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A MobEL wiTH BANKS, SEARCH & MATCHING, Putty CLAY AND
WoRkKING CAPITAL

e Putty Clay with Decreasing Returns to scale firms.
e Exogenous firm destruction Rate 41, depreciation 62, and workers quits 03.
e Firms need to prepay some intermediate inputs and labor
e Timing:
e Prepay workers. All interest disappears.
e Buy intermediate goods one period in advance
e Firms start with long term and working capital loans from banks.
e Workers need to be hired via vacancy posting/training costs c”
e A Calvo fairy allows firms to be sold to mutual funds.
e Wages set up in a variety of ways.

e Households like deposits



A REPRESENTATIVE BANK

Issues deposits and bonds. Equity issuance is very costly.

Makes long term loans to new firms and short term loans to all firms as
working capital.

Incurs administration costs to generate assets.

Strong appetite for borrowing is disciplined by the capital regulation.



Steady State



EquiLiBrium OBJECTS: PRICES AND PROFITS

Liquid asset saving rate: Bonds and Mutual Fund: gq.
Working capital g% > gq.

Deposits g > g > g".

Loans 1 +rf =1/q"

Wages (we will worry about them later): w.

Profits of 7' and 7%

Government transfers T

New hires N"



HousSEHOLDS CARE FOR BUT DON'T CHOOSE LABOR, GET PAID LATE

TAke As GIVEN {q, g%, g9, w, =, 7B T N}

V(a,n) = max u(c,n)+v(d)+8V(d,n") st

c,b,

c+gb+q?d=a+wn+a +7°+T

ad=b+d
FOCs are

q=2

d vd(D)

Y _uC(C N) ta

For the time being, households supply the labor demanded by firms.



HousEHOLDS DECISIONS IN SS




FiRMs: DECREASING RETURNS TO SCALE WITH {k, m, n}

e Maybe Cobb-Douglas: y =z k*n"m?, a+~y+6<1.

e Firms must pay both wage bills and intermediate goods one period before
production. No negative dividends.

e Borrowing is expensive, and firms liquid assets are in the form of bonds.
This means that the discount rates g(h’) on liquid assets that they face is

q(1—51) if 0 <O7
q(h') =1 (¢¥,q(1—061)) if W =0, q” < q(1—6y).
q” if h>0,

e This means that when h’ = 0, the effective rate of return used in choosing
inputs is in between ¢ and g(1 — 41).



Equity FIRMS SoLve (¢¥ = 0)

e Equity firms have already been turned to the mutual fund

Q(k,m,n, h) = max zk“n"m’ —h+h" q(h') —w n'

I1I71

—m' — 0k +(1—07) g Qk,m',n", )

s.t. 0<z k“n"m’ — h+Hq(h') —m —wn' — dk.

e Dividends are

div=zk“n"m? — h+ W q(h') — m" — wn' — 62k



MUTUAL FUND BUYS LOAN FIRMS WITH PROB A (¢V = 0)

e Loan firms switch to equity firms with probability A after making all their decisions.

e The mutual fund buys those switching firms by paying k + ! before failure shocks &y happens.

e Under the SS prices, the corporate debt is increasing in age due to the interest payment on
k + x’. The mutual fund pays any outstaning balance of workig capital loans in excess of
/ / L . . N . .
% for surviving firms before they start operating as equity firms. For the time being, we
focus on the case where ¢ = 0.



LOAN FIRMS: SWITCH TO EQUITY FIRMS WITH PROB A (c" =0)

n’,m’ n

M(k,m,n,h) = max zk®n" m® —h+h q')—m —wn' —rf(k+r") = 52k

+(1—8)@—A) gNk,m',n",h")

Q(k . m/+wn’> B <h/— m'+wn/>:|
M T —

qv

+(1-8) Ag

=2 (k+ w7

(3
N e ——
paid by the mutual fund

[ 1 To be consistent with the bank’s problem, the maturity shock happens before §;.]
subject to

0<zkn" m —h+h qh')—m —wn' —rf(k+r") =62k



SOME STATIC DECISIONS OF LOAN AND EQUITY FIRMS (CV

1. Borrowing firms with high debt: solve FOC with g" as a function of k.

N N = o
i = qw ZKE (7) 0 , i = [qw z 0 k* (nW) /]7179
w

2. Unconstrained firms with low debt: solve FOC with g as a function of k.

1—6 ﬁ 1
F:{q(lf&)zk“ (%) 9"} o = [q(1 - 61) z 0 k™ (A)"] 1=

3. Limbo firms with an intermediate level of debt: for a shadow price g(m, n, h),

1
o~ N N @ 2 10 0 == o~ N a Y] %
a(m,n, h) = |qz k¥ [ — 0 , m(m,n, k)= [gz6 k™ (n)"]T-0 .
w

= 0)

0 .

0=1zk“n" m’ —h—m(m,n,h) —wna(m, n,h) — r’(k+ x") — 62k (Loan firms)

0=1zk“n" m’ —h—(m,n, h) —w A(m, n, h) — 62k (Equity firms)

[t For ¢” > 0, the static decision rules hold if the mutual fund pays corporate debt in excess of

m’ +(wc¥)n’ m’ +(w+c¥)n’ —c¥(1—83)n

rather than 7

10



ALGORITHM TO SoLVE LoAN FIRMS' PROBLEM:
{k,w,q,q"} GIVEN AND c" =0

Since the equilibrium prices in SS imply h/é > hﬁl, loan firms always borrow at g¢":

4. Compute hg = ’”Nqﬂ

5. Forj=1,2,...,

£ w
m =m
J
£ w
£ =d
J
Bo=——{ (") (") = Ak RD) = Sk — b — (" +w ")}
J qv J
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ALGORITHM TO SoLvE Equity FIRM PROBLEM I:
{k,w,q,q"} GIVEN AND c" =0

6. We already have solved FOC for {n", m"} with ¢" and {n, m} with g as a function of k.

7. Regardless of the switching history, equity firms start from the same condition. Thus, we need to
solve the equity firm’'s problem once and for all wit = M, m{ = m", and n§ = n”. Use
Ive the equity fi probl d for all h hg = 2 3 g g
hg to evaluate the initial condition of the new equity firm:

7.1 1f 0 < zk®(m")?(n")Y — 2w _ 5,k — (M + w A),

v
goto 8
7.2 else if 0> zk™(m*)’(n")7 — =5 — Gk — (m* + w n*),
goto 9
7.3 else
goto 10
8. Start from unconstrained equity firms: For t =1,..., T
hi =0
m; =m
e~
ng=n

dive = zk®(m¢ 4)?(nf1)" — hty — 62k — (M + w 1)
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ALGORITHM TO SoLvE Equity FIRM PrRoBLEM II:
{k,w,q,q"} GIVEN AND c" =0

9. Start from constrained equity firms: For t =1,..., T,

9.1 Constrained:

mi =m"
ni =n"
he — qlw{ 2k (1)’ (n2)” = b2k — by — [m” + w "]}
. hi >0 continue,
else let t1 = t and goto 2

9.2 Investing all profits. For t > t1, h¢ = 0. m¢, n¢, g satisfy the following
conditions:

n? - ﬁ(mih nf717 h?—l; at)
mf - Fﬁ(mih nilv hf—l; at)
0 = zk*(m1)?(nf1)” — K.y — Oak — [mE + w nf]

i g: < (1—101)g continue,
i ~
else let t- = t and goto 3



ALGORITHM TO SoLvE Equity FIRM PrRoBLEM llI:
{k,w,q,q"} GIVEN AND c" =0

10. Start from limbo equity firms: t; =1. For t =1,..., T,

10.1 Investing all profits. hf =0,
ng = n(mg_q, ng_1, hi1; Ge)
m; = r/ﬁ(milv ng_y, hiq; Gt)
0 = zk*(m$1)’(nS1)" — hy — Oak — [mE + wn]

€ g: < (1—d1)q continue,
i -
else let to = t and goto 2

10.2 Paying dividends: For t > t», hf = 0, m¢ = m, n{ = m, and

dive = zk®(m.1)?(nf1)Y — b1 — bk — [mE + w nf]
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ENTRANTS (¢¥ = 0)

e A prospective enterant solves for

;Mo + wn

k* _argmfx{q (1—07) M <k, mé,no, o

e Note that n§ and m{ are functions of k.

e In equilibrium, the free-entry condition must be satisfied:

0= ((k*, mt, nt, O
- I 0> "0 qW

)}
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EVALUATING THE VALUE OF ENTRY | (¢V = 0,Ah > 0)

e The value of loan firms is given by

k+ w' ,  m" +wn”
N; = (1 —61)(1 = N)gMjsa + (1 = 82)Aq | Qjsajia — m - hj - T

Debt in age j

o Let c”(k) = zk*(m")?(n")Y — rf(k + x') — 82k — (m" + wn"). c" is a cash flow of loan firms before
repaying their short-term debt. This is constant over age given (w, k). Because of the interest payment on

k+ hf‘ grows over time at a constant rate.

he = [h? - cW(k)]

Il
/N /N Q
Q
E‘H
~—
>
o~
|
o
1M~
s
7~
Q
s"“
~—
»
)
3
=

qu)j {hﬁ - 1Ci(2)w } - 1Ci(fz)w
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EVALUATING THE VALUE OF ENTRY Il (¢ =0,Ah > 0)

The value of a new equity firm

Because every equity firm starts with the same amount of debt and working/physical capital, Q; ; is
identical for all j: Q;; = Q.

A new equity firm may or may not be paying out dividends upon switching. By solving the equity firm's
decision rules, we know the period % in which dividend payments start after switching. Using this

information and decisions in periods t; - 1 and t,,

Q=[q(1 -2
=l = 81" [k (1) (g, )" — by — Sak — i — wii + q(1 — 6,)0] ,

where

5 zk*(A)Y (m)? — 6.k — M — whA
1-q(1—6,) )

is the value of an equity firm with (n, m, h) = (A, m, 0).
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EVALUATING THE VALUE OF ENTRY Il (¢ =0,Ah > 0)

e The value of entry

B _ _ B —  m" + wn" e k+ '

My =q(1 — &)1 — A)Ma +g(1 — 61)A |:Q+ p” hy prrgm 51)]
B q(1 — 6;)A {7 m" + wn" ~ (k) ket K’ } _ q(1 — 61)A { s (k)
T 1-gq(1—68)(1—N) q* 1—gq¥ q(1—461) g —ql—08)1 -2 | ° 1-—g"

e For the equity firm’s debt to shrink over time

m* 4 wn" 2k (n*)Y (m*)? — m" — wn* — 5,k
0 s _ ) () !

q* 1—qv
N———
initial debt PV of all cash flow

To ensure that this condition is met for a given w, the range of k in which the optimal k* is searched for is

i—y—0
(1= 0) [ (2)" 0] 370 | Fa T

q" 32

ke |0,

}
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AGE AND THE MEASURE OF FIRMS:

e Age j indicates the passage of time since a firm is created.
. xf is the measure of loan firms of age ;.
. ij is the measure of age-j firms that have been equity firms since age i.

X =1 =8)Y Q-2 x,
xp=(1—6Y (1=2)"2 A
#(loan firms) 01
#(equity firms) (1 — 81)A

Example: Loan firms

age(j) states production decisions measure
0 no states no production k, n§, m&, hS x¢
1 Kb, k(Y (mE)  nlmiAE <k = (1= Ga)(1— K
2 k,nf,mf,hf ka(nf)’y(mf)e né,mﬁ,hg Xg =(1-6)%1 _/\)1Xé
t konf_q,mé R k¥ (nf_y )Y (mf_,)? nf, mf, ht xt = (1= 82)f(1 — N1
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AGGREGATION: DEFINITION | (¢ = 0)

GDP:

=7 - (/W + mfxf) — &w (I\T +xfn§) _ ('ydD —_— h"))

intermediate goods default cost banking costs

Aggregate output:Let yje = k*"(mf’)g (nf]')"’ and y7, = k’”’(mf‘j)‘9 (nf ;)7

The relationship between N’ and N is

N=(1— 61)(lvf +xfn£>
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AGGREGATION: DEFINITION I

e Aggregate physical capital stock and aggregate investment:

Mg

K' = k* ix.‘
J

oo
Z I" = (k" + k)x¢ + 62K"

e Aggregate working capital loan demand and (beginning-of-the-period) repayment:

T1-1

AT =q ZXh+ZZX hiil s ZX 1+ZZX

i=2 j=i i=2 j=i

The relationship between A and H' is

e Aggregate net firm profits:

o
gL

Il
N

gt = (1) S T = 5t (1 = 1)
j=2 j=2

-
I
A

N

e
hija
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AGGREGATION WHEN Ah >0

Let t, be the period when equity firms start paying out dividends after switching from loan firms.
f (1 - 51)X2 (1 —61)° @= 51)?2+2)\X[ y
T = o @ % 2(1—51 yit ———————°
1—(1—361)(1—X) 1—(1—361)(1—X) 17(1751)(17/\)6
e To compute N', replace (y*, y¢,y) with (n*, n¢, ).
e To compute N', replace (", y¢,y) with (n", n¢, 7).
o To compute M’, replace (y*, y¢, ) with (m", m¢, m).
Kf = k* @ = 51)"&{
61
g (1 — 5.5 V 0 ] a-s)d @K (1 = 622
@ —(1—6)1-X[° 1-¢"] 1-(1-58)1-)N)1-—g" 17(1751)(17A
(1= 81)22Ax¢ (1— (1 — 82)2¢

= |:div;2 +
1

1) — *
dIV:| — (k" +r )
1— (16—

=
1 1
_[qw—(l—sl)(l—x)_l—(l—a

1-5)1- )

a A)] o [h" -

G-2

2 -

61) z+1}
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Banks: {r,q?,q", q} GIVEN

b b\ _ b b b b
Vv (a N ) = cb,hbflz'?‘xbh,Dbc + 37V (a N ) s.t.
(TL) ¢ = (1-199) [(1 —2) £+ Z"] <—entrants can die

(TA) a':[A+r‘-’]e"'+(1—5;)h"—bh—o”

(BC) 4 x(c®) + €7+ (" b)) + @" B* +77D° + ¢ () [(1 = N + €7+ g"h°] 4+
<a+qb"+q¢'D

(EQ) =1 =N+ 2" +q"h° —qb®—q?D°

eb

T wa(1 — AP 4 £n]) 4 wa g% kb

e . is a financial shock (zero in SS).

e Banks probl yield choices: {(b.[”, h°, b, Db, P, b, s}
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OPTIMAL CONDITIONS FOR BANKS IN SS

B el ) 14660 - T 1w = g -5 (1+47)
q
q—B°
I B R R
q—p° 1 . wpb| _ I
[e] . [W‘ @ ea_n et ] R [1 “a—aa-n
,Yd
[D] a=q <1 + E)

CASE A: In the special case where ¢ = 0 and w; = w> = w, these conditions pin down L,

_ b
(6 —s ="
q
(1406 - - w)
. L= B o)
w 1
1] =1
i_ (s ﬂ)
[D] q q< +6"

(6)
(7)
AR (8)

(9)

q", ¢° and ¢, given gq.

(10)

(11)

(12)

(13)
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GOVERNMENT

e Collects ¢ (<) [(1 _ /\)gb Ny C]th/

e Gives it back to the households as T = ¢(<) (1 — A\)¢2 + ¢" + q""hb/}

25



STEADY STATE CoNDITIONS CLOSED EcoNomy

[k*] eqgn (4)  Optimal k of entrants
[x$ eqn (5)  Zero Profit of entrants
[¢°] D=D"

[9”] (1—61)H> = H""

[w] Nf =8

(D] B> =B"

[r] 0" = [k* + k] 5§

[q] y=Cc+1If

[T] T =¢(s") [(1— AP+ 0"+ g™ h°]



ALGORITHMS TO SOLVE THE PROBLEM IN SS

e Household's problem implies that g = .

e Depending on the nature of the bank’s parameters, the remaining prices
are restricted in different ways. In general, we have to solve for
{q", r*, w, k,xo}, but there are cases where it is simpler.

e Case A (1) = 0,w1 = ws2): Aggregation given w and x§.
The problem of the bank determines g%, r’, g% and ¢ by itself. The firm's
problem yields k so the main routine only needs to solve for {w, x0}.

27



Caskt A () = 0,w; = wy): AGGREGATION GIVEN W AND X}

1. Given g, the problem of the bank determines g9, g%, r’ and ¢ by itself.
2. Given {q,q?, g%, r",s}, the firm’s problem yields {k, (n{, mf, ht)>,
(nfj mi o 0 )22, j2i}
3. Given previous and xp, aggregation yields N, Mf, KT, If of, e, HF, T,
4. Given previous, the hhold problem yields C", D" and Y.
5. The definition of ¢ yields B®.

e The main routine only needs to solve for {w, xo}.

e |t uses two equations that can be solved for independently

=
—~~
&
N—r

Il

0.8, (21)
Nw) = 0.0. (22)
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CAsE A: BANK'S PROBLEM

e INPUT OF THE PROBLEM: g

e OUTPUT OF THE PROBLEM ¢%,g*, r’ and ¢

e Indeterminate: L, B, D
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CAsE A: w = w; = w, BANK'S DECISIONS

e ¢ is the capital ratio of bank and w is the risk weight. Bank’s optimal conditions are summarized as below:

(4 — ) = =
q
@ RO b il Gt
B BE(1 — &y)
h° v t
[A°] =
d
(D] a=q <1 + %)

o There is also a budget constraint that determines bank dividend payouts, which can be backed out once

the equilibrium quantities are determined.
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CAsE A: FIRMS' DECISIONS AND AGGREGATION

e INPUT OF THE PROBLEM: {q, q", r’, w, xo}

o OUTPUT OF THE PROBLEM: {k, (nf,m¢, ht), (nf;, mg

J’ J ’-J’

,W’ Kf’ ,f’ ny o Hf+

f
he;)} and N7,
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Case A: FIRMS' DECISIONS GIVEN {q, g%, r’, w}

A. The life-cycle decisions of firms:

1. Given {q,q", rt, w}, solve for the optimal firm size k™. For each k,
e loan firms: (n*, m", hf) foragej=1,...

e

e equity firms: (nf;, mf; hf;) foragej=1,..., i<

e entry value: MN(k, q,q",r’ w)

£

B. Optimal capital: k* = arg max, MN(k, g, q", r", w)
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CAsE A: AGGREGATION GIVEN X5 AND FIRMS' CHOICE OF k,n,m, h

C. Aggregation of decisions: given the firms' decisions, k* and xg, we get

TF: aggregate output (beginning-of-period)

N aggregate employment (beginning-of-period)

N aggregate employment for next period chosen by existing firms

MF: aggregate demand for intermediate goods for next period chosen by existing firms
K" aggregate physical capital (beginning-of-period)

1" = (k* + &")x¢ + 62KT

A aggregate working capital loan demanded by existing firms to finance next period’s
production costs

n': aggregate corporate profits
e = (K +5) x§

Hb = (A /q" + hixt
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CAsE A: HouseHoLD's DEciISIONS AND GDP GiveN
{rf, NI N’r Mf ms, n§, x§, H?, (" q", q,q% <}

d Vd(Dh)
_ 27
9= ey 9 (27)
y =1f — (Mf+m§xé) 751W(Ivf+néxé) 7'ydDb (28)
y=c'+/ (29)

e (27)-(29) determine D"(= D), Y and C".

e B" = B is backed out from the definition of capital ratio:

(1 _ )\)/b(/n) Ny qub _ qu _ qub
w1 [(1 = N)b(£n) + €] + waqw HP

S =
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FUNCTIONAL FORMS

Utility function:

Capital regulation:
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DATA: CANADIAN NATIONAL NET FINANCIAL POSITIONS

% of annual GDP Households etc. Non-financial firms banks
currency and deposits 83.2 23%3] -106.5
debt securities 50.6 -27.7 -22.8
loans -89.0 -35.4 124.5

1. integrate firms’' “debt securities” with that of HHs', leaving none held by firms
2. integrate firms' “deposits and currencies” with that of HHs’, leaving none held by firms
3. remove the loans to households (mortgage and consumer credit) from both HHs’ and banks’ balance sheets

4. adjust “currency and deposits” and “debt securities” so that their relative size does not change and that

their total volume implies banks’ leverage ratio of around 12

% of annual GDP Households etc. Non-financial firms banks
currency and deposits 26.8 0 -26.8
debt securities 5.7 0 -5.7
loans 0 -35.4 35.4

These numbers look pretty small. We will pull the bank regulatory data to see the size of business loans relative

to GDP.
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DATA: OTHERS

moment value time source
working capital loans/term loans 0.797 2019Q4 RAPID 2
intermediate goods/GDP 1.11 2016 StatCan Table: 36-10-0217-01
1/GDP, C/GDP 0.22, 0.78* 2019Q4 StatCan Table: 36-10-0104-01
K/GDP? 1.16-2.5 2018 StatCan Table: 36-10-0098-01
labor share 0.65 2017 Penn World Table/FRED
=" /GDP? 0.078 2019Q4  StatCan Table: 36-10-0125-01
' /GDP* 0.006-0.01 2019Q4 OSFI P3 v1285

1As fractions of domestic final demand.

2Relative to annualized GDP: 2.5 with gross non-residential capital stock; 1.16 with net
capital stock with geometric consumption of capital

3Non-financial corportation profits before tax.

“Net income attributable to interest-generating activities of Canadian banks.
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NUMERICAL EXAMPLE: PARAMETERS

value annualized

el 0.995 0.980

v 0.005 =

o° 2.000 =

o 2.000 =

« 0.141 -

Y 0.329 =

6 0.520 =
a+~v+6 0.990 =
a/(a+~) 0.300 -

51 0.005 0.020

52 0.013 0.050

g 0.985 0.940

A 0.054 0.200

~¢ 0.003 0.011

7o 0.010 =

m 0.991 =

0b 0.080 =

w 1.000 =
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NUMERICAL EXAMPLE: PROFIT FUNCTION AND FIRM DECISIONS

0.025

0.015

0.005

-0.005

T(w) 5210 -3 bl at (w', k) w104 mj at (w', k") 1073 7 at (w', k")
8
45 7
2
4 6
5
. 15
4
3 1
3
25
2
05
2 1
15 0 0
07 08 09 10 15 5 10 15 5 10 15
w j: age j: age j: age
©1074 kot <1073 K at (w* k) w104 mS at (w* k) 3 at (w',k*)
10 (kyw?) 1‘10 5 43 X207 13 x10°M
h 08 4.25 x 129
\ 128
\| o6 42
127
04 415
1.26
2 41
o 125
0 4.05 124
10 15 10 1 5 10 15 5 10 15
k %102 j- age j: age j: age
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NUMERICAL EXAMPLE: SS STATISTICS

model data®
value annualized K’ /GDP 2.043 2.500
q 0.995 0.980 I /GDP 0.215 0.220
q¢ 0.998 0.991 C"/GDP 0.785 0.780
v 0.979 0.919 w(Nf + nfx{)/GcDP 0.681 0.650
t 0.021 0.089 (M + méxt)/cDP 1.076 1.110
(wf + k*)xf/GDP 0.017 - ~f /GDP 0.084 0.060

#loan firms /#equity firms 0.093 = =°/GDP 0.002 0.006-0.01
work. cap. loan ratio (loan/equity) 12.875 = (Ch — wnN')/GDP 0.108 0.130
employment ratio (loan/equity) 0.091 - B/GDP 0.109 0.057
interm. goods ratio (loan/equity) 0.091 - D/GDP 0.265 0.268
wf/k* 0.144 - work. cap. loans/term loans 0.422 0.797
/e 0.063 - total loans/GDP 0.408 0.354
tax on banks/GDP 0.017 - leverage ratio 12.005 12.000

Some observations:

a. the fraction of loan firms is low.

b. working capital loans/term loans is below target.

c. the lending rate may be a bit too high [we'll collect data on this]

5Annualized where applicable.
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NUMERICAL EXAMPLE: BEGINNING-OF-PERIOD DISTRIBUTION BY AGE

% of total employment % of total employment

loan firms / both firms

°

o

o

°

°

o

o

°

°

°

o

4

3

o

employment: intermediate goods: working capital loans: population:
loan firms loan firms loan firms loan firms
05 05
@
€04 g 504
8™ 15 8%
> a =
£03 g 303
2 ¥t g
Zo 5 2
Zo = 0-
e 3 g
So. g So
: : :
50 100 [} 50 1005 o 50 100 100
age age age age
employment: intermediate goods: working capital loans: population:
equity firms o equity firms equity firms equity firms
: @
38 g <
go < 2
> g i)
£ 8 2
g0 £ g
€ 5 =
= H 8
go = =
Pt g °
: s 5
B 100

employment ratio

intermediage goods ratio

working capital loan ratio
1

loan firms / both firms

0.

°
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°
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PARAMETERS: A SMALLER \?

The change in v

d

value annualized

g° 0.995 0.980
v 0.021 =
o° 2.000 =
o 2.000 =
«a 0.141 -
~ 0.329 =
0 0.520 =

a+y+6 0990 -
a/(a+~) 0300 -

51 0.005 0.020
52 0.013 0.050
B 0.985 0.940
A 0.031 0.120
~¢ 0.003 0.011
o 0.010 =
m 0.991 =
6° 0.080 =
w 1.000 =

is to make the D /B ratio comparable to the data.
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SS STATISTICS: SMALLER A\

model data®
value annualized K’ /GDP 2.756 2.500
0.995 0.980 I”/GDP 0.201 0.220
q9 0.998 0.991 Cc'/GDP 0.799 0.780
v 0.979 0.919 w(N' + nfx{)/GDP 0.682 0.650
* 0.021 0.089 (M + méxt)/eDP 1.078 1.110
(v + k*)x¢ /GDP 0.016 - = /GDP 0.079 0.060

#loan firms/#equity firms 0.160 - 7°/GDP 0.004 0.006-0.01
work. cap. loan ratio (loan/equity) 38.119 - (ch — wnhy/GDP 0.121 0.130
employment ratio (loan/equity) 0.154 - B/GDP 0.118 0.057
interm. goods ratio (loan/equity) 0.154 - D/GDP 0.556 0.268
K’ /k* 0.135 - work. cap. Loans/Term Loans 0.700 0.797
/e 0.038 - total loans/GDP 0.736 0.354
tax on banks/GDP 0.030 - leverage ratio 12.005 12.000

the fraction of loan firms increases as maturity gets longer with lower \

&

working capital loans/term loans closer to data

however, total loans/GDP increases; B/GDP1 needed to finance this (D is tied to C through preference)

d. roughly, term loans and working capital loans increased with the change in \ as follows

total loans/GDP ~ (K/GDP) « (#loan firms/#equity firms) (1 + working capital loans/term loans)

term loans/GDP

=2.74 % 0.16 * (1 + 0.7) = 0.747 ~ 0.736 > 0.408
M~ ——
v \%

0.093 1.422

6 Annualized where applicable.
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STILL REMAINING TASKS:

e Adding ¢V >0

e Transition dynamics: wage rigidity implies w; — wss = 0% (n; —

e Step 1: equity firms only

e Step 2: add loan firms

nss)

a4



Transition dynamics: equity
firms only



HousEHOLDS WORK AS DEMANDED BY FIRMS UNDER WAGE RIGIDITY

Vi(ara, N y) = max  u(c)+ v(de) + 8" Vi (ah (1-61,0)(1 — 53)/\/:)

ct,bt,dt

subject to
d f f b
¢+ qr b +q; de=ar1 +wea Ny +7p + 7] + Ty
ar = by + d;
FOCs:
g = Bh Uc,t+1
Uc t
d Vd,t
q = —— +q
Uc,t
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BANKS THAT PROVIDE ONLY WORKING CAPITAL LOANS

e For now, we omit the loan issuance costs but there is a cost when dividends deviate from SS.

b (b b b \,b b
V, (at) =, max ¢ +8° Via (a:+1) B
cb.nb,Bb D!
(TA) aty1 = (1 —61,:) h° — B — D!
(BC) ctb + H,B(cb = c:;)z + q:V hf +’yde + ¢ (st) q:/hf + e < ar+ qe Bf + qutb
whb _ o Bb _ gdpb
(KR) G = 9 Ny — G5y 9: Dy

w gy kP
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Banks' FOCs:

Banks’ FOCs imply

d
d v d Aol
= —_— = kes banks indiff t bet D d B 30
9; = qt + 1T b/ q; makes banks indifferent between D; and B; (30)
— (1 + &> = 672) = dynamic relationship when % > 0 (31)
rB(cf — cb) w rB(cly — b

1-96 1
= ( 1,6)qe (1 + ¢C’r/:)) = the default rate and the regulation determine g,"
14 ¢(se) + (1 — wer) £5

(32)

With k8 > 0, the bank’s problem is no longer a static one as in the SS.
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A SIMPLIFIED VERSION OF THE FIRMS' PROBLEM

e We'll start from a special version of the general problem for tractability. A
special version has firms that always borrow working capital loans from
banks. They pay out dividends while borrowing.

e The production function exhibits DRS and has the Cobb-Douglas form.
This allows us to obtain a closed-form solution to firms’ decisions that
cleanly separates the contribution of capital and other aggregate effects.
This greatly simplifies aggregation.
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NOTATIONS FOR FIRMS' PROBLEM

» t: time
> j: age
» state variables of firms of age j in period t:

1. ko,-j: capital chosen j periods ago as a new firm
2. (mj-1,e-1, Nj-1,e-1, hj-1,.-1): determined in period t - 1 at age j - 1.
> (1-03)nj_1,t-1 is the effective employment used for production
> firms save ¢¥(1 - d3)nj_1 -1 in vacancy posting costs
» choice variables of firms of age j in period t: (mj ¢, nj+, hj )
» xj ¢ the beginning-of-period measure of firms of age j in period t
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FIRMS THAT ALWAYS BORROW WORKING CAPITAL: A SPECIAL VERSION

Qe(ko,t-j, Mj-1,e-1, Nj-1,e-1, hjo1,e-1) =
o ~ 6 . v
max  ztkg o ;i [(1 = 03)nj-1,e-1]” m_y 3 —hj-1,e-1 — O2ko,e-j + ¢ (1 — 3)nj-1e-1
A N

Cobb-Douglas

— (we + CV) njt — mj ¢+ hej qf + qe(1 — 61,¢) Qera(ko,e-j, mje, nj ¢, hj,t)

subject to

mj ¢+ (we +c")nj e = qf hj ¢

divj,e = zek; [(1 = 63)nja,e-2]” mf_lwr_l — hj1,e-1 — S2ko,e-j + c"(1 — 83)nj-1,6-1 > 0

Closed-form solutions:

1
1-60 1-~v-6 __ o o
2l 0 T—~—0 _ sn I—~—9
n?, = W(1-683)z % ky o = Ak, Y
.t |:qt( 3) zera we o (L — g (1 — 63)) 0,t-j t Ko t-j
Onj’ I———g
m, = ’;"t {we +c" [1—q/(1—63)]} = A} kol,[—;} o
m‘f'ft+(wt+cv)nYTt h, T=4=0
i = ’—W/ = Arko,p]

L

a a
S ¥ 0 o _ S n 1y m \0 | 1—~y—0 _ sy, 1—~—0
Yj,t = Zt"j,1mj—1,t—1ko,rfj =zt [(1 —33) Aul} (At—1) ko,rf/ = Arko.tfj
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NEW FIRMS' ENTRY DECISIONS

e The mutual fund pays ko : + k' to gain the ownership of a firm.

e A new firm borrows working capital loans from a bank, which depends on the firm size.

mg.+(k) + (we + ¢")ng (k)

w

kg‘t = arg mka>< {—k + qe(1 — 61,6)Qe41 (k7 m:’t(k), n:’t(k), v
t

)}
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EVALUATING THE ENTRY VALUE OF FIRMS

Given the forms of decision rules, we can write the value function as follows:
o /
Qj,t = Vf ki 7% Ve kO,t—j

0,t-j

Substituting this into the firms' dynamic program, we obtain the following:

vl = Al — A?_l + (1 = d3)Af 1 + g (1 — 51)Vf+1
v = —62+ qe(1 — 61)vi4

Using this result, the optimal kg ; satisfies the following FOC:

« P “;j:ﬂgl /
1 = qt(1—51) mvt-klko,t +Vt+1

The zero-profit condition is expressed as

K"+ kot = qe(1 — 1) [Vfﬂkol,;%e + V:.{+1k0,t}
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AGGREGATION (SPECIAL VERSION) WITH CoBB-DOUGLAS PROD. FN.

Aggregate capital

= ij,rko,t—j = Z(l — 81)Xj-1,¢-1ko,t-j = (1 — 61) |:Z Xj,t-1Ko,t-1-j + Xo,t-1Ko,t-1
= = =

=(1-61) [K:,l s Xo‘r—lko.tfl]

kil_'* 6

] xk —
Useful expression  Let F* = 3770 xj.ekg )

(o3
R = (1= )[R 4 ra a7
Other aggregates
. oo oo
Ny = ij,znj,t = ZXj,tA kol:;{ = A;’F;(k
j=1 j=1
= ZXJ thie = ZXJ tAtkolr_7 e = A FXk

= K
ZXJ e = ZXJ tAtkolrJ o) = AR
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OTHER EQUILIBRIUM CONDITIONS

[Goods market clearing] Y: = Ci + I;
[Sticky wage dynamics] Wi — Wes = nW(N: — Nss)
[Zero profit condition] k= —ko,t + qe(1 — 01,¢)41 (Ko, Mo,t, No,¢, ho,t)
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THE SOLUTION METHOD

e We use dynare and let it linearize the non-linear system.

e To begin with, we examine IRFs following a positive TFP shock.
Zy — Zss = Pz (Zt—l - zss) U 6?

e Each graph is expressed in % deviation from the SS except the capital ratio
and the penalty rate of banks. 0.01 on the y-axis should be interpreted as
1% deviation from the SS.
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TFP sHock p, = 0.95, kB = 30,n" = 1:

PRICES & HOUSEHOLDS

1 X210 2 zepsz ;1 x10 “ g_epsz ;1 x10 “ qw_epsz 1 x10* qd_epsz
0 0 0
-1 -1 1
2 / -2 2
7 \ / / /
\ /
6 3l
5
4
3
2 -6 -6
[ 10 20 10 20 [ 10 20 0 10 20
w_epsz %10 C_epsz %10 D_epsz B_epsz
0.017 P = <P Fy= <P 011 P
0.016 f o1 N\
\ 85 \
0.015 \ 0.09
0.014 \
\ s 0.08
0.013 \
0.07
0.012
75 0.06
0011
0.05
0.01 7
0.009 0.04
0.008 65 65 0.03
0 10 20 0 10 20 0 10 20 0 10 20
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TFP sHock p, = 0.95, k2 = 30,7" = 1: FIRMS

%1073 koiepsz n,_epsz m_epsz h 0-€psz
1 0.01 0.03 003
\ 0.005
2 0.02 0.02 1\
\ 0
3 -0.005 0.01 001
-0.01
4 o 0 0
5 -0.01 -0.01
o 10 10 20 0 10 20 0 10 20
X ,_epsz
0= rimeAgg_epsz MprimeAgg_epsz HprimeAgg_epsz
04 . < 1D 99_ep: 0.025 P 99_ep: 0.025 P 99_ep:
55
5 0.02 002
45
4 0015 0015
02
35 \ \
0.4 3 0.01 001
0 10 20 [ 10 20 10 20 0 10 20
3 Xf_epsz rossOutput_epsz Inv_epsz 3 Kf_epsz
15 210 _ep oo g put_ep: 01 _ep: 15 X10 _ep:
\\ _
10 | 0.5 || ~ 10
00z |
5 I 0 5
/ 0015 | /
0 / g -0.05 0
5 0.01 01
o 10 20 10 20 [ 10 20 10 20
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TFP sHock p, = 0.95, k8 = 30, 7" = 1: BANKS

01 cB_epsz N «10-2 capRatioB_epsz 3 «10°5 phiLevel_epsz
]
0.05 25
\
0 2
\ /
\ /
. \ /
\ \
-0.05 o4 \ s\
\
\
/ e \\
01 238 1 -
0 10 20 10 20 0 10 20
taxB_epsz Debt_epsz Assets_epsz
0.026 0.026 0.024
0.024 f 0024 0.022
0.02
0.022 0.022
0.018
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0.018 0.018
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~ ~_
~_
0.014 = 0014 0.01
0 10 20 0 10 20 0 10 20
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PRrRoBLEMS (JAN 2021)

e Firm entry and investment decreases on impact of the shock. Due to lags in the expansion of
production input, the resources (gross output) in the initial period is limited at the aggregate
level despite the increase in TFP. To meet the increased demand for labor and intermediate
goods at the indivisual level, the equilibrium entry declines temporarily.

e The individual capital demand at entry (ko) declines not only on impact but also over time.

e In order to address this issue, we add the following new features:

1. CES production function to allow for complementarity between intermediate
goods and other factors:

[

v

y=z[(1— & (K [(1-63)n)") ™ +em™>] ¥,
where a1(1 — &) + az(1 — &) + azé < 17

8a0 e e M j,t — Mss 2
2. Additional cost of intermediate goods: “5- (M) Mss

Mss

Tlim, 0y = zk®1(A=8[(1 — 63)n]*2(E=E) M3 lim, 00 = zmin {k®1[(1 — §3)]%2, m*3}.
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APPROACH TO SOLVE THE NEW MODEL

With either of these additional features, even though decision rules are still static, we can no
longer obtain closed-form expressions for individual decisions. Hence, we can no longer express
firm value and aggregate firm decisions compactly in the non-linear model.

In the linearized system, however, we can still separate firm decisions into the effect of
age-specific capital and that of aggregate prices and shocks. This allows us to derive compact
expressions for firms' aggregate decisions and their value functions.

The derivation of linearized aggregate decisions and linearized value function requires some
tedious semi-manual work outside dynare (details explained in a separate note).

B M w
3

K K n v Qg (o' as

30.0 2.0 10 0.1,10,50 06 025 075 0093
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PRODUCTION FUNCTION: y = k

=z=1

\
\ \
25 - !

\ \
\
\ \
\
s

15

05

I
0.6
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TFP sHock (v = 0.1,1,5) : PRICES & HOUSEHOLDS
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TFP sHock (v = 0.1,1,5): FIRMS
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TFP sHock (v = 0.1,1,5): BANKS
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TFP SHOCK: OBSERVATIONS

The cost of intermediate goods production dampens the pace of increase
in employment and intermediate goods per firm, which allows a positive
measure of firms to enter the market on impact of the shock even though
production input has not expanded yet at that point to take advantage of
higher production efficiency.

The complementarity between intermediate goods and other production
input increases the individual demand for capital at entry (ko) and over
time for sufficiently high values of v.

Similarly, the increase in the demand for employment is dampened and
more persistent due to the effects of intermediate goods production cost
and the complementarity.
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FUNDING SHOCK ON BANKS

e We characterize funding shocks as exogenous disturbances that cause
troubles for bank’s funding and repayment.

e First, a funding shock causes a fraction ¢; of bank’s liability (gB + g9 D) to
be consumed before being used for banking activities.

e Second, households lose a fraction £°1; of repayment by the bank at the
beginning of the next period. However, deposit insurance funded by
lump-sum taxes on households ensures that deposits will be fully repaid.
This shock tilts HH savings towards deposits and away from the wholesale
funding.
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BANKS WITH FUNDING SHOCKS

b (b b b \/b b
V, (at> =, max ¢ +8° Vi (atH) s.t.
¢ htBY Dy

(TA) aey1 = (1= 81,0) b — BY — D}

B
K w w
(BO) et (P =) +al B+l + b () alhy <ac+ (1— ) (a BY + 4! DY)

a’ht — q:BY — g7 DY

(KR) & =
w q hy

(SHOCK) L= pyli-1 + €, Lss=0



HouUSEHOLDS WITH FUNDING SHOCKS

Vi(at-1, N:_l) = max u(c)+ v(de) + 5" Vi (Bu (1-61,6)(1 — 53)/\/[)

ct,bt,dt

subject to

¢t + q: bt+qf di = at-1 + wea N:,1+7T:+7Ttb+-rt

ac = (1 — &50)be + de

FOCs:

h Ue,t+1 b

g =f Ci(l_f t)
Uc,t

d__ Vdt qt

9 Uc,t 1— &by

New parameters:



FuNDING sHock (v = 0.1,1,5): PRICES & HOUSEHOLDS
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FunpING sHocK (v = 0.1,1,5): FIRMS
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FunpING sHock (v = 0.1,1,5): BANKS
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FUNDING SHOCK: OBSERVATIONS

A funding shock leads to a drop in quantities as financial intermediation
becomes costly.

The spreaad beween the lending rate (1/g*) and the funding rates (1/q or
1/q?) widens.

The bank dividend response is large and sensitive to the choice of xP°.

Also, responses of D and B are sensitive to the choice of £°.
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