Econ 702
Problem Set 2
Suggested Answers

Problem 1 In this problem the agent has two different ways to transfer
resources from the present to the future: either by saving capital, or by buying
state contigent claims. As we did in class, consider the following "experiment":
if the agent sacrifices one unit of consumption and uses it as capital in the
next period his return will be Ryy1(ht, 2¢41), conditional on the realization of
the shock in period ¢t + 1. So, for example, if 2,11 = 2™, the return will be
Rt+1 (ht, Zm>

How can we replicate this return in terms of state contigent claims? Suppose
that the agent buys the following quantities: Ryy1(h¢, z') from the state 1 conti-
gent claim, Ry (hy¢,22) from the state 2 contigent claim, ..., Ryy 1 (h¢, 2M) from
the state M contigent claim. Then, clearly, regardless of the state that occurs
the return to the agent, by the two alternative ways of transfering resources will
be the same. The last step is to make sure that the expenditure (or just the
cost) of the two alternatives was also equal. Since we’ve been considering the
case in which the agent has to sacrifice one unit of consumption, the arbitrage
condition is

Z qt+1(ht,zm) Rt+1(ht,zm) = 17 m = 1,27...,M.

Problem 2 The problem is given by:

max ;ﬁt Yom(he)u (ce(hy))

ce(he) kg1 (he) hy

st ocp(he) +kep1(he)+ >0 qe(he, 2e41)

Zt+1

bet1(he, ze41) = we(he) + ke(he—1)Re(he) + by (hi—1, 2¢)

The Langrangian of this problem is given by

L= ;ﬁ hzw(ht)u(ct(ha)

+ ZZ Ae(he) |ce(he) + Kip1(he) + D0 qe(hey ze1)bege1 (e, 2eq1) — we(he) — kg (hy—1)Re(hy) — be(he—1, 2¢)
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Take the first order conditions

{ce(he)} o B'm(he)uc(cr(he)) = Me(he) (1)

{bt—&-l(htyzi)} : At(ht) qt(htvzi) = >\t+1(ht,zi) (2)

Then, replacing the Langrangian multiplier from (1) into (2) gives

B (he)uc(ce(he)) qi(he, 2°) = B (e, 22 )uc(crr (hita))

With the random shock being Markovian, we know that 7(h¢, 2*) = m(hs)Tj4,
where I';; is the probability of state i occuring in period ¢ + 1 given that the
current state is ¢. Using this observation in the above expression we get

m(he)uc(ce(he)) qe(he, 2') = B\ (he)Ljitte(cer1(hegr)) and so

i jibe(Cy hi
(e, ) = ALy 2 e

Finally, let’s use the particular functional form that we have for prefernces,

u(e) = ﬁcl_", so that u. = ¢~ 7. Then, the expression for the price of the

state contigent claim is

(ce41)=° Ct

qr(he, 2) = BTy = BTy, (ct“) ,where i,j = 1,2,3.

Problem 8 The Social Planner’s Problem is given by

max 36t %:W(ht)u (ct(he))

ct(he)key1(he) %

s.t: Ct(ht) + kt+1(ht) = th (kt(h,t71), 1) — (Skt(ht,l)

We will solve the problem in its recursive formulation. In general, showing
the equivalence between the recursive problem and the problem of chosing infi-
nite sequences (the originel problem) is not easy. However, for the purposes of
this excercise, you can take as given that the two problems are equivalent, and
thus proceed with (the easier) recursive version. This is given by



Vk,z) = max

st: c+k =zf(k,1)—0k or

M
V(k,z) = max [u(zf(k:, 1)—0k—kK)+8 Z Tin V(K zm)]

The First Order condition with respect to k' is:

M
—te(e) + B TimamV(K,2™) =0

m=1

In order to obtain an expression for the partial derivative of the value func-
tion we derive the envelope condition. Suppose that the solution has the form
k" = g(k,z). Then,

M
R = uclc) [k, 1) = 6 = 2] £ B3 T gl V (I, 2m) 22002

m=1

Now gather all the terms that contain %. We have

M
et = 2ale) [—w(c) + 83 Timge VK, 2™) | + uclc) [2f1(k, 1) — 8] =
m=1

ue(e) [2f1(k, 1) — 6]

where the last equality follows from the First Order condition. Then from
the Benveniste-Scheinkman Theorem we have

M
uc(c) =f Z Timuc(d) [z f1(K',1) = 6]  (Euler Equation)
m=1



Next, we want to characterize the Steady State of this economy. We know
that the Steady State is a situation where k¥’ = g(k) = k, and let this particular
capital stock be denoted by k. Of course, in order to find the Steady State we

have to set the random shock equal to its theoretical mean, z. Moreover, by
plugging k% in the budjet constraint, it is clear that the consumption will also
be constant. Denote it by ¢. Then, using the Euler Equation,

=p Z Timuc(c [zfl(k‘s 1) — 6} or

ue(c¥) = Bue(c?) [zfl (k9,1) } i Ly  or
m=1

1=5 [zfl(ks,l) —5}

The last thing to do is to use the specific functional form for the production
function, f(k,1) = k%, so that fi(k,1) = 0k%~!. Then,

1=5 [29 (k:s)e_l - (5] which gives
b2\ /a0
v~ (%)

Using the budget constraint we can also find that

AN\VA=9) 1 149 0
0 - 0
= (1’15&) {Z (1fﬁ§) -1+ 5)]

Problem 4 FExample 1: Logarithmic preferences and Cobb-Douglas produc-
tion function. The recursive version of this problem is

V(k) = max[In(c) + SV (£')]
st:c+k'=Ak* or

V(k) = H}f}x\ [In(Ak® — k') + BV (K')]



We know that the value function has the form V(k) = E 4+ Fln(k), where
FE and F are constants to be determined. So we can write

E+ Fln(k) = Ir}calx\ [In(Ak* — k') + BE + BF In(k)]

This is a well behaved concave program and the First Order condition will
be sufficient as well as necessary. Taking the FOC we can find that

k' = lﬁfﬁ’; k% and so
E+ Fln(k) = In(Ak® — £55k%) + BE + BF In(£55k7)  or
B+ Fin(k) = In (A (1 - $255)) + BE + BF In(£54) + afF (k) (1)

So by the method of undetermined coefficients

F=a+apF or F = 1_“%@

Plug the value of F in (1) and after some algebra you can find that

E=(1-p4)" [m (A(1 - Ba) + 125 In (Aaﬁ)] so that

V(k) = (1= )~ [In(A(1 - Ba) + 1225 In (4aB) | + 5k

What about the policy function? Recall that

k/ _ ﬂFA ka

= 1757 and so

Btz A
! 1—a a
K = _LHﬁlfag k* or

k' = aB(Ak®) = g(k)
Hence, in this particular example, the optimal policy is to invest a fraction
af of the total output and consume the rest.

Example 2: CRRA preferences and linear constraint. The recursive version
is



V(4) = max [ﬁcm + BV(A/)}

st: A=RA-c¢) or

V(A) = max [Lcl_a + BV (R(A — C))}

l—a

Note that here, unlike the previous example, we replaced A’, not c. Take
the First Order condition with respect to consumption:

c*=pBB(1—-a)R*"*(A—c)~* or

c[1+(8B(1-a)R=")"}| = A(BB(1-a) R'*) "% or setting
k2 (BB(1—a) R")
k™ a

c=—"r
1+k @

We will guess that the value function has the form V(A4) = BA'=%, so we
can write

1+k™ a

1 1—a 1—a
B:l—ia< kl) —|—,BBR1_“< 1;) or
1+k™ a 1+k™ a

B:< L }l>1_a [lTlak:“ZlJr,BBRl—“] 2)

1-a 1—a
BA'7e = L < b A) + BBR'™@ <1 - kiél > Alme or

But note that

k= = [(BB(1 —a) R'™)] = and so (2) becomes

a—1

B:< 1 >1_a [rla [(BB(1—a)R'"%)] * +,6BR1‘“] or

_1
14k a

1—a
B:< 1 > [(1—a)—%ﬂ*%3—%R’“{“’+1}ﬂBRl—a or

14k a



1 —(—a)

T :,BfiRT -1 or

1 1 —(1—a)

[63(1 — a)le‘l] @ =f"aR"a —1 and after some algebra

EEREET I 1ol
N

So the value function is given by

V() =L [1-pirse] A

In order to obtain a closed form solution for the decision rule, recall that
_1
Cc = %—A £ A (3)
1+k™a
Then note that

ke = [(BB(1 —a) R'™)] =% or after replacing B and a few lines of algebra

k= :ﬁ*%R“a —1 and so

1 a-1
A = % which implies (from (3)) that

c(A) = [1 - 5%3%} A

Finally, use the budget constraint to obtain

A'=R(A-¢) :R(l—HﬁiRl;“)A or
A'=g(A) = (BR)= A

Problem 5 First to make sure T is a well defined operator we have to make
sure that a solution to the maximization problem exists and unique. Sufficient
conditions for these are a compact and convex choice set and an strictly concave
and continuous objective function. We can bound the asset holdings of the agent
with a natural debt limit and apropriate assumptions on technology such that
a' € [a,a].This would imply a closed and bounded set for consumption if we
make sure the price functions are bounded. Note that if Inada conditions are
assumed about technology we have,



F(O7 1) = O,IimK*,oo f‘ﬁl([{7 1) = O,IimK*,() F1<K, 1) =0

so as K — oo the consumption is bounded below by —a. To make sure we
have an upper bound we have to assume G¢(K) is a nicely behaved continuous
function with the following property;

G¢(K)#0 forany K #0

such that asset returns do not go to infinity. Given these assumptions with
U being continuous,strictly concave,F’ being continuously differentiable and our
asset space being convex, T is a well defined operator.
Now let C be the set of continuous and bounded real-valued functions on R2.
Define a mapping T : C — C as follows:

T = max{u(c) + b (K',d';G)}
st: c+a =wK)+aR(K)
=G (K)

T is a contraction mapping because Vi, € C

Ty =u(g(K))+Bp(G(K)) =
u(g(K))+ By (G (K)) + Blp (G (K)) —¢ (G (K))] <
< max, {u (g (K)) + B¢ (G (K))} + Blle = ol =Ty + B lle — 4|

By a symmetric argument we can establish, | Ty — Tv|| < S|¢ — ¥||. There-
fore, T is a contraction.

We can show (C,d) is a complete metric space. then by the Contraction
Mapping theorem (or Banach fixed point theorem),

1) T has a unique fixed point: There is a unique V' € C such that TV = V.

2) The sequence defined by V! = TV™ will converge to the fixed point V'
for any initial condition Vj.

b) To get the desired properties of the resulting value function we have
to make certain assumptions on the primitives. The continuity of the value
function comes from the fact that continuity assumption on U and compactness
of the our state space. Under these assumptions, the Theorem of the Maxi-
mum states that the resulting value function is continous. For boundedness we
can assume that U bounded and it would suffice but as you will notice the most
widely used functional forms for utility functions do not satisfy the boundedness
property. In that case, making sure that our state space is compact will ensure



boundedness if our value function is continuous. The other two useful charac-
teristics we would want our value function to have is strict concavity and strict
increasing properties. To show these are indeed true if we assume U strictly
incresing and strictly concave, we can take advantage of the contraction prop-
erty of the operator T. We can show that the space of increasing and concave
functions are complete and closed. If T" maps increasing and concave functions
into increasing and concave functions, which is true under our assumptions on
U, then the convergent sequence of functions our operator generates must have
a limiting function that is both increasing and concave by closedness property.
Furthermore if we can show that the operator T.maps increasing and concave
functions to strictly increasing and strictly concave functions, which is the case
with our assumptions on U , then our value function must be strictly increasing
and strictly concave since TV = V.
For a rigorous discussion of these issues, see Randy’s Homework.



