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Problem 1 For a representative agent economy prove the following:

z* € PO(e) & x* € arg meza%u(x) (1)

Solution:

1. First showing =

Assume this is an economy with a large (finite) number of identical agents.
Suppose z* € PO(e) but x} ¢ arg max u(z;) for some ¢, where ¢ is the
;€

index for identical agents.
= 3%; s.t. u(@;) > u(z]) and T; € X
Construct the following allocation,
Z = (7,25, ... Ty, ....)

The allocation Z is feasible and it gives more utility to agent j while keeping
all the others with the same utility. This contradicts with the fact that z*
is Pareto optimal.

. Showing <«
Suppose z; € arg max u(z;)Vi but z* & PO(e)
;€
Since z* ¢ PO(g), 3 a feasible allocation & such that,
w(z;) > u(x}) foralli

u(Z;) > u(x)) for some i (2)

But this means that for some i ] ¢ arg max u(z;). Contradiction.
T;E

Problem 2 Consider the following social planner’s problem:

max Z Brules, by) (3)

{ct,le,ne,keqpa} =0



s.t. et + kipr < fke,ng)
ko given,
ety key1,ne, by >0
by+ng =1
Show that the set of feasible allocations is conver.
Solution:
1. Showing that the constraint set is convex. Define, B = {{cy, i, kiy1}52, €

Eoo e+ kt+1 S f(kt7 1-— lt)7Ct Z 0 and kt+1 Z OVt}

Let {c{,l}, ki } € B.{c 17, k} } € Band 0 € [0,1].
The following holds,

ci + ki = fki,1-1) (4)
cf + ki =k 1-17) ()
Then for 0 < 6 < 1,
(e + (1= 0)ci] + [Okiyy + (1 — O)k7, 4]
=0f(ky, 1= 1) + (1= 0)f (k7,1 - 17) (6)
Assuming f is concave as usual,
< f(Ok{ + (1= 0)kE, 001 —13) + (1 - 0)(1 - I7)) (7)
(6) and (7) imply,
[Oc; + (1= 0)ci] + [Okyyq + (1 — O)k{ 4]
< f(Oky + (1= 0)kZ, 01— 1) + (1 - 0)(1 - 1)) (8)

= {(1=0)ct +0ci,(1—0)l} +01Z,(1 —0)ki,, + 0k, } €B
= B, the set of sequences {ct, ls, ket1 152, that satisfy the constraints is
a convex subset of R*.

Problem 3 Consider the social planner’s problem (SPP )above with Cobb-Douglas
technology, partial depreciation and CRRA preferences. Derive the FEuler equa-
tion.



Solution:

The particular functional forms are;

fke,ng) = kfngl_e)

e [t
ulent) = (1t— o') + (1t— 7)
Letting;
( 0) {Ct,lt7nt7kt+1}ec ;ﬂ ( t t)

where C is the constraint set then after substituting for the consumption from
the feasibility constraint,the generic Euler equation is;

dV (ko)
T

where the derivatives are;

= uc(ce, ly) — Puc(cepr, b)) [ — 0 + fru(kir1,ne41)] =0

(e, ly) = ¢
Fr(keyne) = Ok 10y =°
substituting

Problem 4 Defining the commodity space as a space of bounded real sequences,

L={{li}2y, sup [li] < oo VI} (9)

it

Prove that L endowed with the supnorm is a topological vector space (TVS).
Also prove that R"™ endowed with the usual Fuclidian norm is a TVS.

Solution:

1. Showing that £ endowed with the supnorm topology is a topological vec-
tor space.
A topological vector space is a vector space which is endowed with a topol-
ogy such that the maps (z,y) — z + y and (\,2) — Az are continuous.
So we have to show the continuity of the vector operations addition and
scalar multiplication.

Take (z,y) € L s.t. ; — x and y; — y, then

supi| (i — ) + (yi — y)| = supi| (i +yi) — (x +y)| =0

SO (xzuyz) - (xvy)
Also,

sup; | Ax; — x| < |Alsupi|(z; —z)| = 0
so (N, z;) — (A ).



Problem 5 Show that the consumption possibility set X is convex, and the
production possibility set, Y are convex and has an interior point (endowed with
supnorm,).

Solution:

1. Showing X is convex, Let ' € X and 22 € X and 0 € [0, 1]

kg+1 +te = oy
kt2+1 +¢ = af,
= [Okiy + (1= OkE] + [0c; + (1= 0)c]] = [0y, + (1 - 0)a,]
(10)
Also, —zi, € [0,k}] and —23, € [0, k7]
= 0ok + (1= 0)a3) € Ok} + (1 — )7, 0) (1)
And finally, —21, € [0,1] and —2%, € [0,1]
= (03, + (1 - 0)a3,) € [0,1] (12)

(10),(11),and (12) = [f2' + (1 — #)z?] € X so that X is convex.
2. Showing Y is convex,
Y ={y €Ly < f(—y2t,~Yst), y1e > 0, y2t,ys¢ < 0} (13)

Let y! € Y and y? € Y and 6 € [0, 1]

yle < f(—yae, —y3e)
y%t < f(_ygh _y?%t)
= Oyt + (L= 0)ydy) < 0f(—yde —y3) + (1 —0)f(—y31 —¥3)
(14)
Assuming f is concave,
0 f(—yae> —v3e) + (1= 0) f (—v5 —3:)
< F(O(=y) + (1= 0)(—y3,), 0(—y3,) + (1 = 0)(—v3,)) (15)

(14) and (15) imply,

(Oy1e + (1= 0)yiy) < F(O(=yz) + (1= 0)(=y3,),0(—ys,) + (1 = 0)(=y3,) (16)



Also,

(Gyit + (1 - 9)9%)
(Gy%t + (1 - 9)1/%1:)
(Oyz, + (1 — 0)y3,)

ININ IV

(17)

(16) and (17) = [0y + (1 — 0)y?] € Y so that Y is convex.

Next we want to show that the PPS has an interior point (which is necessary
for SBWT to hold on infinite dimensional spaces). To do so we will construct
one, take z = ((1,—1,-1),(1,-1,—-1)......,(1,—1,-1),....) €YE . To check
it is an interior point take an ¢ = 1/2 ball around x and we want to show
B.(z) C ls. Take any &; € Be(x) than we know

supt|Z| < (3/2) < 00 , VT € Be(x)
and z is an interior point.
Problem 6 Show that the set of feasible allocations is compact (X NY)
Solution: To be completed.

Problem 7 Let (p*,z*,y*) be an AD equilibrium. Setup the household and
firm problem in AD language and derive the prices from the given equilibrium

allocations and FOCs. Show that the following mapping constitutes a SME (by
verifying the FOCs of SME problem is satisfied)

¢ = Ty~ Tyg \ (18)

ng = a3, =0 vt (19)

P vt (20)

Ry = P2 Vi (21)
D1y

wi o= Dt vt (22)
D1y

Solution: Please see the extra notes for an extended discussion.



