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Abstract

The immersed boundary method is a computational framework for problems involving the interaction of a fluid and immersed elastic
structures. Immersed boundary computations typically evaluate the elastic forces explicitly in the configuration of the immersed elastic
structure. In many applications this results in a severe restriction on the time step. We present a semi-implicit and a fully implicit second-
order accurate immersed boundary method. The methods provide a natural way to handle mass on the immersed elastic structures. We
demonstrate their performance for a prototypical fluid–structure interaction problem. The methods are shown to possess superior
stability properties that significantly alleviate the typically severe time step restriction of explicit computations.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Many problems of biofluid dynamics involve the inter-
action of an immersed elastic structure with an underlying
fluid. The immersed boundary method is a generally useful
method to solve such problems. The method has been suc-
cessfully applied to a variety of problems including blood
flow in the heart [1], vibrations of the cochlear basilar
membrane [2,3], blood clotting [4–6], aquatic locomotion
[7–10], insect flight [11,12], flow with suspended particles
[13,14] and other physical problems [15–18]. We refer to
[19] for a more extensive list of applications.

The immersed boundary method uses an Eulerian
description for the velocity field of the fluid and a Lagrang-
ian description for the configuration of the immersed elas-
tic structure. The force generated by the immersed elastic
structure drives the fluid flow and the fluid flow in turn
moves the immersed elastic structure to a new configura-
tion. This interaction between the fluid and the immersed
0045-7825/$ - see front matter � 2007 Elsevier B.V. All rights reserved.
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elastic structure is expressed in terms of spreading and
interpolation operations by use of smoothed Dirac delta
functions [19].

The immersed elastic structure generates a force F which
is a function of its configuration X. The time stepping
scheme of most immersed boundary computations uses
an explicit evaluation of F in terms of X. In many applica-
tions, this results in a severe restriction on the time step
[19,20]. There have been attempts to develop implicit
schemes to overcome this difficulty [21,22,4]. We also note
a recent effort in [23]. Implicit immersed boundary methods
have also been introduced in the context of finite element
discretizations [24–26]. In this paper, we present two sec-
ond-order accurate implicit immersed boundary methods,
one of which is semi-implicit and the other fully implicit,
which are built upon an implicit first-order method pro-
posed in [22]. The bulk of the computational work is spent
on the solution of linear equations, which are solved using
a Krylov subspace method. As we shall see, each Krylov
subspace iteration is approximately equal in computational
cost to an explicit time step.

We show that both methods presented here attain
approximate second-order accuracy for smooth problems.

mailto:mori@math.ubc.ca
mailto:peskin@cims.nyu.edu


Fig. 1. A schematic diagram of the model problem.
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Most convergence studies of the immersed boundary
method have used an infinitely thin elastic membrane in
test problems. The analytical solution to such problems
have discontinuities in the derivative of the velocity field.
This lack of smoothness makes it difficult for immersed
boundary computations to attain its full formal accuracy.
Following [27] we demonstrate second-order accuracy of
the present methods with a smooth problem where the elas-
tic membrane is replaced by an elastic shell with tapered
elastic stiffness and tapered mass density.

We demonstrate by way of numerical experiment that
the two implicit methods have superior stability properties.
For any fixed spatial grid, the time step restriction is far less
severe in both implicit methods in comparison to an expli-
cit calculation. Moreover, the time step restrictions for the
implicit methods do not depend on the spatial grid resolu-
tion. For the model problem treated here, the time step
needs to be roughly halved each time the grid spacing is
halved when an explicit method is used. In the implicit
methods, the iteration count for the Krylov subspace
method stays roughly the same with the refinement of the
spatial grid. This makes the implicit methods increasingly
efficient in comparison to an explicit method as the spatial
grid is refined.

The implicitness of the methods give us a natural way to
incorporate mass of the immersed elastic structure at min-
imal additional computational cost. In the original
immersed boundary method, the immersed elastic structure
is treated as neutrally buoyant in the fluid. Several different
methods have been proposed and used successfully to han-
dle mass of the immersed elastic structure [28–30]. The way
mass is handled here has some attractive features which we
believe adds further utility to the present methods.

In Section 2, we present the model problem and its
immersed boundary formulation. In Section 3, we review
spatial discretization and discuss how we deal with mass
on the immersed elastic structure. In Section 4, we intro-
duce the semi-implicit and fully implicit methods. We then
discuss the solution of the linear equations in Section 5.
This is followed by computational results in Section 6. In
the final section, we summarize the characteristics of the
new methods.

2. Model problem

We consider a two-dimensional viscoelastic fluid. A
schematic of the model problem we consider is given in
Fig. 1. Let the fluid domain be denoted by U � R2. The
velocity and pressure fields uðx; tÞ and pðx; tÞ are functions
of the fixed cartesian coordinate x ¼ ðx1; x2Þ ¼ ðx; yÞ 2 U .
We shall also introduce Lagrangian markers Xðn; tÞ,
parametrized by a curvilinear coordinate system n ¼
ðn1; n2Þ ¼ ðg; hÞ 2 X � R2. We may view X ¼ ðX 1;X 2Þ as
a time-dependent map from the Lagrangian material coor-
dinates in X to their cartesian positions in U.

The image of X, XðX; tÞmay be the whole domain U or a
proper subset of U. The region XðX; tÞ will be where the
material is not only viscous but also elastic. In the present
paper, the region XðX; tÞ may also carry an excess mass
density in addition to the background uniform mass
density.

We start with the following familiar equations of contin-
uum mechanics:

~q
Du

Dt
¼ r � r; ð1Þ

r � u ¼ 0; ð2Þ
D~q
Dt
¼ �~qr � u: ð3Þ
Eq. (1) expresses momentum balance, where ~q is the mass
density of the viscoelastic continuum, D/Dt the material
derivative and r the stress tensor. Eq. (2) is the incompress-
ibility condition and Eq. (3) expresses mass balance.

We must supply the above with a constitutive relation
for the stress tensor r. We consider the following:

r ¼ �pI þ lðruþ ðruÞTÞ þ rel; ð4Þ

where p is the pressure, I is the identity tensor, and l is the
viscosity and rel is the elastic stress to be specified later.
The elastic stress tensor rel is 0 in U � XðX; tÞ. The stress
is thus a sum of an isotropic pressure, a viscous stress
and an elastic stress. The pressure p is determined by the
incompressibility condition (2). Given the constitutive rela-
tion (4), we may consider the material in XðX; tÞ to be com-
posed of a viscous Newtonian fluid and a volumeless
immersed elastic structure which generates elastic stress.
Substituting (4) into (1), we have

~q
Du

Dt
þrp ¼ lDuþr � rel: ð5Þ

We shall make use of a Lagrangian description for the
mass density ~q and the elastic stress rel. We first make note
of the following relation that links the Lagrangian and
Eulerian descriptions:

oX

ot
¼ u: ð6Þ
Write ~q as a sum of a spatially uniform constant q and an
additional spatially varying component carried with the
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immersed elastic structure. In U � XðX; tÞ, we let ~q ¼ q, a
uniform constant. In XðX; tÞ we let,

~q ¼ qþM jFj�1
; ð7Þ

where F is the deformation matrix oX
on

and Mðn; tÞ is the mass
density measured in the material coordinate n. The term
M jFj�1 is a Lagrangian variable whereas q and ~q are Eule-
rian variables. In Eq. (7) as well as in the sequel, whenever
both Eulerian and Lagrangian quantities appear in a single
equation, the Lagrangian terms will be understood as being
evaluated at the coordinate n corresponding to the coordi-
nate x at which the Eulerian terms are evaluated. Note in
(7) that we need to multiply M with the inverse of the deter-
minant of the deformation tensor jFj�1 to obtain the mass
density in the Eulerian coordinate. Now, substitute (7) into
(3). Making use of the incompressibility condition (2) in

Eulerian ($ Æ u = 0) and Lagrangian ojFj
ot ¼ 0

� �
forms, we

see that (3) reduces to oM
ot ¼ 0. Thus, M(n) is constant in

time. We note that jFj is not necessarily equal to 1 uni-
formly, since we are to use curvilinear linear coordinates
for the Lagrangian mesh.

Next, consider the elastic stress tensor. In U � XðX; tÞ,
rel is taken to be 0. In XðX; tÞ the stress tensor may be non-
zero, and there we have a material coordinate system n. Let
the stress tensor have the following form:

ðrelÞij ¼ eT sisj; s ¼ oX

oh
oX

oh

���� �����
; ð8Þ

where (rel)ij denotes the ij component of the stress tensor, eT
is some scalar function of x and si denotes the ith compo-
nent of the unit coordinate vector s. This stress tensor ex-
presses an immersed elastic material which can be
regarded as a fiber continuum. The material coordinate h
runs along the fibers, and the local fiber direction is given
by the unit coordinate vector s. The local strength of the
fiber is specified by eT .

We would now like to rewrite the elastic forcing term
$ Æ rel in Eq. (5) using material coordinates

oðrelÞij
oxj

¼ o

oxj
ðeT sisjÞ ¼

o

oxj
T sijFj�1 oX j

oh

� �
¼ o

oh
ðT siÞjFj�1 þ T si

o

oxj
jFj�1 oX j

oh

� �
; ð9Þ

where repeated indices are to be summed, and
T � eT jFj oX

oh

�� ���
. We would like to show that the second term

in the last line of the above is equal to 0. Note

jFj�1 oX 1

oh
¼

oX 1

oh
oX 1

og
oX 2

oh �
oX 2

og
oX 1

oh

¼ �ðF�1ÞgX 2
¼ � og

oX 2

; ð10Þ

where ðF�1ÞgX 2
refers to the gX2 component of the matrix

F�1. Likewise, jFj�1 oX 2

oh ¼
og

oX 1
. We immediately see that

o

oxj
jFj�1 oX j

oh

� �
¼ 0 ð11Þ
by the equality of mixed derivatives. We therefore conclude
that

r � rel ¼
o

oh
ðT sÞjFj�1

; T ¼ eT jFj oX

oh

���� ����:�
ð12Þ

The above equality can also be derived by a force balance
argument, by noting that eT is the product of T, the magni-
tude of the tension per fiber, and oX

oh

�� �� jFj= , the fiber density
in the cross-sectional plane perpendicular to s. The above
transformation of the elastic force from an Eulerian to
Lagrangian description can be performed for general stress
tensors. For the purposes of the present paper, this is not
needed.

Substituting (7) and (12) in (5)

q
Du

Dt
þrp ¼ lDuþ f; ð13Þ

f ¼ FjFj�1
; ð14Þ

F ¼ FE �M
o

2X

ot2
; ð15Þ

FE ¼
o

oh
ðT sÞ: ð16Þ

We have made use of (6) in deriving (15). In the above, it is
to be understood that f is 0 in U � XðX; tÞ. Eqs. (13) and (2)
are the momentum balance equations we would like to
solve. Note that the inertial force due to the extra mass car-
ried by the elastic material is incorporated in terms of a
d’Alembert force, �M o2X

ot2 . This system is nothing other than
the incompressible Navier–Stokes equations with an exter-
nal force field f.

We are now ready to write the equations of motion of a
viscoelastic continuum in immersed boundary form. A sali-
ent feature of the immersed boundary method is the use of
the Dirac delta function to link the Eulerian and Lagrang-
ian descriptions. We write (6) and (14) respectively in the
following way:

oX

ot
ðn; tÞ ¼

Z
U

uðx; tÞdðx� Xðn; tÞÞdx; ð17Þ

fðx; tÞ ¼
Z

X
FðXð�; �Þ; n; tÞdðx� Xðn; tÞÞdn: ð18Þ

In (17) and (18), d denotes the Dirac delta function. We
shall call (17) and (18) the interpolation and spreading oper-
ations respectively. The equivalence of (17) and (6) follows
directly from the definition of the Dirac delta function. The
equivalence of (18) and (14) can be seen as follows. The
spreading operation (18) should be understood in the fol-
lowing sense. Given any smooth vector valued function
w(x),Z

U
fðx; tÞ � wðxÞdx ¼

Z
U

Z
X

FðXð�; tÞ; n; tÞ � wðxÞdðx

� Xðn; tÞÞdndx

¼
Z

X
FðXð�; tÞ; n; tÞ � wðXðn; tÞÞdn: ð19Þ
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Note that f Æ w is integrated over U, and F Æ w is integrated
over X. This, together with the arbitrariness of w, shows
that f and F are linked by multiplication by jFj, the Jaco-
bian of the coordinate transformation from Lagrangian
to Eulerian coordinates. This is nothing other than Eq.
(14).

In summary, the equations of motion in immersed
boundary form are

q
ou

ot
þ u � ru

� �
þrp ¼ lDuþ f; ð20Þ

r � u ¼ 0; ð21Þ
oX

ot
ðn; tÞ ¼

Z
U

uðx; tÞdðx� Xðn; tÞÞdx; ð22Þ

fðx; tÞ ¼
Z

X
FðXð�; �Þ; n; tÞdðx� Xðn; tÞÞdn; ð23Þ

F ¼ FE �M
o

2X

ot2
: ð24Þ

The above derivation assumed that the stress tensor does
not experience any jumps across internal interfaces, and
the model problem we consider in this paper satisfies this
condition. The immersed boundary formulation is, how-
ever, more general than the above derivation suggests.
Interface conditions can be accommodated in the immersed
boundary method by suitable choice of the Lagrangian
force density F. In fact, the ease with which such interface
conditions can be handled was one of the original motiva-
tions for the development of the method. We refer the read-
er to [26] for a systematic exposition of the incorporation
of interface conditions within the immersed boundary
framework. From here on, we shall deal exclusively with
the immersed boundary formulation.

We have yet to specify the elastic stress, and for this pur-
pose, we must specialize the above framework to a model
problem. We deal with an immersed fiber continuum whose
elastic force density is given by (16). What we have to spec-
ify are the fiber strength T and the fiber directions s with
the associated material coordinate system.

We consider a problem in which a circular elastic struc-
ture is immersed in a periodic fluid domain. Formally, we
let U be a periodic square domain of side l, and
X ¼ fn ¼ ðg; hÞjg 2 ½0; 1�; h 2 R=2pZg. We note that X is
2p periodic in the angular coordinate h.

We took the fiber direction s to be the h coordinate
direction. For T we take

T ¼ T n;
oX

oh

���� ����� �
: ð25Þ

Thus, T is a position dependent function of oX
oh

�� ��.
We can also be obtain an elastic force density of the

form (16) by taking the following elastic potential energy
for the immersed elastic structure

E½X� ¼
Z

X
E n;

oX

oh

���� ����� �
dn; ð26Þ
where Eðn; sÞ is the elastic energy density function. That E

is only a function of oX
oh

�� �� expresses the fact that the im-
mersed structure is a fiber continuum. By taking the func-
tional derivative of the above with respect to X, we obtain
the following expression for T in terms of the potential en-
ergy density E:

T ¼ oE
os

n;
oX

oh

���� ����� �
: ð27Þ

Much of the ensuing discussion does not depend on the
particular form of the elastic force. The fact that the elastic
force depends only on oX

oh

�� �� will play a role only in the for-
mation of the preconditioner for Krylov subspace solvers,
to be discussed later in Section 5.

3. Spatial discretization

Spatial discretization is mostly identical to the standard
immersed boundary method as detailed in [19].

We first discuss discretization of the Navier–Stokes
equation in the fluid domain U. For the velocity field u,
we employ a regular cartesian grid with grid spacing h.
We introduce the following central, forward and backward
difference operators. For a function /(x) defined in U

ðD0
h;a/ÞðxÞ ¼

/ðxþ heaÞ � /ðx� heaÞ
2h

; ð28Þ

ðDþh;a/ÞðxÞ ¼
/ðxþ heaÞ � /ðxÞ

h
; ð29Þ

ðD�h;a/ÞðxÞ ¼
/ðxÞ � /ðx� heaÞ

h
: ð30Þ

Here, ea are the unit coordinate vectors and a = x, y. We
shall use the notation D0

h; Dþh ; D�h which are vectors of dif-
ference operators whose components are Dh,a. We now dis-
cretize the differential operators using the above as follows:

rp! D0
hp; ð31Þ

r � u! D0
h � u; ð32Þ

Dui ! Dþh � ðD�h uiÞ � Lhui; ð33Þ

where ui denotes the two components of the velocity field u.
In discretizing the convection term u Æ $u, we first note that
the following equality holds due to the incompressibility
condition:

u � ru ¼ r � ðu� uÞ: ð34Þ
We take the average of the above expressions to obtain the
following discretization of the convection term [31,19]:

u � rui !
1

2
u �D0

hui þ
1

2
D0

h � ðuuiÞ � QhðuÞui: ð35Þ

The incompressible Navier–Stokes equations (20) and (21)
are thus spatially discretized as follows:

q
ou

ot
þ QhðuÞu

� �
þD0

hp ¼ lLhuþ f; ð36Þ

D0
h � u ¼ 0: ð37Þ

Here Lh and Qh(u) are applied component-wise to u.
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We note the following consequence of discretizing the
convection term using (35). Introduce the following inner
product on U:

ðw; vÞU ¼
X
x2GU

wðxÞvðxÞh2; ð38Þ

ðw; vÞU ¼ ðw1; v1ÞU þ ðw2; v2ÞU : ð39Þ

The above sum is over grid points of U. We have

ðw;QhðuÞvÞU ¼
1

2
w; uiD0

h;iv
� �

U
þ 1

2
w;D0

h;iðuivÞ
� �

U

¼ 1

2
uiw;D0

h;iv
� �

U
� 1

2
D0

h;iw; uiv
� �

U

¼ � 1

2
D0

h;iðuiwÞ; v
� �

U
� 1

2
uiD0

h;iw; v
� �

U

¼ �ðQhðuÞw; vÞU : ð40Þ

In the above, we used the summation convention for re-
peated indices. In particular, this skew symmetry property
of Qh(u) implies that

ðu;QhðuÞuÞU ¼ 0: ð41Þ

The skew symmetry property of Qh(u) ensures that the
identity for the continuous velocity field ðu; uruÞ ¼ 0 holds
for the discretized velocity field. We shall use this property
when we later discuss discrete energy conservation.

We deal with the incompressibility constraint based on
the projection method [32,33]. It is well known that any
smooth vector field may be decomposed into its divergence
free and curl free components. Let P be the operator which
maps a 2D vector field w to its divergence-free component

w ¼ Pwþr/w; r � Pw ¼ 0; Pr/w ¼ 0: ð42Þ
Here /w is some scalar field. We introduce the discretiza-
tion of P by a simple discretization of the above

w ¼ P hwþD0
h/w; D0

h � P hw ¼ 0; P hD0
h/w ¼ 0: ð43Þ

We may use the above Ph and (37) to eliminate p in (36).
We obtain

q
ou

ot
þ P hðQhðuÞuÞ

� �
¼ lLhuþ P hf: ð44Þ

We used Phu = u which follows from (37). We also used
PhLh = LhPh. This can be seen by taking the discrete Fou-
rier transform in x, which is possible thanks to the periodic
boundary conditions. Both Ph and Lh are reduced to mul-
tiplicative operations on a single frequency in discrete Fou-
rier space, and from this, we can easily see that the two
operators commute.

We now discuss the discretization of the spreading and
interpolation operators. Spreading (23) and interpolation
(22) operations involve integration against a delta function
kernel. We approximate these integrals using discrete delta
functions. The discrete delta functions we use are of the
form

dhðxÞ ¼
1

h2
d

x
h

� �
d

y
h

� �
: ð45Þ
Following [19], we use the following function for d:

dðrÞ ¼

1
8
ð3� 2jrj þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4jrj � 4r2

p
Þ jrj 6 1;

1
8
ð5� 2jrj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�7þ 12jrj � 4r2

p
Þ 1 < jrj 6 2;

0 2 < jrj:

8><>:
ð46Þ

Using the above discrete delta function dh, we discretize
spreading and interpolation as follows. We discretize X
with a rectangular cartesian grid of grid spacing Dg and
Dh. For /(x) and U(n) defined respectively on U and X

ðShðXÞUÞðxÞ �
X
n2GX

UðnÞdhðx� XðnÞÞDgDh; ð47Þ

ðS�hðXÞ/ÞðnÞ �
X
x2GU

/ðxÞdhðx� XðnÞÞh2: ð48Þ

The summation above is over grid points in X in (47) and
over grid points in U in (48). Sh and S�h are discretizations
of the spreading operation (23) and the interpolation oper-
ation (22) respectively. Spreading Sh and interpolation S�h
are transposes of each other in the following sense. Intro-
duce the following inner product on the Lagrangian coor-
dinate X:

ðW ; V ÞX ¼
X
n2GX

W ðXÞV ðXÞDgDh; ð49Þ

ðW;VÞX ¼ ðW 1; V 1ÞX þ ðW 2; V 2ÞX: ð50Þ

The above sum is over grid points of X. We have

ðw; ShV ÞU ¼
X
x2GU

wðxÞðShV ÞðxÞh2

¼
X
x2GU

wðxÞh2
X
n2GX

V ðnÞdhðx� XðnÞÞDgDh

¼
X
n2GX

V ðnÞDgDh
X
x2GU

wðxÞdhðx� XðnÞÞh2

¼ ðS�hw; V ÞX: ð51Þ

This equality holds because we use of the same discrete del-
ta function for both spreading and interpolation. We note
that Sh and S�h are functions of X.

The elastic force (16) is discretized in the following
fashion:

FEðXÞ ¼ Dþh T n; jD�h Xj

 � D�h X

jD�h Xj

� �
¼ D�h T ðn; jDþh XjÞ Dþh X

jDþh Xj

� �
; ð52Þ

where

ðDþh UÞðhÞ ¼ Uðhþ DhÞ � UðhÞ
Dh

; ðD�h UÞðhÞ

¼ UðhÞ � Uðh� DhÞ
Dh

: ð53Þ

These difference operators act component-wise to vector
valued functions. The above discretization is equivalent
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to that obtained by discretizing the elastic energy func-
tional as

E½X� ¼
X
n2GX

Eðn; jDþh XjÞDhDg ð54Þ

and taking the gradient with respect to X.
Putting all of this together, the equations discretized in

space are

q
ou

ot
þ P hðQhðuÞuÞ

� �
¼ lLhuþ P hShF; ð55Þ

oX

ot
¼ S�hu; ð56Þ

F ¼ FEðXÞ �M
o2X

ot2
: ð57Þ

Sh and S�h act component-wise on vector valued functions.
To facilitate time discretization, we would like to replace
the second derivative in (57) with something more tracta-
ble. We first try the following straightforward approach:

o2X

ot2
¼ o

ot
ðS�huÞ ¼ S�h

ou

ot
þ oS�h

ot

� �
u: ð58Þ

We used (56) to rewrite o2X
ot2 in the first equality. We note

that the operator S�h is a function of time through its depen-
dence on X, and thus we have a term involving the time
derivative of S�h

oS�h
ot

� �
u ¼ oS�h

oX
u

� �
� oX

ot
¼ oS�h

oX
u

� �
� S�hu: ð59Þ

The difficulty with the above expression is that this involves
the derivatives of the discrete delta function dh in

oS�h
oX

.
Let us return to the continuous system of equations

before discretization. We take the derivative of (22) in t

to find that the following holds:

o
2X

ot2
¼ ou

ot
ðX; tÞ þ uðX; tÞ � ruðX; tÞ: ð60Þ

The above states the familiar fact that the acceleration of a
Lagrangian marker is equal to the material derivative of
the velocity field. This suggests the use of the material
derivative on the Eulerian grid interpolated at X. Namely,
in place of o2X

ot2 we use

S�h
ou

ot
þ ðQhðuÞuÞ

� �
: ð61Þ

This amounts to replacing
oS�h
ot

� �
u with S�hðQhðuÞuÞ in (58).

The expression
oS�h
ot

� �
u involves derivatives of the discrete

delta function. This would require additional computation
and might bring about loss of accuracy both in space and
time. On the other hand, S�hðQhðuÞuÞ does not involve deriv-
atives of the discrete delta function. For a smooth vector
field u, S�hðQhðuÞuÞ is a second-order accurate approxima-
tion to uðX; tÞ � ruðX; tÞ since

S�hðXÞðQhðuÞuÞ ¼ S�hðXÞðuðx; tÞ � ruðx; tÞ þ Oðh2ÞÞ
¼ uðX; tÞ � ruðX; tÞ þ Oðh2Þ: ð62Þ
The first equality follows since Qh(u)u is a second-order
accurate approximation to u Æ $u. The second equality fol-
lows if S�h gives a second-order accurate interpolant in h,
which is true so long as S�h can interpolate linear functions
exactly. This depends on the choice of discrete delta func-
tion dh, but is true for most dh used with the immersed
boundary method including (46).

Thus, in place of (57), we shall use

F ¼ FEðXÞ �M S�h
ou

ot
þ S�hðQhðuÞuÞ

� �
: ð63Þ

All operators in the ensuing discussion are discretized in
space, and therefore, we drop the subscripts h, n, h on
the operators unless this dependence is relevant to the
discussion.
4. Temporal discretization

4.1. A first-order method

Now we discretize (55), (56) and (63) in time. We first
write down a first-order method. This method was inspired
by [22], but there are some important differences. The
implicit scheme in [22] is a first-order scheme that makes
use of operator splitting, in which the projection P and
the operation L are performed separately. We do not per-
form such operator splitting here. This makes it easier to
extend the first-order method to develop a second-order
scheme, as we will in the next subsection. We note also that
[22] does not consider nonlinear forces or additional mass
on the boundary. We advance from time n to time n + 1
in the following way:

unþ1 � un

Dt
¼ �P ðQðunÞunÞ þ l

q
Lunþ1 þ 1

q
PSnFnþ1; ð64Þ

Xnþ1 � Xn

Dt
¼ S�nunþ1: ð65Þ

Here Dt is the time step and n and n+1 denote values of
quantities at time nDt and (n + 1)Dt respectively.
Sn � S(Xn) and S�n � S�ðXnÞ denote the spread and interpo-
lation operators respectively evaluated at Xn. We have not
yet specified the form of the force Fn+1. If we evaluate F at
Xn+1, we will be faced in general with a nonlinear equation
in Xn+1. We instead make use of the linear approximation
FEðXnþ1Þ 	 FEðXnÞ þ oFE

oX
ðXnþ1 � XnÞ

Fnþ1 ¼ FEðXnÞ þ J nðXnþ1 � XnÞ

�M S�n
unþ1 � un

Dt

� �
þ S�nðQðunÞunÞ

� �
: ð66Þ

Here Jn is the Jacobian matrix oFE

oX
evaluated at Xn. When

the elastic energy has the form (26), the action of J on a
vector Y can be obtained by taking the gradient of expres-
sion (52) with respect to X

JðXÞY ¼ J 0ðXÞYþ J 1ðXÞY; ð67Þ
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J 0ðXÞY ¼ Dþh T ðn; jD�h XjÞ D�h Y

jD�h Xj

� �
; ð68Þ

J 1ðXÞY ¼ Dþh Gðn; jD�h XjÞ D�h X

jD�h Xj �
D�h Y

jD�h Xj

� �
D�h X

jD�h Xj

� �
; ð69Þ

Gðn; sÞ ¼ oT
os
ðn; sÞ � T ðn; sÞ: ð70Þ

We note that J1 � 0 if and only if G � 0. By solving the
above differential equation for G, one sees that this is when
the elastic energy density Eðn; sÞ is proportional to s2, in
which case FE is linear in X. We may thus view J1 as being
the correction to the Jacobian when the elastic force FE is
not linear in X.

The above scheme is not fully implicit. Spreading and
interpolation are performed at Xn, not at Xn+1, and the
term Q(u)u is evaluated at time n. As we have discussed
above, we only use a linear approximation to the elastic
force FE. These choices make the equations linear in Xn+1

and un+1.
We can use Eq. (65) to eliminate S�nunþ1 in (66). Substi-

tute the resulting expression for Fn+1 into (64), solve for
un+1 and substitute this result back into (65). We obtain
the following equation:

ðI þ S�nLPSnAnÞðXnþ1 � XnÞ ¼ Zn; ð71Þ

An ¼
1

q
ð�ðDtÞ2J n þMÞ; L ¼ I � lDt

q
L

� ��1

; ð72Þ

where I is the identity operator. The right hand side of (71),
Zn, is an expression involving quantities known at time n as
given below

Zn ¼ S�nLPzDt; ð73Þ

z ¼ qþ 1

q
Sn FEðXnÞDt þMS�nq

 �

; ð74Þ

q ¼ un � QðunÞunDt: ð75Þ

Therefore the solution to the discretized system reduces to
solving the linear equation (71). The solution to (71) can be
substituted into (64)–(66) to find un+1.

It is equally possible to eliminate Xn+1 from these equa-
tions to obtain a linear equation in un+1. The resulting
linear system is

ðI þLPSnAnS�nÞunþ1 ¼ wn; ð76Þ
where I is the identity operator acting on u and wn is an
expression involving known quantities. Xn+1 may be found
by substituting un+1 into (65).

From the point of view of using Krylov subspace meth-
ods (see Section 5), the cost of the matrix–vector product is
almost the same, whether we solve for Xn+1 or for un+1. We
chose to solve for Xn+1 because there seems to be no simple
way to form an efficient preconditioner for (76).

4.2. A second-order semi-implicit method

Based on the above first-order method, we now derive a
second-order semi-implicit method.
The basis of the time stepping is the Runge–Kutta
method based on the Euler method for the first fractional
time step and the midpoint and trapezoidal rules for the
second fractional time step. This derivation parallels the
route taken in deriving a second-order accurate explicit
immersed boundary method in [31]. The equations before
time discretization are Eqs. (55), (56) and (63). We first
take a fractional time step from time n to nþ 1

2
. This is

identical to the first-order method except that the time step
is Dt/2 instead of Dt

unþ1
2 � un

Dt=2
¼ �P ðQðunÞunÞ þ l

q
Lunþ1

2 þ 1

q
PSn
eFnþ1

2; ð77Þ

Xnþ1
2 � Xn

Dt=2
¼ S�nunþ1

2; ð78Þ

eFnþ1
2 ¼ FEðXnÞ þ J nðXnþ1

2 � XnÞ

�MS�n
unþ1

2 � un

Dt=2
þ QðunÞun

 !
: ð79Þ

Proceeding as in the first-order case, we obtain the follow-
ing linear equation:

ðI þ S�nLPSnAnÞ Xnþ1
2 � Xn

� �
¼ Zn

1; ð80Þ

An ¼
1

q
�ðDtÞ2

4
J n þM

 !
; L ¼ I � lDt

2q
L

� ��1

; ð81Þ

where Zn
1 can be expressed in terms of known quantities at

time n

Zn
1 ¼ S�nLPz

Dt
2
; ð82Þ

z ¼ qþ 1

q
Sn FEðXnÞDt

2
þMS�nq

� �
; ð83Þ

q ¼ un � QðunÞun Dt
2
: ð84Þ

Once Xnþ1
2 is known, we may find unþ1

2 by

unþ1
2 ¼LP ðz� SnAn Xnþ1

2 � Xn
� �

=ðDt=2ÞÞ: ð85Þ

We next come to the second fractional time step. This time
step is based on the midpoint and the trapezoidal rules

unþ1 � un

Dt
¼ �P ðQðunþ1

2Þunþ1
2Þ þ l

q
L�uþ 1

q
PSnþ1

2
Fnþ1

2; ð86Þ

Xnþ1 � Xn

Dt
¼ S�nþ1

2
�u; ð87Þ

Fnþ1
2 ¼ FEðXnþ1

2Þ þ J nþ1
2

�X� Xnþ1
2

� �
�MS�nþ1

2

unþ1 � un

Dt
þ Qðunþ1

2Þunþ1
2

� �
; ð88Þ

�u � un þ unþ1

2
; X � Xn þ Xnþ1

2
: ð89Þ

Here Snþ1
2
, S�nþ1

2
and J nþ1

2
are the spread, interpolation and

the Jacobian operators evaluated at Xnþ1
2.
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After some algebra, we see that the solution to the above
system can be reduced to solving the following linear
equation:

I þ S�nþ1
2
LPSnþ1

2
Anþ1

2

� �
ðXnþ1 � 2Xnþ1

2 þ XnÞ ¼ Zn
2; ð90Þ

Anþ1
2
¼ 1

q
�ðDtÞ2

4
J nþ1

2
þM

 !
; L ¼ I � lDt

2q
L

� ��1

; ð91Þ

where Zn
2 can be expressed in terms of known quantities at

time n and time nþ 1
2

Zn
2 ¼ ð�Wþ S�nþ1

2
LPzÞDt; ð92Þ

z ¼ qþ 1

q
Snþ1

2
FE Xnþ1

2

� �Dt
2
þ 1

q
Snþ1

2
M �Wþ S�nþ1

2
q

� �
; ð93Þ

q ¼ un � Qðunþ1
2Þunþ1

2
Dt
2
; W ¼ Xnþ1

2 � Xn

Dt=2
: ð94Þ

The velocity field un+1 may be obtained by

unþ1 ¼ �un þ 2L z� Snþ1
2
Anþ1

2
Xnþ1 � 2Xnþ1

2 þ Xn
� �

=Dt
� �

:

ð95Þ
4.3. A second-order fully implicit method

The scheme proposed here resembles the second step of
the Runge–Kutta scheme described above, with the impor-
tant difference that values needed at the midpoint of the
time step are defined as averages of the initial and final val-
ues. Note that this is only possible in an implicit scheme,
and indeed we obtain a fully implicit second-order scheme
by adopting this strategy

unþ1 � un

Dt
¼ �PQð�uÞ�uþ l

q
L�uþ 1

q
PSXF; ð96Þ

Xnþ1 � Xn

Dt
¼ S�

X
�u; ð97Þ

F ¼ FEðXÞ �MS�
X

unþ1 � un

Dt
þ Qð�uÞ�u

� �
; ð98Þ

�u � un þ unþ1

2
; X � Xn þ Xnþ1

2
: ð99Þ

Here we perform the spreading and interpolation opera-
tions S* and S at X ¼ XnþXnþ1

2
.

In the special case of a quadratic elastic energy function,
this fully implicit scheme satisfies an energy equality which
we now derive. Take the inner product of Eq. (96) with
q�u ¼ qðun þ unþ1Þ=2

q �u;
unþ1 � un

Dt

� �
U

þ qð�u; PQð�uÞ�uÞU

¼ lð�u; L�uÞU þ ð�u; PSXFÞU : ð100Þ

Noting that P is an orthogonal projection in the U inner
product (and thus P* = P) and that P�u ¼ �u we obtain
q
2

kunþ1k2
U � kunk2

U

Dt
þ qð�u;Qð�uÞ�uÞU ¼ lð�u; L�uÞU þ ðS�X�u;FÞX:

ð101Þ
In the last term, we used (51), the fact that S* and S are
transposes of each other. Finally, using the skew symmetry
property of Q(u) (40) and (97) we obtain

q
2

kunþ1k2
U � kunk2

U

Dt
¼ lð�u; L�uÞU þ

Xnþ1 � Xn

Dt
;F

� �
X

:

ð102Þ
This expression says that the change in total kinetic energy
of the fluid computed on the Eulerian grid, is equal to the
sum of dissipation due to viscosity computed on the Eule-
rian grid, and the work supplied by the immersed elastic
structure computed on the Lagrangian grid. Suppose in
addition, we place no additional mass on the immersed
elastic structure (i.e., assume that the immersed elastic
structure is neutrally buoyant in the ambient fluid). If the
elastic energy density E has the form, Eðn; sÞ ¼ Ks2, that
is to say, when the elastic force is linear, we have the fol-
lowing discrete energy conservation relation:

Enþ1
total � En

total

Dt
¼ lð�u; L�uÞU ; ð103Þ

Ek
total �

q
2
kukk2

U þ E½Xk�: ð104Þ

The change in total energy Etotal is equal to dissipation due
to viscosity. Since the discrete Laplacian L is negative semi-
definite, it follows that the total energy is monotone
decreasing and is therefore bounded. This in particular
means that when the forces are linear and there is no addi-
tional mass on the boundary (M = 0), u and X remain
bounded in time. Boundedness of the numerical approxi-
mation does not necessarily imply stability of the scheme
for a nonlinear evolution problem, since nonlinear stability
pertains to the difference of solutions. However, this result
does imply unconditional stability for a linearized simplifi-
cation of this problem, in which the convective term u Æ $u
is dropped and interpolation and spreading are performed
at fixed locations. We shall computationally explore the
stability properties of both the fully and semi-implicit
schemes in Section 6.

We note that the above property hinges upon two fea-
tures of the fully implicit scheme:

• The convection term Q(u)u has a skew symmetry prop-
erty and is evaluated at �u ¼ ðun þ unþ1Þ=2.

• The interpolation and spreading operators S* and S are
transposes of each other.

The difficulty with this fully implicit scheme is that the
resulting equations are nonlinear. We solve (96)–(99) using
the following iteration. Let the un,k and Xn,k be the kth
guess to un+1 and Xn+1 respectively. We shall call this iter-
ation, indexed by k, the outer iteration. We take un,0 = un,
Xn,0 = Xn. We define un,k and Xn,k recursively as follows:
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un;kþ1 � un

Dt
¼ �PQð�un;kÞ�un;k þ l

q
L�un;kþ1 þ 1

q
PSXn;k F; ð105Þ

Xn;kþ1 � Xn

Dt
¼ S�

Xn;k �u
n;kþ1; ð106Þ

F ¼ FEðXn;kÞ þ JðXn;kÞðXn;kþ1 � Xn;kÞ;

�MS�
Xn;k

un;kþ1 � un

Dt
þ Qð�un;kÞ�un;kv

� �
; ð107Þ

�un;j � un þ un;j

2
; Xn;j � Xn þ Xn;j

2
: ð108Þ

The above equations are the same as those of the second
substep of the semi-implicit scheme, as can be seen by
replacing unþ1

2; Xnþ1
2; unþ1; Xnþ1; �u; X in (86)–(88) with

�un;k; Xn;k; un;kþ1; Xn;kþ1; �un;kþ1; Xn;kþ1 respectively. We
solve the following to obtain Xn,k+1:

I þ S�
Xn;kLPSXn;k An;k


 �
ðXn;kþ1 � Xn;kÞ ¼ Zn;k; ð109Þ

An;k ¼
1

q
� ðDtÞ2

4
JðXn;kÞ þM

 !
; L ¼ I � lDt

2q
L

� ��1

;

ð110Þ

where Zn,k is expressed in terms of known quantities as
follows:

Zn;k ¼ ð�Wþ S�
Xn;kLPzÞDt; ð111Þ

z ¼ qþ 1

q
SXn;k FEðXn;kÞDt

2

þ 1

q
SXn;k M �Wþ S�

Xn;k q

 �

; ð112Þ

q ¼ un � Qð�un;kÞ�un;k Dt
2
; W ¼ Xn;k � Xn

Dt
: ð113Þ

The velocity field un,k+1 may be obtained by

un;kþ1 ¼ �un;k þ 2LP ðz� Sn;kAn;kðXn;kþ1 � Xn;kÞ=DtÞ:
ð114Þ

In practice, as we discuss in the next section, we will not
solve the above linear equation exactly; we only perform
a few iterations of a Krylov subspace solver (GMRES),
which we shall call the inner iteration. We terminate the
outer iteration when the right hand side of (109) is nearly
equal to zero in magnitude

kðI þ S�
Xn;kLPSXn;k An;kÞðXn;kþ1 � Xn;kÞk ¼ kZn;kk 	 0:

ð115Þ

We shall discuss the convergence criterion in the next sec-
tion. We let un+1 = un,k, Xn+1 = Xn,k, and move on to the
next time step.

In the following, we shall mainly concern ourselves with
the two second-order schemes. We do not intend to reach a
conclusion as to which of the two schemes, the semi-impli-
cit or fully implicit, is the better scheme. We believe that
this choice is problem and goal dependent. We note that
the ingredients that make up the two schemes are exactly
the same. If one has coded one of the schemes, the other
scheme can be coded with little further effort.
5. Solution of the linear equations

The linear equations to be solved have the following
form, in either substep of the semi-implicit method or in
one outer iteration of the fully implicit method.

ðI þ S�LPSAÞX ¼ Z: ð116Þ

It is much too expensive to work directly with the matrix
entries of the operator ðI þ S�LPSAÞ. The only non-trivial
operation that can be performed at reasonable cost with
this operator is the matrix–vector product. We apply the
operators L and P by making use of the Fast Fourier
Transform, which is possible thanks to the periodic bound-
ary conditions on the Eulerian fluid grid U. Krylov sub-
space methods, which only require the matrix–vector
product, are therefore a natural choice to solve this linear
system [34,35].

The operator ðI þ S�LPSAÞ is not symmetric. Therefore,
we cannot use the Conjugate Gradient method. We chose
to use the Generalized Minimum Residual method
(GMRES) for both the semi-implicit and fully implicit
schemes [36].

For the semi-implicit method, we tested several Krylov
subspace methods including the Biconjugate Gradient Sta-
bilized (BiCGSTAB) [37] and the Conjugate Gradient
Squared (CGS) methods [38]. We found that CGS fails
to show convergence in many cases tested whereas BiCG-
STAB and GMRES show convergence in all cases.
GMRES was slightly more efficient than BiCGSTAB in
most cases. This may be expected in the present computa-
tion, given that the bulk of the computation time is spent
on the matrix–vector product. The large storage require-
ment of GMRES did not turn out to be serious for prob-
lems tested, partly because the iteration count was
typically rather small, usually less than 15.

In the fully implicit method, we chose not to perform
more than Nin inner iterations for each outer iteration.
Thus, it is desirable that the residual be guaranteed to
decrease for each inner iteration. BiCGSTAB or CGS are
known not to exhibit monotonic convergence in general,
whereas monotonic decrease in the residual is guaranteed
for GMRES [35]. We thus chose to use GMRES and fixed
Nin = 2 after some numerical experimentation.

A good preconditioner is essential for the present meth-
ods to be efficient. Given that one step of GMRES is spent
mostly on the matrix–vector product, one (inner) iteration
is roughly equal in computational work to one explicit time
step.

We use the following preconditioner M, which is similar
to the preconditioner used in [22]:

M ¼ I þDA; ð117Þ
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where D is a diagonal matrix whose diagonal entries Dnn

are as follows:

Dnn ¼ ðS�S1gÞðnÞ; n ¼ ðg; hÞ; ð118Þ

1gðg0; h0Þ ¼
1 g0 ¼ g;

0 g0 6¼ g:

�
ð119Þ

The vector 1g acts as the characteristic function of each fi-
ber. In (118), this vector is spread and immediately interpo-
lated back at the immersed boundary points. The value
Dnn, therefore, approximates the density of immersed
boundary points along a given fiber. We may view M as
approximating the operator ðI þ S�LPSAÞ by disregarding
all fluid dynamic interactions and retaining only elastic
interactions.

The sparsity structure of M for our model problem is as
follows. Suppose we lay a Ng · Nh grid over X such that
NgDg = 1 and NhDh = 2p. The operator A acts on the
two components of a vector valued function defined on
the grid of X, and thus, is a 2NgNh · 2NgNh square matrix.
This matrix A is composed of Ng diagonal blocks of
2Nh · 2Nh matrices. These 2Nh · 2Nh submatrices are circ-
ulant block tridiagonal where each block is a 2 · 2 matrix.
Since M ¼ I þDA where D is diagonal, M inherits the
sparsity structure of A. This structure of M makes it easy
to apply M�1.

The above gives us a general guide for forming a precon-
ditioner. Given the elastic interaction matrix A, one can
start with I þDA, where D is some diagonal matrix speci-
fying the local ‘‘density’’ of the immersed boundary points.
In our model problem, the elastic interactions are simple
enough so that I þDA is easy to invert. If the elastic inter-
action matrix is more complex, one may try some easily
invertible approximation to I þDA. In the present model
problem, for example, we may use the following instead
of I þDA. Recall from (67) that J = J1 + J0. Instead of
using the full operator J in A, we may replace J by J0

M0 ¼ I þD
1

q
�ðDtÞ2

4
J 0 þM

 ! !
: ð120Þ

The preconditioner M0 has the benefit of acting indepen-
dently on the two components of a vector-valued function.
Thus, M0 is effectively a NgNh · NgNh matrix, making it
less expensive to form and apply than M ¼ I þDA. When
the elastic forces are close to linear, i.e. when J1 is small, we
have found that M0 is almost as effective as M in reducing
the iteration count.

We next consider the convergence criterion for the
GMRES iterations. Let K ¼ I þ S�LPSA. Suppose we
are stepping from time n to time n + 1, and are concerned
with the equation

KðXnþ1 � XnÞ ¼ Zn; ð121Þ

where Zn is the right-hand side. Let eXnþ1 	 Xnþ1 be the
approximate solution we obtain using GMRES. We take
our initial guess eXnþ1

0 ¼ Xn. We would like eXnþ1 to satisfy
kM�1KðeXnþ1 � Xnþ1Þk 6 �tolkM�1KðXnþ1 � XnÞk
¼ �tolkM�1Znk: ð122Þ

Note that though Xn+1 is a quantity to be solved for, the
expression KðXnþ1 � XnÞ ¼ Zn is a known quantity. In
(122), we compare the residual M�1KðeXnþ1 � Xnþ1Þ to
M�1KðXnþ1 � XnÞ and not to M�1KXnþ1. Comparison
with the latter will not yield a translation invariant crite-
rion; the convergence criterion will depend on the position
of the origin of the Eulerian coordinate system.

We now consider each linear equation in turn.
For Eq. (80), the first substep of the semi-implicit

scheme, we take our initial guess eXnþ1
2

0 to be Xn. As the con-
vergence criterion, we use (122) without modification

kM�1
n KnðeXnþ1

2 � Xnþ1
2Þk 6 �tolkM�1

n KnðXnþ1
2 � XnÞk

¼ �tolkM�1
n Zn

1k; ð123Þ
Kn ¼ I þ S�nLPSnAn: ð124Þ

Here eXnþ1
2 is the GMRES approximation to Xnþ1

2 and Mn

denotes the preconditioner corresponding to Kn.
For Eq. (90), the second substep of the semi-implicit

scheme, we take our initial guess eXnþ1
0 to be 2Xnþ1

2 � Xn,
in line with the form of (90). We use the following modifi-
cation of (122) as the convergence criterion:

kM�1
nþ1

2
Knþ1

2
ðeXnþ1 �Xnþ1Þk 6 2�tolkM�1

n KnðXnþ1
2 �XnÞk

¼ 2�tolkM�1
n Zn

1k; ð125Þ

	 �tolkM�1
nþ1

2
Knþ1

2
ðXnþ1 �XnÞk;

Knþ1
2
¼ I þ S�nþ1

2
LPSnþ1

2
Anþ1

2

� �
: ð126Þ

Here eXnþ1 is the GMRES approximation to Xn+1 and Mnþ1
2

denotes the preconditioner corresponding to Knþ1
2
. The

reason we take this indirect convergence criterion is that
Knþ1

2
ðXnþ1 � XnÞ is not a quantity that is computed within

the scheme. Computing this quantity is expensive involving
matrix vector multiplication with Knþ1

2
.

In solving (109) in the fully implicit scheme, as our initial
guess eXn;kþ1

0 we take Xn,k. The GMRES iteration is termi-
nated when the iteration count reaches Nin(=2) or when
the following convergence criterion is met:

kM�1
n;kKn;kðeXn;kþ1 �Xn;kþ1Þk 6 �tolkM�1

n;0Kn;0ðXn;1 �XnÞk

¼ �tolkM�1
n;0Zn;0k; ð127Þ

	 �tolkM�1
n;kKn;kðXn;kþ1 �XnÞk;

Kn;k ¼ I þ S�
Xn;kLPSXn;k An;k


 �
: ð128Þ

Here eXn;kþ1 is the GMRES approximation to Xn,k+1 and
Mn;k denotes the preconditioner corresponding to Kn;k.
The reason we take the above indirect criterion is the same
as for the second substep of the semi-implicit scheme.
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We terminate the outer iteration when the initial guess
satisfies the above convergence criterion, i.e., the inner iter-
ation count drops to zero

kM�1
n;kKn;kðeXn;kþ1

0 � Xn;kþ1Þk
¼ kM�1

n;kKn;kðXn;k � Xn;kþ1Þk ¼ kM�1
n;kZn;kk

6 �tolkM�1
n;0Kn;0ðXn;1 � XnÞk ¼ �tolkM�1

n;0Zn;0k: ð129Þ

Thus, the termination criterion for the outer iteration is

kM�1
n;kZn;kk 6 �tolkM�1

n;0Zn;0k: ð130Þ

When this criteria is met, we let Xn+1 be Xn,k and un+1 be
un,k.

The value of Nin is a parameter that we can adjust to
attain optimal computational results. Taking Nin = 2
seemed to produce good results. Increasing Nin led to a
modest decrease in outer iteration count but this decrease
was often not enough to justify this increase.

The value of the relative tolerance �tol will be taken small
enough so that we observe second-order convergence, as
we shall discuss in the next section.

6. Numerical results

6.1. Setup

For purposes of the numerical study, we further special-
ize the elastic energy density E to have the following
form:\openup3

Eðn; sÞ ¼ 1

3
K3ðgÞs3 þ 1

2
K2ðgÞs2: ð131Þ

We take the mass density of the elastic structure M(n) to be
a function only of g, and uniform in h.

We shall use the following functional form for the stiff-
ness constant and mass density for the immersed elastic
structure. Following one of the computational examples
in [27], the material properties are tapered toward the edges
of the immersed structure:

KiðgÞ ¼ jið1� cosð2pgÞÞ; ð132Þ

MðgÞ ¼ M0

2p
ð1� cosð2pgÞÞ; ð133Þ

where ji and M0 are constants. We note that in this paper,
we deal with additional mass on the elastic fibers, which
was not handled in [27]. We have normalized the second
equation so that M0 is the total mass of the immersed elas-
tic structure.

The initial configuration of the immersed elastic struc-
ture is the following:

Xðg; h; 0Þ ¼
l=2

l=2

� �
þ

lðaþ ðc� 1=2ÞgÞ cosðhÞ
lðbþ ðc� 1=2ÞgÞ sinðhÞ

� �
:

ð134Þ
We recall that l is the length of the domain U. Here
we take a = 1/3, b = 1/4, c = 1/12. We take the initial
velocity field uðx; 0Þ to be 0 everywhere. Therefore, we
start with a configuration in which a circular elastic shell,
stretched in the x-coordinate direction, is immersed in a
static fluid.

Dimensional analysis shows that the following dimen-
sionless constants completely specify the problem:

M0

ql2
;

qj2l4

l2
;

j3l
j2

: ð135Þ

The first is the ratio between the mass of the immersed elas-
tic structure and that of the fluid, and the second is an ana-
logue of the Reynolds number where the representative
velocity is taken to be j2l3/l. The second constant in
(135) may also be considered a ratio between the relative
importance of elastic and viscous effects. This is to be dis-
tinguished from the Reynolds number for a computational
run, calculated with the computed velocity field. The last
constant is the ratio between the cubic and quadratic terms
in the energy density E. We shall take

q ¼ 1; j2 ¼ 1; j3 ¼ 1; l ¼ 1 ð136Þ
and vary l and M0 in the numerical experiments. We are
thus varying the first two dimensionless constants in
(135) while keeping the last constant fixed at a value of 1.
We take a Cartesian grid both on U and on X. For U,
we use a uniform N · N grid, where the grid spacing is
h = l/N = 1/N. Following [27], we take the following grid
for X:

ðgi; hjÞ ¼
Dg
2
;
Dh
2

� �
þ ðiDg; jDhÞ: ð137Þ

We note that NgDg = 1 and NhDh = 2p. We utilize an offset
of Dg/2 in order to avoid elastic fibers on the edges of the
elastic shell.

We set Ng = N/4, Nh = 4N so that there are approxi-
mately 2–3 immersed boundary points per mesh width.

We performed our numerical study in Matlab, where
computationally intensive components were coded in C.

6.2. Convergence

We use the following parameter values:

l ¼ 0:05; 0:005; M0 ¼ 0; 1: ð138Þ
When M0 = 1, the total mass of the immersed elastic struc-
ture equals the total mass of fluid. We then have four situ-
ations in which we assess convergence. Let the number of
time steps be NT and the total time T = NTDt. When
M0 = 0 and M0 = 1, we set T = 1 and T = 1.5 respectively.
In both cases, the elastic shell completes approximately
three quarters of an oscillatory cycle at time T (Fig. 2).
We check for convergence at time T.

We analyze convergence in time and space separately.
We note that this is only possible because we are using
an implicit scheme. The stability of the method allows us
to refine the mesh width h for fixed Dt, which would lead
to numerical instability with an explicit scheme.
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Fig. 2. Sample figure of simulation. The black lines indicate fiber positions. This figure was computed using the semi-implicit scheme with l = 0.05 and
N = 32. When M0 = 0, T = 1 is used and when M0 = 1, T = 1.5 is used. When there is additional mass on the boundary, the oscillation is slower and hence
the more time is required to complete three quarters of an oscillation.
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6.2.1. Convergence in space
Spatial convergence is tested with Dt = 1/16. Thus,

NT = 16 when M0 = 0 and NT = 24 when M0 = 1. We pro-
gressively refine the mesh in powers of 2 from N = 26 = 64
to N = 29 = 512. We use a relative tolerance
�tol = 1.0 · 10�4 for the linear solver. We do not refine �tol

as the spatial mesh is refined, unlike the temporal conver-
gence study to be discussed later. We follow [27] in assess-
ing spatial convergence.

For a vector field wðxÞ ¼ ðw1ðxÞ;w2ðxÞÞ defined on the
cartesian coordinate U, we define the discrete Lp norm as
follows:

kwkp ¼
X

i;j

ðw2
1ðxi; yjÞ þ w2

2ðxi; yjÞÞ
p=2h2

 !1=p

; ð139Þ

kwk1 ¼ max
i;j
ðw2

1ðxi; yjÞ þ w2
2ðxi; yjÞÞ

1=2
; ð140Þ

where p in (139) satisfies 1 6 p <1. Likewise, we define the
discrete Lp norm for a vector field W ¼ ðW 1;W 2Þ defined
on the curvilinear coordinate X as follows:

kWkp ¼
X

i;j

ðW 2
1ðgi; hjÞ þ W 2

2ðgi; hjÞÞp=2DgDh

 !1=p

; ð141Þ
kWk1 ¼ max
i;j
ðW 2

1ðgi; hjÞ þ W 2
2ðgi; hjÞÞ1=2

; ð142Þ

where p in (141) satisfies 1 6 p <1. For a computed quan-
tity q, let the quantity computed with an N · N mesh or the
corresponding curvilinear be denoted by qN. We define a
measure of error es

p½q; N � (where the superscript s denotes
spatial convergence) as follows:

es
p½q; N � ¼ kqN �I2N!N q2Nkp: ð143Þ

Here I2N!N is an interpolation operator from the finer to
the coarser grid. As an empirical measure of convergence
rate in space, we use

rs
p½q; N � ¼ log2

es
p½q; N �

es
p½q; 2N �

 !
: ð144Þ

Empirical convergence rates are given in Table 1 as well as
in Fig. 3. We see approximate second-order convergence
for both u and X.

We note here that we did not need to refine �tol to obtain
second-order convergence, which is in contrast to the tem-
poral convergence study to be presented below. This is pre-
sumably because the spatially discrete problem with
�tol = 1 · 10�4 is approaching the spatially continuous



Table 1
Empirical convergence rates in space (N = 128) are shown for u and X in the L1, L2 and L1 norms

M0 l Re q Semi-implicit Fully implicit

rs
1½q;N � rs

2½q;N � rs
1½q;N � rs

1½q;N � rs
2½q;N � rs

1½q;N �
0 l1 3.5 u 1.97 1.97 1.98 1.97 1.97 1.98

X 1.90 1.87 1.80 1.90 1.87 1.80
l2 65 u 2.13 2.18 2.23 2.14 2.20 2.24

X 1.88 1.81 1.64 1.86 1.81 1.65

1 l1 30 u 1.91 1.95 1.93 2.11 2.08 2.03
X 1.84 1.83 1.70 1.90 1.86 1.75

l2 420 u 1.84 1.80 1.47 1.86 1.87 1.64
X 1.36 1.45 1.45 1.85 1.76 1.62

We take T = 1, NT = 16 when M0 = 0 and T = 1.5, NT = 24 when M0 = 1. In the table, l1 = 0.05 and l2 = 0.005. Re denotes the approximate Reynolds
number for each of the four cases, calculated using (145). Convergence rate is calculated at t = T. si: semi-implicit, fi: fully implicit.
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Fig. 3. Plot of the L2 errors in space, es
2½q;N �, for the semi-implicit and fully implicit schemes. The legend denotes ðl;M0Þ where l1 = 0.05, l2 = 0.005. The

line at the bottom of each graph is a reference line to check for second-order accuracy.
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(but time discrete) problem with the same tolerance. Each
and every iterate of the solution procedure is approaching
its continuous counterpart. A consequence of this is that
the iteration count should be constant regardless of the
spatial mesh if the mesh is fine enough, which is exactly
what we find in Section 6.4.

The velocity field u seems to attain second-order conver-
gence over all parameter ranges. The immersed structure
configuration X attains an order of accuracy of about
1.8–1.9 on average, and does not reach the theoretical
order of 2. The reason for this is not clear. The deteriora-
tion of the convergence rate for ðl;M0Þ ¼ ð0:005; 1Þ, espe-
cially for the semi-implicit scheme, is most likely due to the
high Reynolds number of this computation. We compute
the Reynolds number for each computational run as
follows:

Re ¼ max
t¼kDt
kðqþ ShMÞuðx; tÞk1

l
l
: ð145Þ

The inclusion of the term ShM in the above accounts for
the presence of additional mass on the immersed elastic
boundaries. As is listed in Table 1, the Reynolds number
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Re = 420 when ðl;M0Þ ¼ ð0:005; 1Þ is relatively high com-
pared with the other three computational runs for which
we observe approximate second-order convergence.

6.2.2. Convergence in time

To assess convergence in time, we set N = 128 and vary
NT in powers of 2 from 23 to 26. We use the same para-
meters for l and M0. We take the relative tolerance for
the linear solver to be

�tol ¼ �0 
 42�k for Dt ¼ 2�k; ð146Þ
where �0 is the tolerance used for Dt = 1/16. We use the
above tolerance for the following reason. There are two
sources of error at each time step: the error due to discret-
ization of the partial differential equations and the error in
the solution of the linear equations. In order to observe sec-
ond-order convergence in time, we must make sure that the
error incurred in the solution of the linear equations de-
creases at least at the same rate as the discretization error.
Since we expect second-order convergence, the discretiza-
tion error at each time step should scale as (Dt)2+1. In order
for (123), (125), (127) to scale as (Dt)2+1, we need �tol to
scale like (Dt)2.

The error of the method was analyzed similarly to spa-
tial convergence. The error at time t is computed as

et
p½q; N T � ¼ kqNT ðtÞ � q2NT ðtÞkp: ð147Þ

We calculate the convergence rates at t = T. As an empir-
ical measure of convergence rate, we use

rt
p½q; NT � ¼ log2

et
p½q; NT �

et
p½q; 2NT �

 !
: ð148Þ

We took �0 = 1 · 10�4. Empirical convergence rates are
given in Table 2 as well as in Fig. 4. We see approximate
second-order convergence in all parameters ranges consid-
ered here.

6.2.3. Convergence in space and time

To assess convergence in space and time, we set
h = 2�3�k(N = 2k+3), Dt = 2�k for k ¼ 0; 1; 2; 3. Both Dt
and h are taken to approach 0 so that the ratio Dt/h is held
constant. We use the same parameters for l and M0.
Table 2
Empirical convergence rates in time are shown for u and X in the L1, L2 and

M0 l q Semi-implicit

rt
1½q;NT � rt

2½q;NT �
0 l1 u 1.99 2.00

X 2.03 2.03
l2 u 2.14 2.31

X 1.97 1.94

1 l1 u 1.92 1.93
X 1.96 1.90

l2 u 1.98 1.99
X 1.91 1.89

We take T = 1, Dt = 1/16(NT = 16) when M0 = 0 and T = 1.5, Dt = 1/16(NT

l1 = 0.05 and l2 = 0.005. Convergence rate is calculated at t = T. si: semi-imp
Similarly to the temporal convergence study, we take the
relative tolerance for the linear solver to be

�tol ¼ �0 
 42�k for Dt ¼ 2�k; ð149Þ

where �0 is the tolerance used for Dt = 1/16. We took
�0 = 1 · 10�4.

The error of the method was analyzed similarly to spa-
tial convergence. We define the space time error est and
its rate rst similarly to (143) and (144). Empirical conver-
gence rates are given in Table 3 as well as in Fig. 5. We
see approximate second-order convergence in all parame-
ters ranges considered here.
6.3. Stability

We study the stability properties of the implicit methods
and compare this with those of an explicit method. We
shall use the second-order explicit method detailed in
[19], which is a slight modification of the scheme intro-
duced in [31].

Stability is a concept that applies to a numerical scheme
and not to a single computational run. However, for pur-
poses of investigating stability computationally, it is conve-
nient to have some definition of stability that applies to
each computational run. We take the following simple def-
inition. For the semi-implicit and explicit schemes, we shall
call a computation stable if the immersed boundary points
X always lie within the computational domain at the end of
a substep or a time step. For the fully-implicit scheme, we
shall call a computation stable if the iterative scheme con-
verges at each time step and the resulting immersed bound-
ary positions lie within the computational domain.
Otherwise, we shall call the computation unstable. These
operational definitions work because we know from expe-
rience that when instability occurs it is so violent that the
immersed boundary points leave the computational
domain within a few time steps.

We let

ðl;M0Þ ¼ ð0:05; 0Þ; ð0:005; 0Þ; ð0:0005; 0Þ

 ð0:05; 1Þ; ð0:005; 1Þ; ð0:0005; 1Þ ð150Þ
L1 norms

Fully implicit

rt
1½q; NT � rt

1½q; NT � rt
2½q; NT � rt

1½q; NT �
2.32 2.03 2.05 2.33
2.02 2.04 2.04 2.05
2.17 2.26 2.39 2.26
1.75 1.89 1.84 1.72

1.84 1.94 1.95 1.95
1.68 2.03 2.03 2.07
1.93 2.00 2.03 2.09
1.68 2.03 2.01 1.96

= 24) when M0 = 1. The mesh was taken to be N = 128. In the table,
licit, fi: fully implicit.
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Table 3
Empirical convergence rates in space and time are shown for u and X in the L1, L2 and L1 norms

M0 l q Semi-implicit Fully implicit

rst
1 ½q;N � rst

2 ½q;N � rst
1½q; N � rst

1 ½q; N � rst
2 ½q; N � rst

1½q; N �
0 l1 u 1.98 2.00 2.12 2.03 2.04 2.14

X 1.95 1.92 1.81 1.94 1.92 1.82
l2 u 2.11 2.34 2.21 2.20 2.38 2.14

X 1.97 1.95 1.82 1.91 1.91 1.80

1 l1 u 1.95 1.96 1.99 1.85 1.87 1.94
X 1.93 1.90 1.76 1.92 1.90 1.79

l2 u 2.04 2.05 2.02 1.96 1.98 1.89
X 1.85 1.81 1.80 1.89 1.83 1.80

We take T = 1,NT = 16 when M0 = 0 and T = 1.5, NT = 24 when M0 = 1. The mesh was taken to be N = 128. In the table, l1 = 0.05 and l2 = 0.005.
Convergence rate is calculated at t = T. si: semi-implicit, fi: fully implicit.
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and consider a total of six cases. We run the simulation for
a total time of T = 1 for each of the above cases, during
which time the immersed elastic structure goes through
1/2–3/4 of an oscillatory cycle. Experience indicates that
if the computation is stable up to this point, it is stable
for subsequent oscillatory cycles. This is presumably
because it is in the first oscillatory cycle that the velocity
of the immersed boundary points is the greatest. The Rey-
nolds number for each of the six cases, computed as using
(145), with N = 128 was approximately 3.5, 65, 850, 30,
420, 4500 respectively. We thus examine stability over a
wide range of Reynolds numbers. We vary the spatial mesh
in the following fashion:

N ¼ 64; 128; 256; 512: ð151Þ
As the mesh size N is increased, we expect that the number
of time steps NT must be increased in order to avoid unsta-
ble computations. For each N, we increase the number of
time steps from NT = 4 in powers of 2, until we obtain sta-
ble computations in the sense described above. We note
that NT = 4 is a very large time step; the immersed elastic
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Table 4
The smallest value of the number of time steps NT(P4), in powers of 2,
such that stable computations are possible

l 0.05 0.005 0.0005

M0 N ex si fi ex si fi ex si fi

0 26 26 4 4 27 4 4 27 4 4
27 27 4 4 28 4 4 29 4 8
28 28 4 4 29 4 4 210 4 16
29 29 4 4 210 4 4 211 4 16

1 26 – 4 4 – 4 4 – 4 8
27 – 4 4 – 4 4 – 4 16
28 – 4 4 – 4 8 – 4 64
29 – 4 4 – 4 16 – 4 64

When M0 = 1, explicit computations were not performed for reasons
explained in text. ex: explicit, si: semi-implicit, fi: fully implicit.

2064 Y. Mori, C.S. Peskin / Comput. Methods Appl. Mech. Engrg. 197 (2008) 2049–2067
structure must go through more than half an oscillatory
cycle in four time steps.

In Table 4, we list for each N the smallest value of NT

at which we obtain stable computations. For the semi-
implicit method, computations could be performed stably
at NT = 4 for all 6 combinations of l and M0. For
the fully-implicit method, computations were stable at
NT = 4 when ðl;M0Þ ¼ ð0:05; 0Þ; ð0:005; 0Þ; ð0:05; 1Þ, but
not so for the other cases. We also list these values for
the explicit scheme when M0 = 0. It is difficult to make a
comparison between the implicit and explicit calculations
when M0 5 0, since it is not possible to incorporate fiber
mass in the explicit scheme in the same manner as is done
here for the implicit methods.

We see that the stability restrictions of the implicit meth-
ods are far less severe than those of the explicit method.
The explicit scheme requires finer time steps as the spatial
mesh is refined, whereas this does not seem to be necessary
for the semi-implicit scheme. The fully implicit scheme does
require smaller time steps as N is increased when l is small
or M0 is large, but the number of time steps required is nev-
ertheless far smaller than is required for the explicit
scheme.

The semi-implicit method seems to possess better stabil-
ity properties than the fully-implicit method. One reason
for this may be that the fully-implicit method requires solu-
tion of a nonlinear algebraic equation. In unstable compu-
tations, the residual for each iteration of the nonlinear
algebraic solver either stagnated indefinitely or took an
upward turn after a considerable reduction from its value
at the beginning of the iteration. The semi-implicit scheme
is not plagued by this problem, since the algebraic equa-
tions are linear and the GMRES iteration is guaranteed
to terminate. Unstable computations may thus be a result
of the poor performance of the iterative algorithm to solve
the nonlinear algebraic equations and not of the nature of
the discretization.
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A theoretical analysis of the above stability properties is
desirable but probably difficult. The most detailed theoret-
ical analysis to date of stability of the immersed boundary
method is probably that of Stockie and Wetton [20]. Their
study, though insightful, only applies in the linear regime.
6.4. Performance

We saw in the above that the implicit methods have
superior stability properties compared with the explicit
method. However, these methods would be of limited use
if the additional computational cost of having to solve alge-
braic equations outweighed the computational advantage
of being able to take larger time steps.

We compare the performance of the implicit methods
with the second-order explicit method used above in the
stability study. We use two measures, the number of LP
operations NLP and execution time. The LP operation is
asymptotically the most expensive of all operations in
one computational cycle, for both the explicit and implicit
methods. The operation LP requires 4 two-dimensional
Fast Fourier Transforms whose asymptotic cost is
OðN 2 logðNÞÞ, and OðN 2Þ operations in Fourier space.
The number of spreading and interpolation operations is
also equal to NLP . This gives us an implementation inde-
pendent comparison of the explicit and implicit schemes.

We use the model problem ðl;M0Þ ¼ ð0:05;0Þ; ð0:005;0Þ.
We restrict our comparison to M0 = 0, because it is difficult
to perform a comparative study with the explicit scheme
when M0 5 0 as remarked earlier.

In order to make a fair comparison between the explicit
and implicit schemes, we must run the implicit schemes
Table 5
The number of LP operations, NLP , performed for each computation

l = 0.05 l = 0.005

N exp. NT = 8 NT = 16 exp. NT = 8 NT = 16

si fi si fi si fi si fi

64 128 70 81 122 144 256 108 117 183 198
128 256 70 83 117 146 512 117 125 193 213
256 512 70 83 117 146 1024 118 128 199 216
512 1024 70 84 116 146 2048 118 128 202 218

ex: explicit, si: semi-implicit, fi: fully implicit.

Table 6
Execution time for each computation in seconds rounded to three significant

l = 0.05

N exp. NT = 8 NT = 16

si fi si fi

64 3.59 2.27 2.84 3.91 4.
128 23.9 6.89 9.08 10.8 15.
256 255 30.4 42.8 52.5 73.
512 3030 161 225 274 392

ex: explicit, si: semi-implicit, fi: fully implicit.
with time steps small enough so that the computed solution
is a reasonable approximation to the true solution. We take
NT = 8,16 and N ¼ 64; 128; 256; 512 for the implicit com-
putations. In this range of ðN ;NT Þ, we know from the con-
vergence study that the computed solution is approaching
the true solution at approximately the asymptotic rate.

The tolerance of GMRES was taken to be �0 = 1 · 10�4.
Therefore, we use �tol = 4 · 10�4 for NT = 8 and �tol =
1 · 10�4 for NT = 16 in accordance with (146).

In Table 5 is listed the number of LP operations. In the
explicit computation, when l = 0.05 and l = 0.005, we had
to take 64 and 128 time steps respectively when N = 128.
Halving the mesh width required halving the time step in
order to avoid numerical instabilities. In the implicit com-
putation, no such time step refinement was necessary.
Whatever the mesh number N, we could take the number
of time steps to be 8 or 16.

In the explicit scheme, two LP operations are per-
formed for each time step. Since the time step increases
proportionally to N, so does NLP . In implicit computa-
tions, we see that NLP stays approximately constant as
one refines the mesh width. Thus, the ratios between the
computational cost for the explicit and implicit methods
increase by roughly a factor of 2 as the mesh width is
halved. The fully implicit scheme requires 10–20% more
LP operations than the semi-implicit scheme. This comes
from the overhead associated with calculating the right
hand side of the linear equation (109) for each outer itera-
tion in the fully implicit scheme.

The above difference between the implicit and explicit
methods is reflected in the execution time for each compu-
tational run as shown in Table 6. We see that the benefit of
using the implicit scheme increases significantly when a
finer mesh width is used.
7. Conclusions

In the above, we described a semi-implicit and a fully
implicit second-order accurate immersed boundary
method. We saw that these implicit methods give us a nat-
ural way to deal with mass on the immersed elastic fibers.

The virtue of an implicit scheme is that one does not
have to take small time steps to avoid numerical instability.
We have demonstrated that the proposed implicit methods
allow us to take very large time steps compared with expli-
digits

l = 0.005

exp. NT = 8 NT = 16

si fi si fi

91 6.98 3.16 4.00 5.17 6.61
5 46.5 10.0 13.1 16.0 21.3
9 508 48.2 62.3 81.6 105

6050 253 331 435 561
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cit computations. One hopes that this benefit of being able
to take larger time steps offsets the complication of having
to solve algebraic equations at each time step. We have
shown by way of computational experiments that this is
indeed the case with the present implicit methods. As
one halves the grid spacing, the iteration count of the impli-
cit methods stays approximately constant. The explicit
scheme, on the other hand, requires on average twice as
many time steps when the grid spacing is halved, and there-
fore, incurs twice as much computational cost. We believe
that the current methods will be efficient alternatives to
explicit schemes especially when one has stiff elastic forces
or a fine spatial grid.

The present method also gives us an alternative way to
deal with mass on the immersed elastic fibers. The present
methods make use of the d’Alembert force (i.e., �M o2X

ot2 ) to
incorporate mass of the fibers as is done in [30]. The use of
the d’Alembert force in the context of an explicit method is
restricted to small fiber mass to avoid numerical instability
[30]. In the present methods, large fiber mass (in our com-
putational example, the presence of the immersed structure
doubled the total mass in the computational domain) does
not cause serious problems. The two other methods to deal
with fiber mass are the ‘‘mass spreading method’’ [28,30]
and the ‘‘penalty method’’ [29,30]. The ‘‘mass spreading
method’’ spreads the fiber mass on to the fluid grid. The
Fast Fourier Transform can no longer be used to perform
the requisite linear algebra, due to the non-uniformity of
the fluid mass density. The ‘‘penalty method’’ introduces
a spring with a large stiffness constant whose role is to cou-
ple the massless immersed boundary to a collection of
point masses. The present implicit methods avoid such
complications.

The success of the implicit methods relies in large part
on the availability of a good preconditioner. The elastic
properties of the immersed elastic structure considered here
allowed the use of an efficient preconditioner. It would be a
future challenge to develop preconditioners for immersed
structures with more general elastic properties.
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