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Problem 1 For a representative agent economy prove the following:

x∗ ∈ PO(ε) ⇔ x∗ ∈ arg max
x∈X

u(x) (1)

Solution:

1. First showing ⇒
Assume this is an economy with a large (finite) number of identical agents.
Suppose x∗ ∈ PO(ε) but x∗i 6∈ arg max

xi∈X
u(xi) for some i, where i is the

index for identical agents.

⇒ ∃x̃i s.t. u(x̃i) > u(x∗i ) and x̃i ∈ X

Construct the following allocation,

x̃ = (x∗1, x
∗
2, ...., x̃j , ....)

The allocation x̃ is feasible and it gives more utility to agent j while keeping
all the others with the same utility.This contradicts with the fact that x∗

is Pareto optimal.

2. Showing ⇐
Suppose x∗i ∈ arg max

xi∈X
u(xi)∀i but x∗ 6∈ PO(ε)

Since x∗ 6∈ PO(ε), ∃ a feasible allocation x̃ such that,

u(x̃i) ≥ u(x∗i ) for all i

u(x̃i) > u(x∗i ) for some i (2)

But this means that for some i x∗i 6∈ arg max
xi∈X

u(xi). Contradiction.

Problem 2 Consider the following social planner’s problem:

max
{ct,lt,nt,kt+1}

∞∑
t=0

βtu(ct, `t) (3)
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s.t. ct + kt+1 ≤ f(kt, nt)

k0 given,

ct, kt+1, nt, `t ≥ 0

`t + nt = 1

Show that the set of feasible allocations is convex.

Solution:

1. Showing that the constraint set is convex. Define, B = {{ct, lt, kt+1}∞t=0 ∈
`∞ : ct + kt+1 ≤ f(kt, 1− lt), ct ≥ 0 and kt+1 ≥ 0 ∀t}

Let {c1
t , l

1
t , k

1
t+1} ∈ B, {c2

t , l
2
t , k

2
t+1} ∈ B and θ ∈ [0, 1].

The following holds,

c1
t + k1

t+1 = f(k1
t , 1− l1t ) (4)

c2
t + k2

t+1 = f(k2
t , 1− l2t ) (5)

Then for 0 < θ < 1,

[θc1
t + (1− θ)c2

t ] + [θk1
t+1 + (1− θ)k2

t+1]
= θf(k1

t , 1− l1t ) + (1− θ)f(k2
t , 1− l2t ) (6)

Assuming f is concave as usual,

θf(k1
t , 1− l1t ) + (1− θ)f(k2

t , 1− l2t )
≤ f(θk1

t + (1− θ)k2
t , θ(1− l1t ) + (1− θ)(1− l2t )) (7)

(6) and (7) imply,

[θc1
t + (1− θ)c2

t ] + [θk1
t+1 + (1− θ)k2

t+1]
≤ f(θk1

t + (1− θ)k2
t , θ(1− l1t ) + (1− θ)(1− l2t )) (8)

⇒ {(1− θ)c1
t + θc2

t , (1− θ)l1t + θl2t , (1− θ)k1
t+1 + θk2

t+1} ∈ B
⇒ B , the set of sequences {ct, lt, kt+1}∞t=0 that satisfy the constraints is
a convex subset of R∞.

Problem 3 Consider the social planner’s problem (SPP)above with Cobb-Douglas
technology, partial depreciation and CRRA preferences. Derive the Euler equa-
tion.
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Solution:

The particular functional forms are;

f(kt, nt) = kθ
t n

(1−θ)
t

u(ct, lt) = (
c1−σ
t

1− σ
) + (

l1−γ
t

1− γ
)

Letting;

V (k0) = max
{ct,lt,nt,kt+1}∈C

∞∑
t=0

βtu(ct, `t)

where C is the constraint set then after substituting for the consumption from
the feasibility constraint,the generic Euler equation is;

dV (k0)
dkt+1

= uc(ct, lt)− βuc(ct+1, lt+1)[1− δ + fk(kt+1, nt+1)] = 0

where the derivatives are;
uc(ct, lt) = c−σ

t

fk(kt, nt) = θkθ−1
t n1−θ

t

substituting

Problem 4 Defining the commodity space as a space of bounded real sequences,

L = { {`it}∞t=0, sup
i,t

|`it| < ∞ ∀`} (9)

Prove that L endowed with the supnorm is a topological vector space (TVS).
Also prove that Rn endowed with the usual Euclidian norm is a TVS.

Solution:

1. Showing that L endowed with the supnorm topology is a topological vec-
tor space.
A topological vector space is a vector space which is endowed with a topol-
ogy such that the maps (x, y) → x + y and (λ, x) → λx are continuous.
So we have to show the continuity of the vector operations addition and
scalar multiplication.

Take (x, y) ∈ L s.t. xi → x and yi → y, then

supi|(xi − x) + (yi − y)| = supi|(xi + yi)− (x + y)| → 0

so (xi, yi) → (x, y).
Also,

supi|λxi − λx| ≤ |λ|supi|(xi − x)| → 0

so (λ, xi) → (λ, x).
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Problem 5 Show that the consumption possibility set X is convex, and the
production possibility set, Y are convex and has an interior point (endowed with
supnorm).

Solution:

1. Showing X is convex, Let x1 ∈ X and x2 ∈ X and θ ∈ [0, 1]

k1
t+1 + c1

t = x1
1t

k2
t+1 + c2

t = x2
1t

⇒ [θk1
t+1 + (1− θ)k2

t+1] + [θc1
t + (1− θ)c2

t ] = [θx1
1t + (1− θ)x2

1t]
(10)

Also, −x1
2t ∈ [0, k1

t ] and −x2
2t ∈ [0, k2

t ]

⇒ (θx1
2t + (1− θ)x2

2t) ∈ [θk1
t + (1− θ)k2

t , 0] (11)

And finally, −x1
3t ∈ [0, 1] and −x2

3t ∈ [0, 1]

⇒ (θx1
3t + (1− θ)x2

3t) ∈ [0, 1] (12)

(10),(11),and (12) ⇒ [θx1 + (1− θ)x2] ∈ X so that X is convex.

2. Showing Y is convex,

Y = {y ∈ L : y1t ≤ f(−y2t,−y3t), y1t ≥ 0, y2t, y3t ≤ 0} (13)

Let y1 ∈ Y and y2 ∈ Y and θ ∈ [0, 1]

y1
1t ≤ f(−y1

2t,−y1
3t)

y2
1t ≤ f(−y2

2t,−y2
3t)

⇒ (θy1
1t + (1− θ)y2

1t) ≤ θf(−y1
2t,−y1

3t) + (1− θ)f(−y2
2t,−y2

3t)
(14)

Assuming f is concave,

θf(−y1
2t,−y1

3t) + (1− θ)f(−y2
2t,−y2

3t)
≤ f(θ(−y1

2t) + (1− θ)(−y2
2t), θ(−y1

3t) + (1− θ)(−y2
3t)) (15)

(14) and (15) imply,

(θy1
1t + (1− θ)y2

1t) ≤ f(θ(−y1
2t) + (1− θ)(−y2

2t), θ(−y1
3t) + (1− θ)(−y2

3t)) (16)
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Also,

(θy1
1t + (1− θ)y2

1t) ≥ 0
(θy1

2t + (1− θ)y2
2t) ≤ 0

(θy1
3t + (1− θ)y2

3t) ≤ 0
(17)

(16) and (17) ⇒ [θy1 + (1− θ)y2] ∈ Y so that Y is convex.

Next we want to show that the PPS has an interior point (which is necessary
for SBWT to hold on infinite dimensional spaces). To do so we will construct
one, take x = ((1,−1,−1), (1,−1,−1)......, (1,−1,−1), ....) ∈Y∈ `∞. To check
it is an interior point take an ε = 1/2 ball around x and we want to show
Bε(x) ⊆ `∞. Take any x̃t ∈ Bε(x) than we know

supt|x̃t| ≤ (3/2) < ∞ ,∀x̃t ∈ Bε(x)

and x is an interior point.

Problem 6 Show that the set of feasible allocations is compact (X ∩ Y )

Solution: To be completed.

Problem 7 Let (p∗, x∗, y∗) be an AD equilibrium. Setup the household and
firm problem in AD language and derive the prices from the given equilibrium
allocations and FOCs. Show that the following mapping constitutes a SME (by
verifying the FOCs of SME problem is satisfied)

c∗t = x∗1t − x∗2t+1 ∀t (18)
n∗t = x∗3t, `∗t = 0 ∀t (19)
k∗t = x∗2t ∀t (20)

R∗
t =

p∗2t

p∗1t

∀t (21)

w∗t =
p∗3t

p∗1t

∀t (22)

Solution: Please see the extra notes for an extended discussion.
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