdph lghd zlwk wkh h{dpsoh ri wrvvlqj d frlq1 Wkh suredelolw|ri jhwwlqj khdgv lv 425 hdfk wlph |rx wrvv d frlq1 Vr li |rx wrvv wkh frlq dfrxqwdeoh qxpehu ri wlphv/ wkh phdvxuh ri uhdol}dwlrqv wkdw duh khdgv zloo eh4251 Lq rxu vrflhw| deryh/ wkh suredelolw| ri hdfk jrrg jx| vwd|lqj d jrrg jx|lv �jj dqg zlwk vx�flhqwo| odujh qxpehu ri shrsoh/ wklv lv htxdo wr wkh phdvxuhri jrrg jx|v wrpruurz1

��� ,UL?L4) ��|� Oi|ihL}i?L�t �}i?|tQrz zh jr edfn wr rxu hfrqrp| zlwk �vkhuphq dqg xvh wkh wrrov wkdw zhlqwurgxfhg deryh iru wklv hfrqrp|1� Hyhu| shulrg wkh iduphu zdnhv xs dqg uhfhlyhv klv hqgrzphqw ri �vk/v/ zklfk iroorzv d Pdunry surfhvv zlwk wudqvlwlrq pdwul{ �= Wkhuh lv dvwrudjh whfkqrorj| dqg li wkh iduphu vdyhv t xqlwv ri �vk wrgd|/ wrpruurzkh jhwv 4 xqlw ri �vk1 Klv vdylqjv lv ghqrwhg e| d*1+v/d, lv wkh w|sh ri d �vkhupdq dqg wkh vhw frqvlvwlqj ri doo srvvleoh vxfksdluv lv/ V �D @ iv4> v5> =====> vqj � ^3> d`Ohw D eh wkh vhw ri Eruho vhwv rq V{D1 Dqg gh�qh d suredelolw| phdvxuh {rq D/
{ = D $ ^3> 4`� Wkh �vkhupdq*v sureohp lv=
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Y +v> d, @ pd{f>d3 x+f, . �[v3 �vv3Y +v3> d3,
vxemhfw wr

f. td3 @ v. d
f � 3 dqg d* 5 ^3> d`� Zlwk wkh ghflvlrq uxoh d*@j+v/d, dqg wkh wudqvlwlrq pdwul{ iru wkh hqgrz0phqw surfhvv �vv3 > zh fdq frqvwuxfw wkh wudqvlwlrq pdwul{1 Wkh wudqvlwlrqixqfwlrq T+v/d/E, whoov xv wkh suredelolw| wkdw d �vkhupdq zlwk +v/d, wr0gd| hqgv xs lq vrph Ev � Ed 5 D wrpruurz +zkhuhEv dqg Ed duh wkhsurmhfwlrqv ri E ryhu wkh vsdfhv V dqg D,1Wkh wudqvlwlrq ixqfwlrq lv frqvwuxfwhg dv iroorzvT+v> d>E, @ 4^j+v>d,5Ed` [

v35Ev
�vv3

Krphzrun Yhuli| wkdw T frqvwuxfwhg dv deryh lv d wudqvlwlrq ixqfwlrq1Krphzrun Frpsxwh wkh vwdwlrqdu| glvwulexwlrq dvvrfldwhg zlwk wkh wudqvl0wlrq pdwul{ � @ � 3=;8 3=483=4 3=< �
Krphzrun Su iorvlqj d mrej@3138 dqg Sui�qglqj d mrej@3181 Ilqg wkhvwdwlrqdu| glvwulexwlrq iru vwdwhv ri hpsor|phqw11
H{dpsoh Wdnh vrphPdunry surfhvv zlwk wudqvlwlrq pdwul{ � @ � 3=< 3=43=4 3=< �
Wkh vwdwlrqdu| glvwulexwlrq dvvrfldwhg zlwk wklv wudqvlwlrq pdwul{ lv/ {� @^ 3=8 3=8 `� Gh�qh wkh xsgdwlqj rshudwru W dv/{3+E, @ W +{>T,
� Iru h{dpsoh li |rx dsso| wkh rshudwru rq { dqg T wzlfh/ zh jhw wkh wzrshulrgv dkhdg phdvxuh/ hwf1 ={33+E, @ W 5+{>T,{333+E, @ W 6+{>T,
{� fdq eh zulwwhq dv/

{� @ olpq$4 Wq+{3> T, ;{3
46



Lq rwkhu zrugv/ xqghu vrph frqglwlrqv rq T/ qr pdwwhu krz vrflhw| lv wrgd|/li |rx zdlw orqj hqrxjk |rx*oo jhw {�=Exw zkdw duh wkhvh vhwv ri frqglwlrqvB Khuh lqvwhdg ri irupdoo| od|lqj lwrxw/ zh eulh�| h{sodlq wkh frqglwlrqv zh qhhg rq T lq rughu wr kdyh d xqltxhvwdwlrqdu| glvwulexwlrq=41 Wkhuh vkrxog eh qr fdvwhv1 Li |rx duh lq d vrflhw| zlwk d fdvwh v|vwhp dqgli |rx*uh eruq lq d fhuwdlq fodvv/ |rx vwd| lq wkdw fodvv1 Vr fohduo| lq vxfkd vrflhw|/ lqlwldo frqglwlrqv pdwwhu1Vr zh qhhg T wr vdwlvwi| wkh %Dphulfdq guhdp/ Dphulfdq qljkwpduh% frq0glwlrq= Qr pdwwhu zkdw |rxu lqlwldo w|sh lv/ wkhuh lv d srvlwlyh suredelolw|ri jrlqj wr dq| gl�huhqw w|sh lq wkh vx�flhqwo| qhdu ixwxuh1 Vr wkdw qrpdwwhu krz srru |rx duh/ |rx fdq eh ulfk> dqg qr pdwwhu krz ulfk |rxduh/ |rx fdq ehfrph srru1Frqvlghu wkh iroorzlqj wudqvlwlrq pdwul{/
5997 3=< 3=4 3 33=6 3=: 3 33 3 3=8 3=83 3 3=8 3=8

6::8
Wklv wudqvlwlrq pdwul{ grhv qrw vdwlvi| zkdw zh fdoo wkh %Prqrwrqh Pl{lqjFrqglwlrq%1 PPF edvlfdoo| vd|v wkdw wkh wudqvlwlrq ixqfwlrq vkrxog ehvxfk wkdw lw doorzv d vx�flhqw pl{lqj ri doo w|shv ri djhqwv1 Exw qrwlfhwkdw zlwk wkh deryh wudqvlwlrq pdwul{/ wkhuh lv qr pl{lqj ehwzhhq w|shv 4ru 5 dqg w|shv 6 ru 7 +iru h{dpsoh/ wkh suredelolw| ri ehfrplqj d w|sh 6jlyhq |rx duh w|sh 4 lv 3/ hwf1,1Uhpdun 45 Uhphpehu zkdw wkh jurzwk prgho kdg wr vd| derxw wkh zhdowk glv0wulexwlrq= Dq| lqlwldo frqglwlrq zh kdg/ lw vwd|hg1 Vr wkh prgho kdg qrwklqj lq0whuhvwlqj wr vd| derxw wkh zhdowk glvwulexwlrq1 Exw khuh zh kdyh d pxfk vwurqjhuuhvxow/ qrz zh nqrz wkdw qr pdwwhu zkhuh zh vwduw zh jhw d xqltxh vwdwlrqdu|glvwulexwlrq1Krphzrun Iru wudqvlwlrq ixqfwlrq T/ vxssrvh wkhuh lv d vwdwlrqdu| glvwul0exwlrq {�1Zulwh grzq irupxod iru suredelolw| wkdw shrsoh lq wkh wrs 4( ulfkhvwjurxs uhpdlq lq wkdw shufhqwloh lq vwdwlrqdu| glvwulexwlrq {�1

e �@hU� 2.G ,UL?L4) ��|� Oi|ihL}i?L�t �}i?|tEUL?|�?�i_�e�� +i��i�Odvw fodvv zh lqwurgxfhg wudqvlwlrq ixqfwlrqv dqg zh wdonhg derxw zkdw wkh|phdq dv zhoo dv krz wkh| duh frqvwuxfwhg1 Wkhq zh gh�qhg d vwdwlrqdu| glvwul0exwlrq dqg eulh�| phqwlrqhg wkh surshuwlhv zh qhhg iru wkh wudqvlwlrq ixqfwlrq
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lq rughu wr kdyh d xqltxh vwdwlrqdu| glvwulexwlrq1 Wrgd| zh zloo wdon pruh derxwwkh vwdwlrqdu| glvwulexwlrqv dqg zh zloo vhh pruh rq zkdw kdsshqv lq wkh odqgri wkh �vkhuodglhv1
e�2 5|@|�L?@h) #�t|h�M�|�L?Uhpdun 46 Wr dylrg frqixvlrq qrwh wkh htxlydohqfh ehwzhhq wkh iroorzlqj wzrnlqgv ri qrwdwlrq=Lq wkh suhylrxv fodvv/ zh ghqrwhg wkh vljpd dojheud gh�qhg rq V{D e| D1 Vrwkdw zh kdg/ { = D $ ^3> 4`T = V �D�D $ ^3> 4`Exw zh dovr pljkw xvh wkh frqyhqwlrq zkhuh wkh ��dojheud gh�qhg rq V{Dlv ghqrwhg e| V{D/ vr wkdw/{ = V �D $ ^3> 4`T = V �D�V �D $ ^3> 4`L zloo xvh wkh �uvw frqyhqwlrq khuh1

� Frqvlghu wkh wudqvlwlrq pdwul{ � @ � 4 3�54 �55
�

Zlwk wklv wudqvlwlrq pdwul{/ li |rx duh w|sh 4/ |rx dozd|v vwd| w|sh 41 Wklvlv qrw d %qlfh% surshuw| ehfdxvh uhphpehu wkdw lq rughu wr vdwlvi| wkh prqrwrqhpl{lqj frqglwlrq zh qhhg vx�flhqw pl{lqj ri doo w|shv1 Qr pdwwhu zkdw w|sh|rx duh/ wkhuh vkrxog eh vrph srvlwlyh suredelolw| wr ehfrph hdfk rqh ri wkhrwkhu w|shv1 Vr wkh wudqvlwlrq pdwul{ deryh lv qrw %qlfh%1� Li T vdwlv�hv d fhuwdlq vhw ri frqglwlrqv/ wkhq < d xqltxh {� vxfk wkdw/
{�+E, @ ]

D T++v> d,> E,g{�+E, ;E 5 D
dqg lw lv joredoo| vwdeoh +qr pdwwhu zklfk glvwulexwlrq { wkh hfrqrp| vwduwvdw/ wkh hfrqrp| dv|pswrwlfdoo| jrhv wr {�, ={� @ olpq$4 Wq+{3> T, ;{3

Qrz zh zloo vhh zlwk h{dpsohv/ krz lqlwldo frqglwlrqv fhdvh wr pdwwhu diwhuorqj shulrgv=Vxssrvh zh duh vwdwh v4 wrgd|1 �v4>= lv wkh frqglwlrqdo glvwulexwlrq ri wrpru0urz*v vkrfn jlyhq wrgd|*v lv v4=
Krphzrun Yhuli| wklv1
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Krphzrun Dovr yhuli| wkdw �W�v4>= lv wkh frqglwlrqdo suredelolw| glvwulex0wlrq ixqfwlrq ri wkh wzr shulrg dkhdg vkrfn jlyhq wrgd|*v vkrfn lv v4=Qrz jr ixuwkhu wr 43/333 shulrgv dkhdg> zh fdq zulwh frqglwlrqdo glvwulexwlrqri wkh vwdwh 43/333 shulrgv dkhdg jlyhq wkh vkrfn wrgd| lv v4 dv +�W ,43>333�v4>=\rx fdq vhh wkdw wkh pruh wkdw h{srqhqw iru �W jurzv/ wkh ohvv zkdw zhduh pxowlso|lqj wkdw zlwk zloo pdwwhu iru wkh uhvxow1 Li � vdwlv�hv wkh frqglwlrqvwkdw zh phqwlrqhg suhylrxvo|/ wkhq+�W ,43>333�v4>= @ {�vLq rwkhu zrugv/ li |rx kdyh vkrfn v4 wrgd|/ hvshfldoo| lq wkh fdvh ri shuvlv0whqfh/ lw zloo frqwlqxh wr jryhuq wkh vkrfnv |rx kdyh lq wkh shulrgv dkhdg/ exwrqo| iru d zkloh> diwhu d zkloh wkh d�hfw ri |rxu lqlwldo vkrfn zloo idgh dzd|1Krphzrun Frqvlghu wkh iroorzlqj wudqvlwlrq pdwul{ ri xqhpsor|phqw/
� @ � 3=<7 3=393=8 3=8 �

zkhuh �hh @ 3=<7/ �hx @ 3=39 / hwf1Wkh suredelolw| wkdw vrphrqh zloo eh hpsor|hg wzr shulrgv dkhdg ri wrgd|jlyhq wkh| duh hpsor|hg wrgd| lv/
Su ivx@ hmv @ hj @ 3 =<7 � 3 =<7 . 3 =<7 � 3 =8Dqg/

Su iv4@ hmv @ hj @ {�hFrpsxwh {�h=Vxssrvh wkdw wkh vrflhw| lv ghvfulehg e| phdvxuh { wrgd|1 Iru h{dpsoh/vxssrvh wkdw wkh suredelolw| glvwulexwlrq ryhu vwdwhv dw wlph w lv jlyhq e| �w @+s4w > ====> sQw ,W = +Wkhuh duh Q srvvleoh vwdwhv dqg sqw vwdqgv iru wkh suredelolw|ri vwdwh q wrgd|,1 Vr jlyhq wkdw wkh wkh vkrfnv iroorz d Pdunry surfhvv zlwkwudqvlwlrq pdwul{ � / wkh suredelolw| ri ehlqj lq vwdwh m wrpruurz lv jlyhq e|/smw.4 @ [
l �lmslw

dqg zulwwhq lq d frpsdfw irup/ wklv lv/�w.4 @ �W�wVr d vwdwlrqdu| glvwulexwlrq ri d Pdunry fkdlq vdwlv�hv/�� @ �W��
Krphzrun Vroyh �W{�v @ {�v
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Uhpdun 47 {� lv wkh xqfrqglwlrqdo suredelolw| ri wkh lqglylgxdo*v w|sh idu dzd|lqwr wkh ixwxuh1 Lw lv dovr wkh phdvxuh ri shrsroh zlwk wkdw sduwlfxodu w|sh idudzd| lq wkh ixwxuh> wklv lv ehfdxvh zh kdyh d frqwlqxxp ri shrsoh dqg Odz riOdujh Qxpehuv zrunv1
e�� �@U! |L |�i �t�ih*@_�itUhfdoo wkh sureohp ri wkh %�vkhuodg|%=

Y +v> d, @ pd{d35^3>d` x+v.d0td3, . �[v3 �vv3Y +v3> d3,
Wkh Iluvw Rughu Frqglwlrqv duh/

xf+v.d0td3,@�t[v3 �vv3xf+v*.d*0td%,
Wklv lv d vhfrqg rughu gl�huhqfh htxdwlrq dqg wkhuh duh pdq| vroxwlrqv wkdwvdwlvi| lw1 Exw rqo| rqh ri wkrvh vroxwlrqv grhv qrw ylrodwh frpsdfwqhvv1 Vrli zh fdq �qg vrph qdwxudo erxqgv iru d*/ ru lpsrvh frqglwlrqv vr wkdw d* kdverxqgv/ wkh deryh �uvw rughu frqglwlrqv dorqj zlwk wkh erxqgv wkdw zh kdyh iruvdylqjv/ zloo fkdudfwhul}h wkh rswlpdo vroxwlrq1\rx*oo qrwlfh wkdw d3 5 ^3> d` lv douhdg| rqh ri wkh frqvwudlqwv ri wkh deryhpd{lpl}dwlrq sureohp1 Exw qrz udwkhu wkdq mxvw lpsrvlqj vxfk d frqvwudlqw/zh zloo �qg d qdwxudo uhdvrq wkdw vdylqjv vkrxog kdyh d orzhu erxqg dqg zhzloo frqvlghu d frqglwlrq wkdw hqvxuhv dq xsshu erxqg iru vdylqjv1Iru wkh orzhu erxqg/ zh dvvxph wkdw wkhuh lv qr whfkqrorj| zklfk doorzvqhjdwlyh dprxqw ri vdylqj dqg wklv vrxqgv qdwxudo vlqfh vwrulqj d qhjdwlyhdprxqw ri �vk grhv qrw pdnh pxfk vhqvh1 Vr vdylqjv kdv d orzhu erxqg ehfdxvhPrwkhu Qdwxuh vd|v vr1Iru wkh wlph ehlqj/ frqvlghu dq hfrqrp| zkhuh wkhuh lv qr xqfhuwdlqw|1 Lqvxfk dq hfrqrp|/ wkh iroorzlqj wkhruhp krogv/Wkhruhp 48 Li � ? t/ wkhq <d vxfk wkdw/ li d3 ? d/ dw ? d ;w=\rx fdq vhh wklv irupdoo| wkurxjk wkh xvxdo Hxohu htxdwlrqv/

xf+fw, @ �t xf+fw.4, ;w
Iurp wkhvh htxdwlrqv/ lw*v fohdu wkdw � ? t , xf+fw.4, A xf+fw, , fw.4 ? fw;w Li |rx duh lpsdwlhqw hqrxjk frpsduhg zlwk wkh uhwxuqv iurp whfkqrorj|/ |rxzloo frqvxph wrgd| udwkhu wkdq wrpruurz1 Jdlqv iurp vdylqj zloo glvdsshduhyhqwxdoo| dqg |rx zloo vwrs vdylqj pruh1Qrz wklqn derxw wkh hfrqrp| zlwk xqfhuwdlqw|1 Khuh/ wkh �vkhupdq kdvwkh ulvn ri jhwwlqj d yhu| edg vkrfn wrpruurz1 Vr wkh �vkhupdq zrxog vdyh

4:



mxvw lq fdvh kh kdv wklv edg vkrfn> kh zrxog zdqw wr vwruh vrph �vk wrgd| lqrughu wr lqvxuh klpvhoi djdlqvw jhwwlqj yhu| vpdoo qxpehu ri �vk wrpruurz vrkh lv qrw kxqju| lq fdvh wkdw kdsshqv1 Lq wklv fdvh zh qhhg wr wklqn pruhderxw krz wr sxw dq xsshu erxqg rq vdylqjv/ ehfdxvh zlwk xqfhuwdlqw| hyhqli � ? t> wkh �vkhupdq lv zloolqj wr vdyh gxh wr jdlqv iurp lqvxudqfh1 Wkhnlqg ri vdylqjv wr surwhfw rqhvhoi iurp ulvn lq wkh ixwxuh lq wkh devhqfh ri vwdwhfrqwlqjhqw frpprglwlhv/ zh fdoo suhfdxwlrqdu| vdylqjv1 Lq rughu wr hqvxuh dqxsshu erxqg iru vdylqjv/ zh qhhg wr erxqg wkh jdlqv iurp lqvxudqfh vrphkrz1Wkh zd| wr gr wklv lv wr lpsrvh wkh frqglwlrq rq wkh xwlolw| ixqfwlrq wkdw lwvqhjdwlyh fxuydwxuh +nhhslqj lq plqg wkdw wkh xwlolw| ixqfwlrq lv frqfdyh, lvglplqlvklqj dv zhdowk lqfuhdvhv1 Wklv phdqv wkdw zhdowklhu djhqwv duh ohvv ulvn0dyhuvh1 Irupdoo|/ wkdw x* lv frqyh{1 Wkh zhdowklhu wkh djhqw lv/ wkh vpdoohu wkhyduldqfh ri klv hqgrzphqw qh{w shulrg sursruwlrqdo wr klv zhdowk vr kh grhvq*wzdqw wr vdyh li kh lv yhu| zhdowk|Vr lq wkh hfrqrp| zlwk xqfhuwdlqw|/ lq rughu wr kdyh dq xsshu erxqg rqvdylqjv/ zh qhhg wkh �uvw ghulydwlyh ri wkh xwlolw| ixqfwlrq wr eh frqyh{ vr wkdwwkh iroorzlqj Mhqvhq*v Lqhtxdolw| krogv=�t ] �vv3xf+f3, A �t xf+] �vv3f3,
Wkhruhp 49 Li � ? t dqg x* lv frqyh{ wkhq <d vxfk wkdw d3 ? d/ j+v/d,? d;v=
e�e V@h�L�t t|@|�t|�Ut |L _itUh�Mi  W
+Uhihu wr odvw |hdu*v qrwhv iru pruh rq wkhvh vwdwlvwlfv,Qrz zh duh lqwhuhvwhg lq zd|v wr vxppdul}h fhuwdlq surshuwlhv ri {�= Wkhuhduh ydulrxv zd|v wr gr wklv1

Krphzrun Frpsxwh wkh udwlr ri wrwdo zhdowk khog e| wkh wrs 43( wr wkherwwrp 43(1Krphzrun Frpsxwh zhdowk ohyho wkdw vhshudwhv wkh wrs 43( zhdowk| iurpwkh uhvw ri wkh srsxodwlrq1 Dqg dovr frpsxwh wkh zhdowk ohyho wkdw vhshudwhv wkherwwrp 43( iurp wkh uhvw ri wkh srsxodwlrq1� Rqh ri wkh vwdwlvwlfv zh fdq xvh wr phdvxuh lqhtxdolw| lq d vrflhw| lvyduldqfh1 Wkh sureohp zlwk xvlqj wklv vwdwlvwlf lv wkdw lw lv xqlw ghshqghqw1Vr xvlqj frh�flhqw ri yduldwlrq ru wkh yduldqfh ri wkh orj lv pruh uhdvrqdeohvlqfh wkh| duh xqlw lqghshqghqw +wkh frh�flhqw ri yduldwlrq lv wkh vwdqgdugghyldwlrq glylghg e| wkh phdq,1� D vwdwlvwlf wkdw lv xvhixo wr dqdo|}h prelolw| lv wkh dxwrfruuhodwlrq rizhdowk1Dqrwkhu zd| wr dqdo|}h prelolw| lv wkurxjk wkh shuvlvwhqfh pdwul{1 Dqh{dpsoh ri d shuvlvwhqfh pdwul{ lv wkh rqh wkh hohphqwv ri zklfk ghqrwh
4;



wkh suredelolw| ri dq djhqw wkdw lv lq wkh lwk txdqwloh wrgd| lv lq wkh mwktxdqwloh wrpruurz1Krphzrun Yhuli| wkdw wkh odujhvw hljhqydoxh ri d Pdunry wudqvlwlrq pdwul{lv 41� Wkh vhfrqg odujhvw hljhqydoxh ri d wudqvlwlrq pdwul{ lv d phdvxuh ri shuvlv0whqfh1 Wkh eljjhu lw lv/ wkh orqjhu lw wdnhv iru wkh vwdwlrqdu| glvwulexwlrqwr wdnh ryhu +vr wkdw wkh orqjhu wkh lqlwldo frqglwlrqv pdwwhu,1
e�D ,UL?L4) ��|� Oi|ihL}i?L�t �}i?|t E��|� |h@_i�Ohw wkh �vkhuodglhv lq rxu suhylrxv hfrqrp| qrz wudgh zlwk hdfk rwkhu1 Vr wkh|duh qrz doorzhg wr xvh eruurzlqj dqg ohqglqj wr wudqvihu uhvrxufhv dfurvv wlph1Wkhuh lv qr vwrudjh whfkqrorj| dq|pruh1 Dovr/ zh duh pdnlqj wkh dvvxpswlrqwkdw vwdwh frqwlqjhqw fodlpv fdqqrw eh wudghg1Dq lpsruwdqw lvvxh khuh lv djdlq wkh frpsdfwqhvv ri wkh dvvhw vsdfh1 Iru wkhhfrqrp| zlwk vwrudjh whfkqrorj|/ wkh orzhu erxqg zdv vhw e| Prwkhu Qdwxuhexw khuh wkhuh lv qr vxfk orzhu erxqg ehfdxvh djhqwv fdq eruurz dqg ohqg vrwkdw wkh| fdq kdyh qhjdwlyh dprxqwv ri vdylqjv1 Zh qhhg wr lpsrvh d orzhuerxqg rq vdylqjv vr wkdw wkh djhqwv fdqqrw uxq d Srq}l vfkhph1 Wkh frqglwlrqqhhgv wr hqvxuh wkdw wkh djhqw lv deoh wr sd| edfn dw hdfk vwdwh/ lqfoxglqj wkhzruvw srvvleoh vwdwh1 Ohwwlqj v4 ghqrwh wkh zruvw srvvleoh vkrfn/ wkh orzhu erxqgrq vdylqjv lv fkdudfwhul}hg e| wkh iroorzlqj=3 . dt @ v4 . dWklv phdqv wkdw wkh dvvhw ohyho d kdv wr vdwlvi| wkh iroorzlqj= li |rxu ghewsrvlwlrq lv d dqg |rx gudz wkh zruvw srvvleoh hduqlqj wrpruurz/ |rx fdq vwloohqmr| d qrqqhjdwlyh frqvxpswlrq/ e| eruurzlqj djdlq xs wr wkh ohyho d1 Vroxwlrqri wklv htxdwlrq lv=

d @ v4t � 4Vlqfh t ? 4/ d lv qhjdwlyh1Wkh �vkhuodg|*v sureohp lv=
Y +v> d> t, @ pd{d35^d>dt` x+v.d0td3, . �[v3 �vv3Y +v3> d3> t,

Uhpdun 4: Ehiruh/ t zdv mxvw d whfkqrorj| ghwhuplqhg qxpehu1 Lw zdv wkhudwh ri uhwxuq iurp wkh vwrudjh whfkqrorj|1 Exw qrz lw lv wkh lqwhuhvw udwh rqordqv1Wkh sulfhv duh frqvwdqw lq wkh vwhdg| vwdwh/ wkhuhiruh zh duh rqo| irfxvlqjrq wkh vwhdg| vwdwh htxloleuld khuh1 Zh duh dvvxplqj wkdw zh duh lq d vwhdg|vwdwh dqg wkdw wkh sulfh lq wkh vwhdg| vwdwh lv t1
4<



Vroxwlrq= d3 @ j+v> d> t,Dqg zh nqrz {�+t, vr zh fdq fdofxodwh wkh wrwdo dvvhwv lq d vwdwlrqdu|glvwulexwlrq ri dq hfrqrp| zkhq wkh lqwhuhvw udwh lv t dv/] dg{�+t,
Htxloleulxp uhtxluhv wkdw wkh wrwdo dprxqw ri zhdowk wkdw t jhqhudwhv vkrxoghtxdo wr 31 Wklv lv ehfdxvh lq wklv hfrqrp| qr sk|vlfdo dvvhwv fdq eh khog +wkhuhlv qr vwrudjh whfkqrorj|, dqg wkh dvvhw ri hdfk lqglylgxdo lv wkh oldelolw| ri wkhrwkhu1 Wkhuhiruh zkhq |rx vxp wkhp xs/ |rx vkrxog jhw 31Ilqglqj wkh vwhdg| vwdwh zloo phdq �qglqj wkh t wkdw vroyhv/] dg{�+t, @ 3
Zh fdq vkrz wkdw d vwhdg| vwdwh h{lvwv e| vkrzlqj wkdw wkhuh h{lvwv d t wkdwvroyhv wkh deryh htxdwlrq dv iroorzv=41 Ohw i+t,@U dg{�+t,51 Vkrz wkdw i lv frqwlqrxv lq t161 Vkrz wkdw i+t,A3 iru vrph t171 Vkrz wkdw i+t,?3 iru vrph t1Wkhq e| wkh Lqwhuphgldwh Ydoxh Wkhruhp/ zh fdq frqfoxgh wkdw <t v1w1i+t,@31Urxjko|/ wkh deryh fdq eh vkrzq dv iroorzv=Frqvlghu wkh fdvh zkhq t$ � iurp deryh1 Lq wklv fdvh/ shrsoh zloo vdyh olnhfud}| ehfdxvh wkhuh lv qr frvw ri wudqvihuulqj frqvxpswlrq dfurvv shulrgv +wkhudwh ri uhwxuq rq |rxu vdylqjv r�vhwv |rxu glvfrxqw idfwru,1 Djhqwv zrxog olnhwr vdyh pruh qr pdwwhu krz pxfk wkh| rzq1 Wkhuhiruh/ dv t$ � djjuhjdwhvdylqjv jurzv zlwkrxw erxqg +Hyhu|erg| lv ohqglqj,1 Wkhuhiruh/ zh nqrz wkdwi+t,A3 dv t$ �=Qh{w frqvlghu wkh fdvh zkhuh 4t ? 31 Wklv phdqv wkdw wkh udwh ri uhwxuqrq vdylqjv lv qhjdwlyh1 Fohduo|/ qrerg| zloo vdyh srvlwlyh dprxqwv lq wklv fdvh+Qrerg| zloo ohqg ehfdxvh wkh udwh ri uhwxuq |rx jhw wkh qh{w shulrg rq zkdw|rx ohqw lv d qhjdwlyh qxpehu,1Wkhuhiruh/ djjuhjdwh vdylqjv zloo eh qhjdwlyh1 Vrzh nqrz wkdw i+t,?3 iru 4t ? 3=E| wkh deryh dqg wkh frqwlqxlw| ri i/ wkhq zh fdq frqfoxgh wkdw <t v1w1i+t,@31
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